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Université de Lyon, France

Prof. Dr. ir. Keith Godfrey

University of Warwick, UK

Prof. Dr. ir. Frans van der Helm

Delft University of Technology, Nederland

Prof. Dr. ir. Ivan Markovsky

Vrije Universiteit Brussel

Prof. Dr. Steve Vanlanduit (President)

Vrije Universiteit Brussel

Prof. Dr. ir. Johan Deconinck (Vice-President)

Vrije Universiteit Brussel

Prof. Dr. ir. Gerd Vandersteen (Secretary)

Vrije Universiteit Brussel



© 2014  Ebrahim Louarroudi
 
 
 2014 Uitgeverij University Press
Leegstraat 15
B-9060 Zelzate
Tel +32 9 342 72 25
E-mail: info@universitypress.be
www.universitypress.be

ISBN: 978-94-6197-212-5

All rights reserved. No parts of  this book may be reproduced or transmitted in any form or by
any means, electronic, mechanical, photocopying, recording, or otherwise, without the prior
written permission of  the author.



Abstract

Time-periodic phenomena, elsewhere also classified as cyclo-stationary pro-

cesses, show up in many engineering fields. Think of wind turbines or

helicopters with blade-to-blade manufacturing deviations, rotating machin-

ery such as anisotropic shaft-bearing systems, the vibrations and acoustic

noise in combustion engines and pumps, satellite systems, the electrical

impedance of a living heart for cardio-vascular monitoring, respiratory sys-

tems, multirate filter banks in digital communications, or the production of

harmonic distortions in power distribution networks to name a few. Those

systems have the special property that their dynamical behavior changes

(quasi) periodically over time.

The cyclic effects in the above-mentioned applications can be faithfully

modeled as linear time-periodic (LTP). This way of LTP modeling can

be seen as a step from the well-established identification framework for

linear time-invariant (LTI) systems towards the more complex approaches

for nonlinear time-variant (NLTV) systems.

The presented work aims at extracting in a sound and pragmatic way

parametric and nonparametric LTP models, including the quantification of

the power spectrum of disturbing error sources such as noise, nonlinear dis-

tortions and unmodeled time-variations. Different frequency domain iden-

tification schemes, using simple as well as more sophisticated techniques,

are developed for time-periodic systems operating in open- and closed-loop.
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3.11 Discussion of different FRF-estimators . . . . . . . . . . . . . 132

3.11.1 Direct versus indirect FRF methods . . . . . . . . . . 132

3.11.2 SA versus LPM FRF-estimator . . . . . . . . . . . . . 133

3.11.3 LTP-based versus STFT-based approaches . . . . . . 135

3.12 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

3.A Properties of the stochastic NL distortion term (3.2) . . . . 136

3.B The noiseless DFT input-output relationship under feedback

conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

3.C Elaboration of the covariance of the frequency-translated hFRFs

over the frequency (3.69) . . . . . . . . . . . . . . . . . . . . . 139

4 Application: in vivo Myocardial Impedance Spectroscopy 143

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.2 Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

