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Abstract—In this paper we propose a new approach for apply-
ing Compressed Sensing to Stepped Frequency Continuous Wave
SAR measurements. The proposed technique allows the sensor to
decide autonomously, while scanning, on the number of samples
needed, while assuring a reconstruction quality chosen by the
operator. With the online reconstruction algorithm sampling rates
far below the bound fixed by the Nyquist-Shannon theorem
are achieved. Moreover, to improve further on minimizing the
frequency sampling rates, the measurements obtained from
previous sensor positions are added as online weighted side
information into the reconstruction algorithm. The applicability
and excellent performance of the approach is illustrated by a
series of experiments on sparsified Through-the-Wall Imaging
radar data.

I. I NTRODUCTION

Over the past decade, Compressed Sensing (CS) has been
introduced into a large variety of applications confronted with
large data volumes, long measurement times, gapped data
or expensive hardware, such as: medical imaging [1], radar
imaging [2], spectroscopy [3] and telecommunications [4].
Through-the-Wall Imaging (TWI) radars are emitting wide-
band signals and using large (synthetic) antenna apertures in
order to deliver high resolution images. CS has been proven
to offer an effective solution to reduce the number of samples
needed to obtain high-resolution images [5], [6], [7]. This new
CS sub-Nyquist sampling bound is function of the sparsity or
compressibility of the radar image. Through-the -Wall radar
data are a hard candidate for CS, since they are polluted with
undesired effects, originating from the interaction between
the sensing waves and the walls, such as wall ringing, ghost
targets and wall-clutter. Lot of effort has gone in suppressing
these effects and thereby sparsifying the radar images, for
example: spatial filtering [8], singular value decomposition [9]
or multipath exploitation [10].

II. CONTRIBUTIONS

(1) Previous work on CS applied to TWI radars, published
in literature, concentrates on further lowering the subsampling
bound and thereby minimizing the required number of samples
in range or cross-range direction. These sampling bounds are
function of the sparsity or compressibility of the radar image,

which implies that the radar operator needs to know or guess
the sparsity of the radar image, prior to the measurement, in
order to be able to obtain the image from a minimum number
of samples. The work in this paper leverages this chicken-
or-egg problem by using a sequential reconstruction approach
allowing to determine an upper bound for the reconstruction
error. In other words, the operator needs now to decide on the
desired reconstruction quality instead of guessing the sparsity
of the unknown image.

(2) The online algorithm proposed in this work reconstructs
the subsampled signal in range direction taking advantage
of the similarity between the signal at the current scanning
position and the signals obtained from previous SAR posi-
tions. Indeed, if the sensor moves parallel to the wall, the
contributions in the signal due to the presence of the wall,
can be assumed to show a high degree of similarity over the
different scanning positions. This similarity is exploited by
adding the previous reconstructed range signals as weighted
Side Information (SI) into the CS minimization equation.

III. B ACKGROUND

A. Compressed Sensing

Supposex ∈ CN to be the unknown vector which needs to
be reconstructed. To do so,x is sensed by applying the sensing
matrix A ∈ Cn×N , resulting inn linear measurements:

y = Ax. (1)

The solution,x̂, of this set of equations is unique only ifn =
N .

CS theory states [11] [12] thatx can be reconstructed cor-
rectly, under certain conditions [13] [14], with high probability
when n << N if x happens to be sparse, i.e.x has k
non-zero elements (withk << N ), by solving the following
minimization problem:

min ‖x‖l0 s.t. ‖Ax − y‖l2 ≤ ε, (2)

which can be relaxed to the convex optimization problem:

min ‖x‖l1 s.t. ‖Ax − y‖l2 ≤ ε. (3)



Suppose that the sparsity ofx is not the only prior knowl-
edge available and supposez to be a vector sharing a high
degree of similarity withx. This extra prior knowledge can
be added as SI to the minimization equation [15]:

min
x

{
1
2
‖Ax − y‖2

l2 + λ(‖x‖l1 + ‖x − z‖l1)}. (4)

Which can be extrapolated to a weighted n-l1 problem with
J SIs zj [16] :

min
x

{
1
2
‖Ax − y‖2

l2 + λ

J∑

j=0

βj(‖Wj(x − zj)‖l1)}, (5)

with inter-SI weights βj between the J SIs and
Wj = diag(wj1, wj2, ..., wjn) with wij the inter-SI weights.