4.2.1 Measurement setup . . . . . . . . . . . . . . . . . . . . 150

4.2.2 Voltage Source (VS)-based analog front-end . . . . . 151

4.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

4.3.1 Animal experimentation . . . . . . . . . . . . . . . . . 154

4.3.2 Data calibration . . . . . . . . . . . . . . . . . . . . . . 154

4.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . 155

4.4.1 Nonparametric-in-time measuring strategy . . . . . . 156

4.4.2 Parametric-in-time measuring approach . . . . . . . . 157

4.4.3 Harmonic Impedance Spectra (HIS) . . . . . . . . . . 159

viii



Contents

4.4.4 Measurement of the HIS . . . . . . . . . . . . . . . . . 160

4.4.5 Calibration of the HIS . . . . . . . . . . . . . . . . . . 160

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

4.5.1 Measurement of PTV bioimpedance . . . . . . . . . . 162

4.5.2 Myocardial HIS analysis . . . . . . . . . . . . . . . . . 164

4.5.3 HIS identification under varying periodicity of the

time-varying bioimpedance . . . . . . . . . . . . . . . 166

4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

4.A Myocardial impedance calibration . . . . . . . . . . . . . . . . 169

5 Nonparametric Estimation of System and Noise Models

under Arbitrary Excitations 171

5.1 Problem formulation and related assumptions . . . . . . . . 172

5.2 LPM FRF and noise estimator . . . . . . . . . . . . . . . . . . 174

5.3 Results of the LPM estimator . . . . . . . . . . . . . . . . . . 177

5.3.1 Simulation results . . . . . . . . . . . . . . . . . . . . . 177

5.3.2 Illustration on a measurement example . . . . . . . . 180

5.4 SAM FRF and noise estimator . . . . . . . . . . . . . . . . . . 182

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

6 The Best LTI approximation of time-periodic systems 187

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

6.2 Best Linear Time-Invariant (BLTI) approximation of an LTP

system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

6.3 The properties of the BLTI approximation of an LTP system 193

6.4 Geometrical interpretation of the BLTI approximation: vec-

tor FRF analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 196

6.5 Measurement of the BLTI approximation and the TP distor-

tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

6.5.1 The Spectral Analysis Method (SAM) . . . . . . . . . 200

6.5.2 The Local Polynomial Method (LPM) . . . . . . . . . 200

6.6 Simulation example: the Mathieu oscillator . . . . . . . . . . 204

6.6.1 Simulated input-output behavior . . . . . . . . . . . . 204

ix



Contents

6.6.2 Simulated amount of noise and TP distortions . . . . 206

6.6.3 Outline of the discussion . . . . . . . . . . . . . . . . . 206

6.6.4 Output spectrum analysis . . . . . . . . . . . . . . . . 207

6.6.5 Estimation of the BLTI approximation and the hFRFs208

6.6.6 Classical FRF estimation . . . . . . . . . . . . . . . . 211

6.6.7 Vector FRF analysis . . . . . . . . . . . . . . . . . . . 213

6.7 Measurements on an electronic circuit simulating the Math-

ieu Oscillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

6.7.1 Analysis output spectrum . . . . . . . . . . . . . . . . 216

6.7.2 Estimation of the BLTI approximation and the hFRFs217

6.7.3 Classical FRF estimation . . . . . . . . . . . . . . . . 220

6.7.4 Vector FRF analysis . . . . . . . . . . . . . . . . . . . 222

6.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

6.A Proof of the BLTI approximation (6.2) . . . . . . . . . . . . . 224

6.B Harmonic FRFs in terms of cross- and auto-PSDs . . . . . . 225

6.C Proof of theO(N−1) bias error in the classical FRF-estimator

(6.12) for random excitations . . . . . . . . . . . . . . . . . . . 226

6.D Proof of the geometrical definition of the BLTI approxima-

tion (6.19) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

6.E Dispersion measure (6.19) for the TP distortions . . . . . . . 230

7 Parametric Identification of Weakly NLTP Systems 231

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

7.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . 234

7.2.1 Intermezzo . . . . . . . . . . . . . . . . . . . . . . . . . 234

7.2.2 Time domain model . . . . . . . . . . . . . . . . . . . . 235

7.2.3 Steady state frequency domain model . . . . . . . . . 235

7.2.4 Noise assumptions: errors-in-variables setting . . . . 236

7.3 Total least squares approach . . . . . . . . . . . . . . . . . . . 237

7.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 237

7.3.2 Constraints on the model parameters θ . . . . . . . . 238

7.3.3 Weighted Total Least Squares (WTLS) estimator . . 240

7.3.4 Total Least Squares (TLS) estimator . . . . . . . . . 241

x



Contents

7.3.5 Generalized Total Least Squares (GTLS) estimator . 242

7.4 Maximum Likelihood (ML) estimator . . . . . . . . . . . . . 243

7.5 Approximate ML approach . . . . . . . . . . . . . . . . . . . . 245

7.5.1 Iterative Quadratic ML (IQML) estimator . . . . . . 245

7.5.2 Bootstrapped TLS (BTLS) estimator . . . . . . . . . 246

7.5.3 Weighted Non-Linear Least Squares (WNLS) estimator247

7.5.4 Uncertainty analysis . . . . . . . . . . . . . . . . . . . 250

7.5.5 Validation test tools . . . . . . . . . . . . . . . . . . . . 254

7.6 Identification results . . . . . . . . . . . . . . . . . . . . . . . . 256

7.6.1 Illustration on numerical data . . . . . . . . . . . . . . 256

7.6.2 Experimental illustration on a flexible robot arm . . 262

7.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

7.A Column covariance matrix of the Jacobian . . . . . . . . . . . 272

8 Main Contributions and Open Problems 273

8.1 Major contributions . . . . . . . . . . . . . . . . . . . . . . . . 273

8.2 Future research . . . . . . . . . . . . . . . . . . . . . . . . . . . 276

8.2.1 Observation of a non-integer number of system cycles:

Psys = T
Tsys

∉ N . . . . . . . . . . . . . . . . . . . . . . . . 276

8.2.2 Extraction of the pumping angular frequency ωsys from

noisy data . . . . . . . . . . . . . . . . . . . . . . . . . . 277

8.2.3 Quasi Time-Periodic (QTP) Systems . . . . . . . . . 277

8.2.4 (Weakly) Non-Linear Time-Periodic (NLTP) systems 280

8.2.5 Full nonparametric LTP identification . . . . . . . . . 282

8.2.6 (Operational) LTP modal analysis . . . . . . . . . . . 283

8.2.7 Cyclo-stationary (non-)parametric noise models . . . 284

8.2.8 Time-efficient solution of (2.54) by exploiting the com-

mon matrix structure in A(θa) & B(θb) . . . . . . . . 284

Publication List 285

References 291

xi





Notational Conventions

Symbols

Symbol Description

N,Z,Q,R,C the set of respectively the natural, the integer, the

rational, the real and the complex numbers

x complex conjugate of x∣x∣ absolute value of the complex number x∠x argument of the complex number x

x̂ estimated value of x

XT , XH (conjugate) transpose of the matrix X

X−1 inverse of the matrix X

X[k, l] (k, l)th entry of the matrix X

X[k, ∶], X[∶, l] kth row and lth column of the matrix X

ar(t), br(t) time-periodic ODE-coefficients

A,B matrices containing the harmonics of ar(t), br(t)∣Ak∣ amplitude of the multisine at the kth DFT bin

b(t) vector containing the Fourier basis functions

Ce covariance of the vector of residuals e

xiii



Notational Conventions

c(t) time-periodic damping

CJ , CJΓ column covariance of the Jacobian J, JΓ

CVZ
(k) noise covariance of Z(k)

δkl Kronecker delta: being 1 if k = l, otherwise 0

δ(t − τ) Dirac impulse at t = τ

Δt time resolution of the STFT

Δx noisy part of the random variable x

ΔGTP(jωk) measure for the dispersion of the FRF time-

periodic distortions

e(k, θ) residual at the kth DFT bin

e(θ) vector of residuals

e(t) band-limited white noise at time t

E(k) DFT of e(nTs)
ε(k, θ) normalized residual at the kth DFT bin

ε(θ) normalized vector of residuals

g(τ) time-invariant impulse response/kernel function

g(t, τ) time-periodic impulse response function

g̃(t, τ) time-periodic kernel function

G(jω) FRF

Gact(jω) actuator FRF

G(jω) vector containing the harmonic FRFs

G(jω) Wereley harmonic FRF matrix

G(jω, t) instantaneous FRF

Gf(jω, t) frozen FRF

Gk(jω) harmonic FRFs

GBLA(jω) best linear approximation FRF

GBLTI(jω) best linear time-invariant approximation FRF

GTP(jω, t) FRF time-periodic distortions

Γ constraint matrix

Hk(jω) frequency-translated harmonic FRFs

H(jω) vector containing the frequency-translated har-

monic FRFs

HU(jω),HY (jω) input-output noise filters

xiv



Symbols

fexc fundamental frequency of the periodic excitation

fmin, fmax minimum and maximum excited frequency

fn(t) time-periodic natural frequency

fr(t) the rth frozen resonance frequency

fs = 1/Ts sampling frequency

fsys = 1/Tsys pumping frequency

F number of frequency domain data

Fexc number of excited frequencies
1
T F frequency band of interest

ϕk phase of the multisine at the kth DFT bin

i(t), v(t) current and voltage signal

I(k), V (k) current and voltage DFT spectrum

In n × n identity matrix

1k the kth column of In

0n×m n ×m zero matrix

j imaginary unit, j2 ≜ −1
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Chapter 1

Introduction

1.1 Context

During the last centuries, scientists have been using mathematical models

to understand, describe, mimic and control the surrounding world. None-

theless, it is not always feasible to directly translate complex physical phe-

nomena, originating from physical systems1, to numerical models. Even

though the laws of nature could be established in one way or the other,

in most cases the (physical) quantities describing the system under test

are vaguely known. Sometimes, the system’s underlying physics is not of

big importance as it is sufficient to accurately predict the state(s) or the

response(s) of the system under certain stimuli. Such approaches can be

found in control applications where the actuator driving the device under

test is modeled together with the unknown system. In general, one attempts

to find a reasonably simple model that approximates the deterministic (i.e.

predictable) part of the system as well as possible by eliminating the dis-

turbing noise as much as possible. This engineering discipline that extracts

the systems’ input-output behavior in a sound and pragmatic way from

noisy observations is known as system identification [Söderström and Sto-

ica, 1989; Ljung, 1999; Pintelon and Schoukens, 2012].

1A system is that part being isolated from the universe that draws our attention for
investigation. It interacts/communicates with the environment by means of input-output
channels.
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1.2 Identification process

Every system identification scheme consists of a series of basic steps. The

other choices being made can be seen as technical manipulations that con-

siderably affect the final results. For example, the numerical algorithm

used for minimizing the criterion of fit (known as cost/loss function) will

determine in the end the quality of the estimated parameter(s). Briefly, the

following actions are undertaken during an identification process.

• Data collection

• Selection of a model structure

• Choice of a distance measure between the data and the model

• Model validation

Each of these basic steps are discussed in detail in the sequel of this section.

1.2.1 Experiment design and collection of

experimental data

Acquiring information about the system under test is necessary to build

a meaningful model for it. Obviously, the model will not include more

information than the data itself. Consider, for instance, the dynamics of

a bridge. One can gather useful information by just looking at the free

response of the bridge when it is subject to variable wind and traffic loading

conditions (= output-only observations) [Pintelon et al., 2007; Spiridonakos

et al., 2010]. Yet, it is sometimes more efficient to design custom-made

excitation signals rather than relying on uncontrollable and unobservable

driving sources. The duration of an experiment, the type of excitation

signals and the energy cost are all degrees of freedoms that will influence

the modeling results. Hence, it is up to the user to try optimizing its own

targets by optimally tuning these flexible design parameters. For example,

the use of periodic excitations can improve the quality of the estimated

2
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model significantly by incorporating the noise information during the fitting

operation [Pintelon and Schoukens, 2012].

The choice of the experimental/identification setup might also deter-

mine to some extent the level of the systematic errors. If, for instance, the

system is captured in a feedback loop, it is desirable to follow a closed-loop

identification framework as open-loop estimators can lead to (significant)

biased results. Those bias error sources are very difficult to eliminate, while

the stochastic (random) errors can be reduced by several averaging tech-

niques. As a consequence, a wrong identification setup can jeopardize a

great deal of important information (see Chapter 4 for the illustration on

measurements). A priori knowledge of the operational conditions of the de-

vice under test is thus strongly recommended, or sometimes even required.

1.2.2 Model structure selection

Once the measurements are collected a model choice has to be made within

all possible candidates of model structures in the literature. There is a

wide range of model types available, such as parametric/nonparametric

and white/black box models.

Parametric models rather condense the data by means of a few in-

dicators, the so-called system parameters, such that the information is

readily accessible for the user (e.g., state space models, ordinary differen-

tial/difference equations or transfer functions). Contrary, a nonparametric

model of the system’s input-output behavior is achieved on the basis of a

large number of parameters by performing (simple) algebraic manipulations

of the input-output data. Typical examples are frequency response function

(FRF) or impulse response function (IRF) measurements.

Usually, it is much easier to construct a nonparametric model than a

parametric one as little knowledge about the system is required. On the

other hand, parametric models are parsimonious and more useful for bet-

ter understanding the physics of the system. In this thesis both model

representations are touched.
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White box models are mathematical descriptions of systems where all

the model parameters represent a certain physical quantity (e.g., mass,

inductance, resistance, stiffness, Young’s modulus, ...), which is typically

derived from first principles. Very often, multi-physics is needed to model

properly the entire behavior of the system. Think of active vibration con-

trol strategies of helicopters where both the knowledge of aerodynamics as

well as structural dynamics are necessary for decently characterizing the

helicopter’s dynamic behavior [Ulker, 2011]. An aeroelastic model is then

developed to describe the aeroelastic coupling effects of the helicopter, i.e

coupled white box models.

In practice, white box models often yield very complex models, which

are not always the best choice. Simple computational models that also meet

the specifications to a certain degree of accuracy are preferred over complex

ones. A black box model is, on the other hand, a data-driven model that

explains the measurements as well as possible (in statistical sense) and does

not necessarily reflect the underlying physics. Black box models draw our

attention when the system’s response must be followed regardless of the

underlying physics. Such models are frequently used in control applications

[Ljung, 1999].

As a rule of thumb, as much as possible prior knowledge should be

integrated during the modeling process. However, it is not always that easy

to include this prior knowledge. Imposing stability and/or passivity is, for

instance, not straightforward in a transfer function representation [D’haene

and Pintelon, 2008].

1.2.3 Matching the data with the model

When a model type is selected, the model should reproduce the data as well

as possible. This is done through a measure, known as cost or loss function,

which quantifies the distance between the data and the model. Minimizing

the cost function yields then the desired model parameters.

We should keep in mind that the selection of a cost function has a major

impact on the final outcomes. Basically, the cost function can be chosen
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on an intuitive basis (e.g., using least squares estimation without being a

aware of the stochastic properties of the estimator). Yet, the statistical

approach is followed throughout this work [Söderström and Stoica, 1989;

Ljung, 1999; Pintelon and Schoukens, 2012]. By doing so, some quick tools

can be set up to analyze the statistical properties (consistency, efficiency,

...) of the estimator(s) before implementing them. This allows us to verify

whether or not the proposed estimator will meet the requirements.

1.2.4 Validating the estimated model

In the final stage of the identification process the estimated model should

be validated. Does the estimated model describe the true dynamics or not?

What is the quality of the estimated model? Can modeling errors (e.g.,

unmodeled dynamics, nonlinearities, time-variations, ...) be detected? To

answer these questions validation test tools must be developed.

The validation can be done either on the same data set used: compare

the parametric transfer function model to the nonparametric FRF estimate;

or on an other data set, called validation data set. Both estimation and

validation data should mimic the operational conditions for which the model

is intended. Extrapolation of the estimated models outside the range of the

operational condition can be risky and should be avoided, especially for

systems with a varying dynamical behavior. One can, of course, check to

what extent the estimated model explains the measurements outside the

identified range, i.e. checking the robustness of the identified model.

In case the estimated model does not pass the validation test an itera-

tive identification process is required to satisfy the user’s goals. It might be

that the model chosen was not rich enough to explain the data (e.g., a time-

invariant model was fitted on data originating from a time-variant system);

or the excitation signal was not properly designed (e.g., the frequency con-

tent of the signal was not broad enough to capture the entire dynamics).

Hence, the design parameters (excitation signal, model complexity, cost

function) should be adapted iteratively until the user gets satisfied with the

results. System identification is thus in general an iterative process.
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1.3 Motivation of the work

As it is well-known, the classical linear time-invariant (LTI) system theory

with its related identification methods provides satisfactory results for many

real-life problems [Söderström and Stoica, 1989; Ljung, 1999; Pintelon and

Schoukens, 2012]. A system, denoted by the system operator GLTI{●}, is
called LTI if (i) it obeys the linearity principle and (ii) GLTI{●} commutes

with the shift (delay) operator Sτ{x(t)} ≜ x(t−τ), ∀τ ∈ R, i.e Sτ{GLTI{●}} =
GLTI{Sτ{●}}, viz.

• linearity: yi(t) = GLTI{ui(t)} ⇒ ∀αi ∈ R ∶ GLTI{∑
i
αiui(t)} = ∑

i
αiyi(t)

• time-invariance: y(t) = GLTI{u(t)} ⇒ ∀τ ∈ R: y(t − τ) ≜ Sτ{y(t)}= Sτ{GLTI{u(t)}} = GLTI{Sτ{u(t)}} = GLTI{u(t − τ)}
with u(t) ∈ R the input and y(t) ∈ R the resulting output signal.

Despite the fact that the identification framework of LTI systems can

handle a vast number of applications [Söderström and Stoica, 1989; Ljung,

1999; Pintelon and Schoukens, 2012], there exists circumstances where the

time-invariant condition is not fulfilled. This happens in real-life systems

where the dynamics are evolving over time [Richards, 1983; Niedzwiecki,

2000; Bittanti and Colaneri, 2009]. The causes of time-variant effects in the

system can be categorized as follows:

• The time-variant character, which is inherently present in the sys-

tem, is dictated by the nature of the system (e.g., pitting corro-

sion in metals, aging, fatigue, vibrations of rotating systems, moving

mass distributions, (bio-)chemical processes, changes in the myocar-

dial impedance, mortification in biomedical measurements, etc.) [Shin

et al., 2005; Allen, 2008; Antoni, 2009; Poulimenos and Fassois, 2009;

Breugelmans et al., 2010; Sanchez et al., 2011a].

• The time-varying behavior is introduced by an external parameter,

the so-called scheduling parameter (e.g., extendable robot arm, flight

flutter, electronic circuit whose properties depend on an external volt-

age source, etc.) [Bamieh and Giarre, 2002; Fujimori and Ljung, 2005;
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De Caigny et al., 2009; Tóth et al., 2012; Louarroudi et al., 2014a;

Ertveldt et al., 2013]. This kind of systems fits into the framework of

linear parameter varying (LPV) systems, where the dynamics of the

system depend on one or more external/scheduling parameters. Once

a non-constant trajectory of the scheduling parameter(s) is chosen,

the system’s dynamical behavior becomes time-variant.

• When a nonlinear time-invariant (NLTI) system is linearized around

the stable (periodic) orbit of the NLTI system, the linearized system

will exhibit a (periodic) time-variant behavior in the neighborhood

of the stable orbit (e.g., mechanical systems with a nonlinear stiff-

ness, power distribution networks, ...) [Mollerstedt and Bernhardsson,

2000; Sracic and Allen, 2011].

In this work, an important assumption concerning the underlying time-

variation is made. Namely, one adopts that the system under study is

time-periodic in nature with periodicity Tsys = 1
fsys

(e.g., rotating mechanical

devices, cardiovascular and respiratory systems, seasonal phenomena, ...).

The frequency fsys [Hz] denotes the cycle rate of the time-periodic system

and is also known as the pumping frequency in the nonlinear dynamics

literature [Wereley and Hall, 1990; Wereley, 1991; Allen, 2009; Ulker, 2011].