B. Sequential Compressed Sensing

Supposex̂M to be the CS reconstruction of the vectorx
after takingM linear measurements. We will now establish a
strategy to estimate a bound for the reconstruction error

δ = x̂M − x, (6)

by adding a few (T ) new samples:yi with 1 ≤ i ≤ T to the
existing set ofM samples [17].
For each new sample, a deviation errorzi:

zi = ŷi − yi, (7)

can be calculated between the actual true sampleyi and an
estimationŷi of the sample obtained by performing a synthetic
measurement of̂xM :

ŷi = A(i, :)x̂M . (8)

The deviation errors can thus be expressed as:

zi = A(i, :)δ, 1 ≤ i ≤ T (9)

and are i.i.d. from a distribution with a variance equal to
‖δ‖2

2 V ar(A(i, j)) [17] . If V ar(A(i, j)) = 1, then‖δ‖2
2 can

be obtained through estimating the variance of theT deviation
errors. Define:

ZT ,

∑
T z2

i

‖δ‖2
2

, (10)

which is a χ2 random variable withT degrees of freedom.
For a small valueα, the largestz∗ can be obtained through
the χ2

T cumulative function such thatp(ZT ≤ z∗) ≤ α. This

means thatδ is bounded by
√∑

T z2
i

z∗ with a probability of
1 − α.

C. Through-the-Wall Radar Imaging

The TWI sensor used for the experiments is a Stepped-
Frequency Continuous Wave (SFCW) SAR emittingL discrete
frequencies:

s(t) =
L∑

l=1

rect

(
t − lTp

Tp

)

exp(j2πflt), (11)

Where rect(.) is the rectangular function andTp the complete
period to emit the whole bandwidth.

This signal is received after reflection onK point targets att
equal to the Round Trip Time (RTT ). Which, after homodyne
demodulation, results in a beat signal:

sb =
K∑

k=1

L∑

l=1

ak,l exp
(
− j2πfl.RTT

)
. (12)

IV. EXPERIMENTS

A. Simulations

The applicability of sequential CS for radar measurements is
illustrated through simulations for two types of measurements:
(1) The reconstruction of a range profile: for this type of
measurements,y corresponds to the signal received at a single
sensor position and the sensing matrixA is a Discrete Fourier
(DFT) matrix.
(2) The reconstruction of a radar SAR image: In this casey
corresponds to a complete SAR measurement and each column
of the matrix A is populated by the vectorized beat signals
(12) coming from a single target of dimensions equal to the
resolution cell at one specific pixel location. The number of
columns ofA is thus equal to the number of pixels in the
radar image.

Two random sparse vectorsx1 and x2 of length N =
400 are created, withk = 4 andk = 20 non-zero elements
respectively. During the first iteration, the vectorsx1 and
x2 are reconstructed:̂x1 and x̂2, with only 2% of samples,
randomly selected. At each iteration 2% of samples are added
to the set of selected samples, the true reconstruction errorδ is
measured and the bound forδ is calculated with a probability
1 − α = 0.99.
The results of this experiment are depicted in Fig. 1. The upper
graph shows the results for the reconstruction using a DFT
matrix as sensing matrix (A), while the lower graph depicts
the results forA = SAR sensing matrix. In both cases and for
bothk = 4 (blue graphs) andk = 20 (red graphs), the true error
δ (full line) is closely and correctly bounded by the estimated
error bound (dashed line).

B. Through the Wall Imaging data

(1) TWI Measurement:
Real TWI data was obtained through a TWI radar prototype,

consisting of a Vector Network Analyzer (Rhod&Schwarz,
ZVA24) connected to a single Antenna (Schwarzbeck
BBHA9120D) and placed on a motorized platform. The plat-
form was moving on a rail placed parallel to the wall and
taking S11-measurements adhering to a stop an go method.



0 5 10 15 20 25 30 35 40 45
Subsampling rate [%]

-100

-80

-60

-40

-20

0

20

40
E

rr
or

 [d
B

]
Range Profile

True error (k=4)
Error bound (k=4)
True error (k=20)
Error bound (k=20)

(a)

0 5 10 15 20 25 30 35 40 45
Subsampling rate [%]

-100

-80

-60

-40

-20

0

20

40

E
rr

or
 [d

B
]

SAR image

True error (k=4)
Error bound (k=4)
True error (k=20)
Error bound (k=20)

(b)

Fig. 1. True errors (full curve) and estimated error bounds (dashed curves)
for increasing sampling rates. (a)A is a DFT matrix and (b)A is a SAR
sensing matrix.

TABLE I
SPECIFICATIONS OF THESENSORUSED FOR THEEXPERIMENTS

Sensorparameters Value

Starting frequencyf0 1 GHz
Bandwidth 4GHz
Frequency stepΔf 10 MHz
Scanningdistance 4m
Number of azimuthmeasurements 80
Number offrequencies 94
Aperture angle (-3 dB) at 3GHz 40◦

Rangeresolution 0.038m
Cross-rangeresolution 0.07m

The specifications of the used prototype are listed in table I.
The scene consisted of two parallel walls, built from piled

aerated concrete blocks (thickness = 0.15m) delimiting a room
of 4m (in cross-range direction) by 2.9m (in range direction).
Inside the room a human target was placed 1m behind the
first wall and at a distance of 2m in cross-range distance.
A schematic representation of the setup is shown in Fig.
2, together with the image obtained by applying a Range
Doppler algorithm on the measurement. The data used in the
remainder of this paper is the TWI data obtained through
this expermiment which was then sparsified by synthetically
lowering the measurement noise in the data by 10dB.
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Fig. 2. (a) Geometric setup of the through-the-wall radar measurement. With,
from left to right: the SAR radar, the first wall, a human target and the second
wall. (b) Range Doppler processed TWI measurement with the walls framed
in red and the target encirceld in red.