A real-life example of a (quasi) time-periodic system is the electrical

myocardial impedance of a living heart (see Chapter 4), where the cyclic

behavior is due to the fact that the heart cells undergo a contracting as

well as a relaxing phase during a heartbeat. The frequency of the cardiac

cycle, 60 × fsys [beats/min], represents then the heart rate. For respiratory

systems, 60 × fsys [breaths/min] stands for the frequency of the breathing

cycle [Sanchez et al., 2013c]. Whilst in rotating mechanical systems, like

wind turbines, helicopters, combustion engines, anisotropic shaft-bearing

systems, etc. fsys = ωsys

2π is closely related to the angular speed ωsys [rad/s] of

the rotating device [Shin et al., 2005; Lee et al., 2007; Antoni, 2009; Allen,

2009; Sracic and Allen, 2011; Sanches et al., 2012].
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A system operator GLTP{●} is called linear and time-periodic (LTP)

when the following two conditions are satisfied:

• linearity: yi(t) = GLTP{ui(t)} ⇒ ∀αi ∈ R ∶ GLTP{∑
i
αiui(t)} = ∑

i
αiyi(t)

• time-periodic: y(t) = GLTP{u(t)} ⇒ ∀n ∈ Z ∶ y(t−nTsys) ≜ SnTsys{y(t)}= SnTsys{GLTP{u(t)}} = GLTP{SnTsys{u(t)}} = GLTP{u(t−nTsys)}.
Hence, an LTP system GLTP{●} only commutes with the shift (delay) op-

erator Sτ{●} when τ = nTsys, n ∈ Z.
(Non)-linear time-periodic [(N)LTP] systems, elsewhere known as (non)-

linear periodically time-varying [(N)LPTV] systems, have been covering a

wide range of applications, especially in the field of mechanics where many

systems that sustain a periodic motion (e.g., gear boxes, electrical motors,

fans, shafts, helicopter blades, ... ) show a cyclic behavior. This is, for

instance, the case in twisted-actuated helicopter rotor blades [Shin et al.,

2005], or in the blades of wind turbines where the periodic time-variations

show up due to the periodic change of the aerodynamic properties of the

air [Allen et al., 2011]. A nice overview of cyclostationary processes, illus-

trated with many real-life examples, is given in Antoni [2009]. Another vital

application is the myocardial impedance measurement for cardio-vascular

monitoring [Sanchez et al., 2011a, 2013b]. More examples can be found in

other engineering applications like in control, sampled data systems, multi-

rate filter banks, power distribution networks, ... [Bittanti and Colaneri,

2009; Richards, 1983; Mollerstedt and Bernhardsson, 2000; Mehr and Chen,

2000, 2002].

The above-mentioned applications cannot be treated accurately in the

classical LTI sense and should actually be modeled as (N)LTP. We therefore

need a more systematic approach to tackle such time-periodic effects at

once. This problem is formulated precisely in the next section.

8



1.4. Problem formulation

 
actuator 

 

 

  LTP 
plant 

  

 

 

  

FF
T

 

 

 

 

 

 

FF
T

 

 

 

 
 

  

  
sample no.  

  
frequency bin no. 

output  
Anti-Alias filters 

feedback k

 

 

 

 

 

Figure 1.1: Band-limited measurement setup under open-loop (solid lines only)
or closed-loop (solid + dashed lines) conditions: The signals{r(t), u1(t), y1(t), u(t), y(t)} are, respectively, the reference, the
input-output and the measured input-output signals. Gu(s) and
Gy(s) stand for the characteristics of the input-output acquisition
channels, while uAA(t) and yAA(t) are the outputs of the anti-Alias
(AA) filters before sampling. The noise sources (the generator dis-
turbance ng(t), the process noise np(t), the feedback noise nf(t)
and the measurement errors mu(t),my(t)) are indicated for com-
pleteness. Noisy frequency domain input-output data Y (k),&U(k)
are used for estimating a (non-)parametric LTP model.

1.4 Problem formulation

Since, nowadays, almost all identification schemes start with sampled data

x[n] ≜ x(nTs) with n ∈ {0,1,⋯,N − 1} , x = y, u, Ts being the sampling
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period and N being the number of collected time domain samples (see

Fig. 1.1), one has to make an assumption on what is going on within

two consecutive samples [x[n], x[n + 1]] , x = y, u. Two inter-sample rep-

resentations are common in the system identification field [Pintelon and

Schoukens, 2012]:

1. Zero-order hold assumption: xzoh(t) = ∑+∞
n=−∞ x[n] zoh(t − nTs) with

zoh(t) = 1 for t ∈ [0, Ts) and 0 elsewhere.

2. Band-limited measurements: a (random) signal xBL(t) is called band-

limited if its power spectral density2 (PSD) Sxx(jω) is exactly zero∀ω ∶ ∣ω∣ > ωmax (ωmax < ωs = 2π
Ts

).
It is shown by [Pintelon and Schoukens, 2012] that zero-order hold se-

tups result in a natural way in discrete-time models, while band-limited

measurements lead to continuous-time models. Band-limited signals can be

realized in practice by putting decent anti-Alias (AA) filters in the acquisi-

tion channels before sampling (a cuttoff frequency below ωs/2 = π/Ts), which

are, respectively, referred to as uAA(t) and yAA(t) in Fig. 1.1. The influ-

ence of these input-output acquisition units are described by their transfer

function3 representations G{u,y}(s).
Under the assumption that the channel filters have a flat amplitude re-

sponse and a linear phase characteristic in the frequency band of interest,

i.e. G{u,y}(s) = G0,{u,y} e−sτ{u,y} , it has been reported in [Van hamme et al.,

1991] that a delayed version (by τ = τy = τu) of the continuous LTP model is

retrieved without introducing systematic errors. Besides, it will be proven

in Chapter 4 (see Appendix 4.A) that for band-limited LTP systems the

influence of the acquisition channels Gu(s)&Gy(s) can be removed via a

relative calibration operation if the starting time instant within the LTP

2Sx1x2(jω) is the continuous Fourier transform of the (cross) correlation function

lim
T→∞

1
T ∫ T /2

−T /2E{x1(t)x2(t − τ)} dt = lim
T→∞

1
T ∫ T /2

−T /2 x1(t)x2(t − τ)dt of two stationary sig-

nals {x1(t), x2(t)} w.r.t. τ . E{●} stands for the expected value operator and with
j ≜ √−1 being the imaginary unit of complex numbers.

3The transfer function G(s) of an LTI system is defined as the Laplace transform of
its time-invariant impulse response/kernel g(τ), i.e. G(s) ≜ L{g(τ)} = ∫ +∞0 g(τ) e−sτ dτ .
10
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cycle is not of importance. If the phase lag of the LTP cycle should be

known, then an absolute phase calibration is still needed to correct for the

output delay τy. In case the assumption concerning the flatness of the data

acquisition filters is violated, then both an absolute amplitude as well as

an absolute phase calibration are mandatory. While an absolute amplitude

calibration can readily be achieved using a calibrated power meter, an abso-

lute phase calibration is a more tedious job and requires a phase calibrated

reference signal [Pintelon and Schoukens, 2012]. More technical details will

be given in Appendix 4.A once we have a good grasp of the concept of

instantaneous and harmonic transfer functions.

Although only continuous-time LTP models will be tackled here, the

presented framework can also handle discrete-time LTP systems (i.e. zero-

order holds inputs without AA filters in Fig. 1.1) provided a simple transfor-

mation is performed, i.e. s ± jkωsys → e−(s±jkωsys)Ts , k ∈ N and ωsys = 2πfsys.

Our goal is then to obtain a nonparametric and/or a parametric model for

the LTP system GLTP{●} starting from F noisy, discrete Fourier transform

(DFT) band-limited input-output observations (k ∈ {0,1,⋯, F − 1} and F < N
2
)

X (k) ≜ 1√
N

DFT{x[n]} with x[n] ≜ x(nTs), x/X = y/Y,u/U
= 1√

N

N−1∑
n=0

x [n] e−j2π kn
N (1.1)

under open-loop (solid lines in Fig. 1.1) or closed-loop (solid + dashed

lines in Fig. 1.1) conditions. The DFT (1.1) can be implemented efficiently

through the fast Fourier transform (FFT) algorithm, which is available in

many numerical packages.

In case the input signal is exactly known in Fig. 1.1, the identification

problem is known as the (generalized) output-error (OE) framework [Ljung,

1999; Pintelon and Schoukens, 2012]. Whereas, if both acquisition chan-

nels are corrupted by noise the term error-in-variables (EIV) is adopted

[Söderström and Stoica, 1989; Pintelon and Schoukens, 2012]. Both iden-

tification frameworks, under periodic as well as arbitrary excitations, are

considered in the thesis.
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Figure 1.2: Flow chart representing in a nutshell the organization of the thesis
and the interconnections between the different chapters.

1.5 Outline of the thesis

This work is aiming at modeling and identifying the cyclic behavior of NLTP

systems with weak nonlinearities using simple as well as more advanced fre-

quency domain data-driven methods. The developed identification schemes

are illustrated through various simulation and measurement examples from

different fields of engineering. A flow diagram showing how the PhD thesis

can be read is depicted in Fig. 1.2.
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Chapter 2 reveals the strong connections between different LTP model

structures in the time, the frequency and the joint domain. It is shown

through examples that, irrespective of the speed and strength of the cyclic

variations, the concept of harmonic transfer functions Gk(s), k ∈ Z plays a

central role in characterizing rigorously the frequency response behavior of

LTP systems. Within this chapter a tool is constructed, dubbed the error

of variation, that quantifies “the degree of time-variations”. As, nowadays,

time domain integration solvers, for solving the continuous-time LTP model

equation(s), are rather time-consuming, a time-efficient frequency domain

solver is also built to compute the steady state part of the system’s response.

Once the interconnections between different LTP model representations,

which are highlighted in Chapter 2, are well-understood, we move to the

nonparametric estimation part detailed in Chapters 3 and 5 respectively.

Chapter 3 discusses simple and more sophisticated nonparametric FRF and

noise estimators starting from synchronized periodic inputs. The identifica-

tion techniques also quantify the noise errors and the stochastic nonlinear

distortions from a single experiment. As such, reliable measurements can

be given a higher weighting, whereas the inferior ones can statistically be

suppressed in the parametric estimation step (see the arrow pointing to

Chapter 7 in Fig. 1.2). Apart from that, a biomedical real life application

is used as a measurement example in Chapter 4 to illustrate the applicability

of those FRF and noise estimators using periodic excitations. Meanwhile,

Chapter 5 extends the identification methodologies to the arbitrary case.

The reader can jump directly to this chapter, without necessarily going

through Chapters 3 and 4, as indicated by the flow diagram in Fig. 1.2.

However, the price paid for this extension is that the noise errors cannot be

distinguished anymore from the NL effects. Hence, the reader is advised to

still go through Chapters 3 and 4 to notice the main differences with the

arbitrary case in Chapter 5.

After having a good knowledge of how FRF measurements on LTP sys-

tems can be conducted, two routes can be followed. Either the reader can

immediately go to the parametric identification part (see the arrow pointing

to Chapter 7 in Fig. 1.2), or to the part of the thesis where the frequency

13



1. Introduction

domain measurement of the best – in mean square sense – LTI approxi-

mation of time-periodic systems is discussed (see Chapter 6 in Fig. 1.2).

Chapter 6 comprehensively studies the consequence of treating the weakly

NLTP system as an LTI one using the identification methods from Chapters

3 and 5 (see the arrow pointing to Chapter 6 in Fig. 1.2). On the other

hand, parametric consistent estimators of an ordinary differential equation

(ODE) based-model whose coefficients are time-periodic, are constructed

in Chapter 7. Since the noise models are not known in practice, they are

obtained from the noise techniques in Chapters 3 and 5, as is represented

by the arrow in Fig. 1.2. The dashed arrow in the flow chart of Fig. 1.2

indicates that the reader can follow more or less the important parts of

Chapter 7 without necessarily going through Chapters 3 and 5. However,

the reader might miss some underlying ideas, for example, how estima-

tors of nonparametric noise models and nonparametric validation can be

constructed. We end the thesis by listing the main contributions achieved

and the formulation of some open problems that are not solved yet in the

(N)LTP literature.
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Chapter 2

Time and Frequency Domain

Descriptions for LTP Systems

Abstract

The non-trivial connections between different model types for

LTP systems are established. Starting from the Zadeh-Floquet ap-

proach it is shown that, irrespective of the degree of time-variation,

the concept of instantaneous/harmonic transfer function (ITF/HTF)

plays a prominent role for characterizing univocally LTP systems in

the time/bi-frequency domain. The ITF/HTF is a rigorous defini-

tion of a transfer function as it is an invariant for all model represen-

tations chosen (impulse response, state space, ordinary differential

equation (ODE), ...). Both can be obtained time-efficiently from the

different LTP models. Besides, when the LTP system exhibits slow

and weak dynamic variations, it definitely makes sense to use a frozen

transfer function (FTF) description by freezing the time-periodic pa-

rameters in time. By monitoring then the deviation between both

(ITF and FTF), called the error of variation, an objective measure

for the speed and strength of time-variations in LTP systems is pro-

vided. Finally, a frequency domain alternative for computing the

steady state system’s response is generated as well. It is demon-

strated that, for a given accuracy, the frequency domain solver is

much faster compared with time domain ODE solvers.
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2. Time and Frequency Domain Descriptions for LTP
Systems

2.1 Introduction

To date, many physical structures such as structural analysis, modal anal-

ysis, heat transfer, fluid mechanics, electromagnetism, ... are described by

partial differential equations, where it is a common practice to use finite

element methods to solve the problem. The finite element method induces a

set of ordinary differential/difference equations (ODEs), where each matrix

element determines the physical relationship between the applied inputs at

some points (e.g., forces, heat flux, pressure, ...) and the resulting outputs

at others (e.g., displacements, temperature, flow velocity, ...). Therefore, in

a given frequency band, it can be modeled as an ODE at a certain point

in the structure, which can be described as a transfer function of a Single-

Input Single-Output (SISO) system. This framework of lumped systems

simplifies the mathematical descriptions of spatially distributed systems

and the corresponding identification methods. Extending this idea to sys-

tems/structures with a (periodically) time-varying behavior shows that it

is meaningful to describe time-variant (time-periodic) systems, in a given

frequency band, with time-variant (time-periodic) ODEs.

There exists a variety of model structures in the literature for modeling

LTP systems [Richards, 1983; Bittanti and Colaneri, 2009]. Three model

representations, either in continuous- or discrete-time, are commonly used

in practice. First, the harmonic state space (HSS) approach that gives rise

to Wereley’s harmonic transfer function (HTF) matrix in the frequency do-

main is explained thoroughly in [Wereley and Hall, 1990; Wereley, 1991;

Hwang, 1997; Sandberg et al., 2005]. The HTF matrix is established either

by the harmonic balance method [Wereley, 1991] or by making use of convo-

lutions (see Appendix 2.D). Furthermore, the input-output formulation via

the concept of time-periodic impulse response or kernel has also been uti-

lized for the LTP identification either in the time [Pomé, 1969; Sams and

Marmarelis, 1988] or in the frequency domain [Louarroudi et al., 2012b;

Sanchez et al., 2013b]. Finally, another elegant description for LTP sys-

tems is via ODEs with parameters that vary periodically over time [Mehr

and Chen, 2001; Louarroudi et al., 2011, 2014a]. All these representations
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2.1. Introduction

are handled one by one throughout this chapter.

In this work, the focus is put on SISO time-periodic systems with a

weakly non-linear behavior (see Section 3.1.2), where it is supposed that the

time-periodic system can be well-described by one of the above-mentioned

LTP models. From the LTP model chosen it is then quite straightfor-

ward to derive a frozen transfer function (FTF) description by freezing

the model/system parameters in time. These frozen LTP models, in gen-

eral frozen linear time-variant (LTV) models, are mostly applied on struc-

tures/systems with slow dynamic variations (such as moving mass dis-

tributions) [Poulimenos and Fassois, 2005; Fassois and Poulimenos, 2006;

Poulimenos and Fassois, 2009; Spiridonakos et al., 2010; Xu et al., 2012],

such that concepts as frozen structure/system and frozen modal parameters

make sense in practice. However, to cope with the limitation of slow time-

variations, the instantaneous transfer function (ITF) [Louarroudi et al.,

2014a] or the HTF matrix concept [Wereley, 1991], which is closely related

with the Floquet theory for LTP systems [Floquet, 1883], is used for han-

dling LTP systems with rapid time-variations [Hwang, 1997; Allen, 2008,

2009; Almer and Jonsson, 2009; Allen et al., 2011].

It is shown in the coming sections that the ITF/HTF is an invariant for

all model types used and, hence, univocally describe the LTP system under

test; whereas the FTF depends on the model structure chosen. To this end,

we first start with the notion of time-periodic impulse response introduced

by [Zadeh, 1950a,b] and relate it to the well-known Floquet theory [Floquet,

1883]. Afterwards, the mathematical relationships for the different model

structures (state space, impulse response/kernel approach and ODE) are

provided at the level of the ITF/HTF. Furthermore, a detailed discussion

of the distinction between the FTF and the ITF concept is given, yielding a

quantitative measure for the speed and strength of time-variations. Finally,

the frequency domain simulator (FDS) for computing the steady state re-

sponse is built, and it is compared with the time domain ODE45 solver of

MATLAB R○.
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Systems

2.2 A rigorous transfer function approach

2.2.1 Time-periodic Impulse Response Function

(TP-IRF)

Zadeh’s investigation [Zadeh, 1950a,b] reveals that an LTP system is uniquely

characterized by its two dimensional time-periodic response g(t, τ) to a

Dirac impulse at time instant τ , i.e. δ(t − τ), with τ being a continuous

time delay. The LTP system has the special property that its time-periodic

impulse response function (TP-IRF) is periodic in the two variables t and

τ , i.e. g(t + Tsys, τ + Tsys) = g(t, τ) [Sandberg et al., 2005], where Tsys is the

cycle length of the LTP system (see Fig. 2.1).