(2) Online Sequential Compressed Sensing:
Sequential CS allows to reconstruct a signal by sequentially

adding samples until a chosen reconstruction quality can be
guaranteed with high probability. The authors of this paper
chose to use the sequential CS strategy to reconstruct the
range profile at each sensor position subsequently, instead of
reconstructing the SAR image as a whole, for three reasons:
(a) This choice allows an adaptive subsampling rate. At each
position a different sampling rate can be chosen, tailored
to the sparsity of the portion of the scene, sensed from
this position. If the sensor faces an almost empty zone, the
number of samples will automatically be lowered. (b) The
information obtained through the measurements at previous
scanning positions can be added as Side Information (SI) if an
online algorithm is used for reconstructing the range profile at
a sensor position, before moving to the next scanning position.
(c) Using a sequential CS approach for the reconstruction of
the SAR image at once, would imply that at each iteration a
new scan of the scene needs to be performed, which would
make this option very time consuming (a single scan over 4m
with the radar described in this paper takes 6min58sec).

The diagrams depicted in Fig. 3 show the values of true



True error

20 40 60
Subsampling rate [%]

0

0.5

1

1.5

2

2.5

3

3.5

4

S
en

so
r 

po
si

tio
n 

[m
] 

Error bound

20 40 60
Subsampling rate [%]

0

0.5

1

1.5

2

2.5

3

3.5

4
S

en
so

r 
po

si
tio

n 
[m

] 
-100

-90

-80

-70

-60

-50

-40

-30

-20

[dB]

Fig. 3. True error and estimated error bounds over the different scanning
positions and for increasing sampling rates.

errors (on the left-hand side) and the estimated bounds (on
the right-hand side) for the reconstruction of the range profile
for each scanning position (vertical axis) and for sequentially
adding new samples with a step size of 3 samples (horizontal
axis). The estimated error bounds perfectly the true error, and
is thus an excellent candidate to serve as stopping critirion for
interrupting the iterative addition of samples.

(3) Adding Side Information:
The obtained subsampling rates can further be lowered. The

severe contributions of a wall parallel to the scanning path can
be considered to be almost constant over the different scanning
positions. This implies that the different range profiles along
the sensor positions show a high degree of similarity amongst
them. Besides the assumed sparsity of the range profile, the
range profiles form previous sensor positions can be added as
weighted SIs, allowing a correct reconstruction from even less
samples by solving the minimization problem (5). The work
in [16] proposes an algorithm for solving this minimization
problem, computing adaptive weights inter and intra the SIs,
taking into account the different qualities of SIs.

Fig. 4 depicts the required portion of samples (horizontal
axis), out of 99 samples, needed to ensure an arbitrary cho-
sen reconstruction error of -35dB over the different sensor
positions (vertical axis) through reconstruction without (blue
curve) and with (red curve) weighted SI. A mean subsam-
pling rate of 18% suffices to fulfill the desired reconstruction
quality request with a probability equal to 0.99. Fig. 5 shows
the corresponding obtained range profiles, before cross-range
compression (lower graph), compared to the reconstructed
range profiles from the fully sampled data (upper graph).

V. CONCLUSIONS AND FUTURE WORK

The practical and useful implementation of compressed
sensing in SAR measurements faces a fundamental problem:
”how can the operator determine the number of samples
needed to reconstruct a radar image with unknown sparsity?”
In this paper, we demonstrated that sequential CS leverages
this problem and allows an automatic decision of the number
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Fig. 4. Number of Samples, over the different scanning positions, required to
satisfy a maximum reconstruction error of -35dB by applying CS with (red
curve) and without (blue curve) weighted SI.
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Fig. 5. (a) Reconstructed range profiles with 100% of the samples. (b)
Reconstructed range profiles with a mean subsampling rate of 18%, distributed
over the different scanning positions as depicted in Fig. 4.



samples based the operators choice of reconstruction quality.
The sequential CS approach was implemented online, recon-
structing range profiles while the TWI sensor was moving
along the wall and meanwhile expanding his prior knowledge
with the profiles obtained from previous scanning positions.
The proposed solution allows a severe subsampling and au-
tonomously adapts the sampling rate along the scanning path
in order to achieve a desired reconstruction quality.

Future work will concentrate on applying this technique
on noisy data and near sparse data, by adding the stochastic
properties of the noise in the estimation of the error bound.
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