To exemplify this notion of TP-IRF, a simple LTP system with an ex-

ponential decay behavior is analyzed.

Example 2.1 (Time-Periodic Impulse Response Function (TP-IRF)).

Consider the following causal, first order ODE, which is univocally parametrized

by the pumping amplitude α and the pumping period Tsys

dy(t)
dt

+ (1 + α cos( 2π

Tsys

t)) y(t) = u(t) (2.1)

it is then shown in Appendix 2.A that the TP-IRF g(t, τ) is analytically given

by the expression (g(t, τ) = 0 at t < τ due to causality)

g(t, τ) = e
− α

ωsys
sin(ωsyst) e−(t−τ) e+ α

ωsys
sin(ωsysτ), t ≥ τ= Ψ(t) eλ(t−τ) Ψ(τ)−1, t ≥ τ (2.2)

with λ = −1 being the Floquet pole, Ψ(t+Tsys) = Ψ(t) being the time-periodic

mode shape (see Section 2.3) and ωsys = 2πfsys = 2π
Tsys

being the angular pumping

frequency.

One can easily see from (2.2) that the IRF g(t + Tsys, τ + Tsys) = g(t, τ) is

indeed periodic in the two variables. The TP-IRF (2.2) of the first order LTP

system (2.1) is depicted in Fig. 2.1 (right) for the values α = 3 and Tsys = 2

s. In case the system is LTI (α = 0), the TP-IRF boils down to the classical

exponential decay behavior of first order systems with unity time-constant, i.e.

18



2.2. A rigorous transfer function approach
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Figure 2.1: Two dimensional response g(t, τ) (right) of the LTP system (2.1)
to a Dirac impulse wall δ(t − τ) (left). δ(t − τ) is an unit impulse
applied at the continuous time instant t = τ . The pumping period
(Tsys = 2 s) denotes the cycle length of the LTP system.

gLTI(t, τ) = gLTI(t−τ) = e−(t−τ) (Ψ(t) = 1). Note that the shape of the TP-IRF
can significantly differ from that of the underlying LTI system (α → 0), notably

for LTP systems with strong time-variations when α ≫ 0 (compare the TP-IRF

in Fig. 2.1 (right) with the TI-IRF e−(t−τ)). This simple example is meant to be

used as an on the fly illustration for the concepts introduced throughout this

chapter.

2.2.2 The concept of instantaneous/harmonic

transfer functions (ITF/HTFs)

In this section we recall the model class being chosen to represent LTP

systems in both the time and the Laplace domain. Starting from the notion

of impulse response or kernel3 it has been reported in [Zadeh, 1950a; Sams

and Marmarelis, 1988] that a generic causal input-output relationship for

LTP system can be written as a convolution integral

y(t) = GLTP{u(t)} = ∫ t

−∞ g(t, τ)u(τ)dτ = ∫ +∞
0

g̃(t, τ)u(t − τ)dτ (2.3)

3The time-periodic kernel function (TP-KF) g̃(t, τ) used in [Sams and Marmarelis,
1988] is mainly an alternative way for expressing LTP systems, which is related to the
TP-IRF concept as g̃(t, τ) = g(t, t − τ), τ ≥ 0. In the particular case of LTI systems, we
have that the TP-KF becomes time independent, i.e. g̃LTI(t, τ) = g̃LTI(τ).
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with u(t) ∈ R the undisturbed input and y(t) ∈ R the resulting true output

signal of the LTP system. Based on the representation in (2.3), a definition

of a transfer function for LTP systems is formulated below.

Definition 2.1 (Instantaneous Transfer Function (ITF)). The Laplace

transform of the shifted TP-IRF/TP-KF, g̃(t, τ) = g(t, t − τ), w.r.t. τ
G(s, t) ≜ Lτ {g̃(t, τ)} = Lτ {g(t, t − τ)} = ∫ +∞

0
g(t, t − τ) e−sτ dτ (2.4)

is known as the system function in [Zadeh, 1950a], the parametric transfer

function in [Sandberg et al., 2005] or the instantaneous transfer function (ITF)

in [Louarroudi et al., 2012b], which is a rigorous definition of a transfer function

for LTP systems. The ITF describes the instantaneous dynamic response of the

LTP system at time instant t.

It can be proven that the ITF has similar properties as the classical

transfer function for LTI systems [Zadeh, 1950a,b], viz.

1. The ITF is the Laplace transform of the TP-IRF/TP-KF (see (2.4)).

2. Assuming zero initial conditions, the transient response y(t) of an

LTP system from any arbitrary input u(t) can be computed as

y(t) = L−1 {G(s, t)U(s)} with U(s) = L{u(t)} (2.5)

where L−1 {●} stands for the inverse Laplace transform operator.

3. The steady state response to a sine wave can be found by evaluating

the ITF (2.4) along the imaginary axis

u(t) = sin (ωt) → y(t) = ∣G(jω, t)∣ sin (ωt +∠G(jω, t)) . (2.6)

The similarity in (2.6) with the LTI response is obvious. The dis-

tinction lies in the fact that the amplitude change ∣G(jω, t)∣ and the

phase shift ∠G(jω, t) are now time dependent. The ITF G(s, t) eval-
uated along the imaginary axis s = jω, i.e. G(jω, t), is called here

the instantaneous frequency response function (iFRF). Ignoring the

time dependency in G(jω, t) shows that the iFRF reduces to the tra-

ditional FRF concept G(jω) for LTI systems.
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2.2. A rigorous transfer function approach

As the ITF (2.4) of an LTP system is, for any fixed s, periodic in the

time variable t with periodicity Tsys, i.e. G(s, t + Tsys) = G(s, t) (see (2.4)),

it can be expanded in a Fourier series as [Oppenheim et al., 1999]

G(s, t) = +∞∑
k=−∞

Gk(s) ejkωsyst (2.7)

Gk(s) = 1

Tsys
∫ Tsys

0
G(s, t) e−jkωsyst dt (2.8)

where the Fourier coefficients Gk(s), k ∈ Z are called the harmonic transfer

functions (HTFs) [Sandberg et al., 2005; Louarroudi et al., 2012b, 2014a].

For real LTP systems (i.e. G(s, t) = G(s, t)) one has for the kth HTF

G−k(s) = Gk(s) but with Gk(s) ≠ Gk(s) as gk(τ) = L−1 {Gk(s)} is a com-

plex valued impulse response (x̄ denotes the complex conjugate of x). Con-

sequently, it is sufficient for the analysis of the LTP system (2.7) to re-

strict ourselves to the positive frequencies s = jω ≥ 0 (or the negative ones

s = jω ≤ 0) only.

The zeroth order HTF G0(s) represents the mean behavior of the LTP

system, while the higher order HTFs Gk(s), k ∈ Z / {0} denote the “pure”

time-periodic in-cycle behavior. The time domain counterpart of the Fourier

series (2.7) is also referred to in the literature as the basis expansion tech-

nique (BET) and has been applied in [Sams and Marmarelis, 1988] for the

estimation of the TP-KF g̃(t, τ). Notice that the proposed model (2.7) de-

couples the dynamic part Gk(s) from the periodic variations ejkωsyst (see

Fig. 2.2, right). The price that one has to pay for this decoupling operation

is that an infinite number of HTFs Gk(s), k ∈ Z pop up in model (2.7).

Since for practical reasons we cannot deal with an infinite number of

HTFs in (2.7), the ITF G(s, t) needs to be truncated to a finite order.

Definition 2.2 (Model truncation). The ITF in (2.7) is truncated to a finite

order with Nh significant HTFs:

GNh
(s, t) = +Nh∑

k=−Nh

Gk(s) ejkωsyst. (2.9)

This truncation step (i.e. assuming band-limited time-variations) is moti-

vated by the following theorem, which is proven in [Sandberg et al., 2005].
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Figure 2.2: LTP model (2.9) with 2Nh + 1 significant HTFs (2.8), where ωsys =
2π/Tsys stands for the angular pumping frequency.

Theorem 2.1 (Truncation of the ITF). Assume that the LTP system GLTP{●}
has a TP-IRF g(t, τ) in (2.3) that belongs to the set of L times continuously

differentiable and exponentially bounded impulse responses with L > 1; meaning

that the TP-IRF has to be a smooth function of order L (all its partial (right)

derivatives w.r.t. t and τ up to order L must exist) and should have a uniform

exponential decay (see for example (2.2) for a fixed α), namely

∣g(t, τ)∣ ≤ κ1e
−κ2(t−τ) κ1, κ2 ≥ 0. (2.10)

Then, for all input signals where sup
t∈R ∣u(t)∣ is finite, the following convergence

bound on G(s, t) in induced norm can be made

sup∥u(t)∥2≤1
∥L−1 {(G(s, t) −GNh

(s, t)) U(s)}∥
2
= O (N−(L−1)

h ) , Nh > 0 (2.11)

where O(●) stands for the order of magnitude with property lim
x→0

∣O(x)/x∣ < ∞.
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In addition, the truncated output

yNh
(t) = L−1{GNh

(s, t)U(s)}, (2.12)

where GNh
(s, t) is defined in (2.9), converges uniformly to y(t) in model (2.3)

as Nh → ∞.

Proof. See Theorem 4 in [Sandberg et al., 2005].

The truncation step in (2.9) and the ITF property (2.5) give rise to the

parallel structure model depicted in Fig. 2.2 (right), which shows that the

true output of an LTP system is nothing else than a weighted sum of LTI

responses

yNh
(t) = +Nh∑

k=−Nh

L−1 {Gk(s)U(s)} ejkωsyst = +Nh∑
k=−Nh

y[k](t) ejkωsyst. (2.13)

Note: although y[k](t) ∈ C for k ≠ 0, y[k](t) ejkωsyst + y[−k](t) e−jkωsyst ∈ R.
In practice, we will not seek for the value of L in theorem 2.1 to achieve a

certain accuracy since no explicit formulas exist. Besides, for an unknown

system that has to be identified, it is impossible to calculate L. There-

fore, instead of looking for L in (2.11), practical methods to determine the

number of significant HTFs, Nh in (2.11), from noisy observations will be

provided in this thesis. From now on, the subscript Nh in GNh
(s, t) and

yNh
(t) will be omitted for notational simplicity.

We have seen in (2.6) that the iFRF describes the instantaneous fre-

quency response behavior of LTP systems. The harmonics of the iFRF,

which is originating from the cyclic behavior of the LTP system, are dubbed

the harmonic FRFs (hFRFs). They are obtained by evaluating the HTFs

(2.8) at s = jω. Taking then the Fourier transform of the iFRF G(jω, t)
w.r.t. t, it can be seen that the hFRFs (with s = jω in (2.8)) are related to

the general concept of bi -FRF G(jω, jΩ) as

G(jω, jΩ) ≜ ∫ +∞
−∞ G(jω, t) e−jΩt dt = +Nh∑

k=−Nh

Gk(jω) 2πδ (Ω − kωsys) . (2.14)

The frequency variable ω in (2.14) accounts for the dynamics in the time-

variant system, while Ω represents the frequency content of the time-variation.
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In the particular case of periodic variations, G(jω, jΩ) in (2.14) is dis-

crete in the Ω variable. As it is well-known, a periodic signal could be

visualized in a structured way by its harmonics in the frequency domain in

lieu of the time domain. This reasoning also holds for LTP systems. As

a consequence, working in the bi-frequency (ω,Ωk)-domain (Ωk = kωsys)
reduces the complexity of the identification problem (G(jω, t) ↦ Gk(jω))
without hampering the interpretation in the (ω, t)-domain. This transfor-

mation process (2.14) to the bi-frequency (ω,Ωk)-domain is demonstrated

in Fig. 2.3.

t

|G(j ,t)|

-

0

1

2

-1

1

-1

-2

-2

2|G  (j )|
|G  (j )|

|G  (j )|0

|G  (j )|
|G  (j )|

Fourier
Transform

t -axis -axis

Figure 2.3: Left: Illustration of the iFRF G(jω, t) (2.6) in the frequency-
time (ω, t)-domain (several periods). Right: Illustration of the bi -
FRF G(jω, jΩk) (2.14) in the bi-frequency (ω,Ωk)-domain after a
Fourier transform (Ωk = kωsys).

Although in general it is quite cumbersome or mostly impossible to

compute analytically the iFRF/hFRFs in terms of the system parameters,

it is feasible for the first order LTP system in Example 2.1 on page 18, viz.

Gk(jω,α) = +Nh∑
n=−Nh

Jk−n (j α
ωsys

) J−n (j α
ωsys

)
j (ω + nωsys) + 1

(2.15)

G(jω, t, α) = +Nh∑
k=−Nh

⎛⎜⎝
+Nh∑

n=−Nh

Jk−n (j α
ωsys

) J−n (j α
ωsys

)
j (ω + nωsys) + 1

⎞⎟⎠ ejkωsyst (2.16)

with Jk(x) the kth Bessel function of the first kind (see Appendix 2.B for

the proof).
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Figure 2.4: Magnitude and phase of the iFRF G(jω, t, α = 3), t ∈ [0, Tsys] (2.16)
of the LTP system (2.1) (black). The underlying LTI system for
α → 0 in (2.1), i.e. GLTI(jω) = 1/(jω + 1), is given in white.
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1/(jω + 1), is given by the black dashed line for comparison.

25



2. Time and Frequency Domain Descriptions for LTP
Systems

To grasp this idea of the iFRF in (2.6) and the hFRFs in (2.14), we

have depicted the instantaneous and harmonic frequency response behavior

(2.15)-(2.16) in, respectively, Fig. 2.4 and Fig. 2.5 (with Nh = 1000 harmon-

ics). One can see that the magnitude and phase of the iFRF and hFRFs

significantly differ from that of the underlying LTI behavior (α → 0 in (2.1))

in the frequency band of interest. Moreover, Fig. 2.5 and (2.15) also show

that the mean FRF G0(jω,α) (red) is in general not equal to that of the

underlying LTI system GLTI(jω) = 1/(jω+1) (black). Hence, it can be dan-

gerous to approximate LTP systems with strong time-variations (α ≫ 0) by

their underlying LTI behavior (if it exists). Lastly, it follows from (2.15)

that for very small variations limα→0G0(jω,α) = GLTI(jω) as J0(0) = 1 and

Jn(0) = 0 for n ≠ 0.

Note that, even for a fixed ωsys in (2.16), the instantaneous frequency

behavior (2.16) will fundamentally change once the pumping amplitude

α is considerably varied, and the difference between GLTI(jω) in Fig. 2.5

becomes more apparent. Consequently, in this work a distinction is made

between the speed and strength of time-variations. It becomes more clear in

Section 2.4.4 why such a distinction makes sense. Below, a formal definition

of the speed and strength of time-variations is given based on the hFRFs.

Definition 2.3 (Strong/weak time-variations). An LTP system G(jω, t) ex-

hibits weak time-variations at frequency ω if the magnitude of the mean FRF

G0(jω) is dominant w.r.t. remaining significant hFRFs Gk(jω), k ∈ Z/ {0}
∣G0(jω)∣ ≫ ∣Gk(jω)∣k≠0; (2.17)

otherwise the LTP system features strong time-variations at ω.

Definition 2.4 (Fast/slow time-variations). An LTP system G(jω, t) that

contains Nh significant HTFs (see Definition 2.2) is called slowly time-varying

if the bandwidth of the time-variations (BWTV )
BWTV = Nh ωsys (2.18)

is much smaller than the bandwidth of the dynamics of the LTP system; oth-

erwise the LTP system is said to be fast varying.
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2.2.3 Extended input-output Laplace domain model

As the identification is going to be done in the frequency domain, the input-

output LTP model (2.3) is first transformed into the Laplace domain. There

are several reasons why the identification is performed in the frequency

domain [Pintelon and Schoukens, 2012]. Namely, (i) we can entirely focus

on the frequency band of interest such that it covers the dominant dynamics

of the LTP system; (ii) both continuous-time and discrete-time systems can

be handled with the same algorithmic complexity; (iii) a nonparametric

estimate of the power spectrum of the noise can readily be incorporated

into the parametric modeling step; (iv) it seems more natural to represent

dynamics in the frequency domain (e.g. a resonance phenomenon).

Because, nowadays, all the estimation schemes deal with data of finite

duration T (= observation time), the finite time Laplace transform

XT (s) ≜ LT {x(t)} = ∫ T

0
x(t) e−st dt, (2.19)

is applied to the input-output LTP model (2.3). Under Definition 2.2 it

is proven in Appendix 2.C that the extended input-output Laplace domain

model under transient conditions is given by the expression

YT (s) = +Nh∑
k=−Nh

Gk(s − jkωsys)UT (s − jkωsys) + T (s) (2.20)

with T (s) being the plant transient term (smooth function of s) depending

on the initial and end conditions of the experiment. The transient term

T (s) is of high importance when the output signal y(t) is not periodic.

In the LTP identification literature, the transient term is either ignored or

suppressed by windowing methods Hwang [1997]; Allen et al. [2011]. Yet, we

will provide high quality estimators that take into account the smoothness

of the transient term T (s) (see Chapter 3).
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2.2.4 Wereley’s HTF matrix

Evaluating (2.20) at the shifted frequencies s → s± j kωsys for k = 0, ⋯ ,Nh,

and grouping the set of equations together into a single matrix equation,

we get as input-output vector relationship

YT (s) = G(s)UT (s) +T(s) (2.21)

G(s) = ⎛⎜⎜⎜⎜⎝
⋱ ⋱ ⋱ ⋱ ⋱

⋱ G0 (s − jωsys) G−1 (s) G−2 (s + jωsys) ⋱

⋱ G1 (s − jωsys) G0 (s) G−1 (s + jωsys) ⋱

⋱ G2 (s − jωsys) G1 (s) G0 (s + jωsys) ⋱

⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎠ and X(s) = ⎛⎜⎜⎜⎜⎝
⋮

X (s − jωsys)

X (s)

X (s + jωsys)

⋮

⎞⎟⎟⎟⎟⎠
(2.22)

where X/X ∈ {YT /YT , UT /UT , T/T}.
The matrix G(s) ∈ C(2Nh+1)× (2Nh+1) with Nh → ∞ is known as Were-

ley’s HTF matrix [Wereley, 1991; Sandberg et al., 2005; Allen et al., 2011],

and with XT (s − jkωsys) = LT {x(t) ejkωsyst}, XT /x ∈ {UT /u,YT /y} being

the frequency shifted spectra of the windowed input-output signals. The

collection of those frequency shifted input-output spectra, X (s − jkωsys) =
limT→∞LT {x(t) ejkωsyst} with x(t) = Xk est, Im{s} ∈ [−ωsys

2 ,
ωsys

2
) is known

as an exponentially modulated periodic (EMP) signal [Allen et al., 2011]

(Im{x} extracts the imaginary part of x). The HTF matrix G(s) maps

thus an EMP input to an EMP output. Hence, EMP signals are conve-

nient test signals for the analysis of LTP systems [Wereley and Hall, 1990;

Wereley, 1991]. EMP signals are what sinusoidal test signals (i.e. est)

are for LTI systems. In practice, a small number of harmonics in the EMP

input-output signal (2.22) is sufficient for characterizing accurately the LTP

system’s input-output behavior. For more details, we refer to the concept

of input and output roll-off in Sandberg et al. [2005].

One can observe that the HTFs Gk(s) (2.8) are stored in the middle

column of Wereley’s HTF matrix G(s) (2.22), which can mathematically

be written down via the column extraction operator as

Gk(s) = 1T
k G(s)10 with 10 = ⎛⎜⎜⎜⎜⎝

⋮

0

1

0

⋮

⎞⎟⎟⎟⎟⎠ (2.23)
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where xT denotes the matrix transpose of x and with 1k being a vector

of zeros except at the kth position where it is one (k = 0 corresponds

to the middle position). It follows from the structure of G(s) in (2.22)

that it is sufficient to confine the analysis to the “small” frequency band

where Im{s} ∈ [−ωsys

2 ,
ωsys

2
). The reader is referred to [Hwang, 1997] for

the frequency domain identification of G(jω), ω ∈ [−ωsys

2 ,
ωsys

2
). However,

in the framework of Zadeh (2.7)-(2.8) only the middle column of G(s)
(2.22) is used by means of (2.23) such that the extracted HTFs Gk(s) (2.8)
are uniquely described for Im{s} ∈ [0, +∞). We will see that the HTFs

Gk(s, θ) (2.8) and Wereley’s HTF matrix G(s, θ) (2.22) can take any pa-

rameterization in θ (state space, pole-residue, ODE, ...). These different

parameterizations are the topic of the next sections.

2.3 The ITF/HTFs under state space and

Floquet pole-residue form

2.3.1 State space representation

As it is rather common to use state space models in the LTP system and

control theory [Wereley, 1991; Bittanti and Colaneri, 2009], Wereley’s HTF

matrix (2.21) is first written under state space form. Afterwards, the con-

nection with the Floquet theory [Floquet, 1883] is established. To this end,

the LTP system’s dynamical behavior is represented as a state space model

⎧⎪⎪⎨⎪⎪⎩
dx(t)
dt = A(t)x(t) +B(t)u(t)

y(t) = C(t)x(t) +D(t)u(t) (2.24)

where the first equation in (2.24) is known as the state equation and the last

one as the output equation. x(t) ∈ Rna×1 denotes the state vector (na the

number of states/poles) and where X(t) = X(t + Tsys), X ∈ {A,B,C,D} are

time-periodic matrices of appropriate dimensions [Wereley and Hall, 1990;

Wereley, 1991; Verhaegen and Yu, 1995; Sandberg et al., 2005; Bittanti and

Colaneri, 2009]. As an example, the first order LTP system (2.2) written
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under state space (2.24) becomes: A(t) = −(1 + α cos (ωsyst)) , B(t) = C(t) =
1, D(t) = 0 and where x(t) = y(t) is being chosen as the state.

2.3.2 Extended Harmonic State Space (HSS) model

By first taking the finite time Laplace transform (2.19) of (2.24), it is then

shown in Appendix 2.D that the extended harmonic state space (HSS) model

is given by the following expression

YT (s) = [C (sI + jωsys −A)−1 B +D] UT (s)011111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113
exogenous part

+[C (sI + jωsys −A)−1] I(s, θI)01111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113
transient part=T(s, θtr) in (2.21)

with G(s, θ) = C (sI + jωsys −A)−1 B +D (2.25)

where the Toeplitz matrices {A,B,C,D}, defined in (2.79), consist of har-

monics of the time-periodic state space matrices {A(t),B(t),C(t),D(t)} (see
(2.74)). Using again Example 2.1 on page 18, it is not difficult to see that

the harmonics of the state space matrices in (2.25) are: A0 = −1, A±1 =−α/2, B0 = C0 = 1, Dk = 0. Hence, A is a tridiagonal Toeplitz matrix while

B and C are identity matrices (D = 0).

In [Wereley, 1991] the HSS model (2.25) without the transient/leakage

term T(s) is derived by means of the harmonic balance method (see [Were-

ley, 1991], Eq. (3.122) therein). Finally, the ITF/HTFs, (Gk(s, θ)/G(s, t, θ)),
in terms of the {A,B,C,D} follows then readily by applying the middle col-

umn extraction (2.23) and the BET (2.9) respectively.

2.3.3 Floquet theory

To establish the link between the ITF/HTFs concept (Section 2.2.2) and

the Floquet theory for LTP systems in [Floquet, 1883], the TP-IRF g(t, τ)
in (2.3) is written down in terms of the {A,B,C,D} state space matrices,

giving

g(t, τ) = C(t)ΦA(t, τ)B(τ) +D(t) δ(t − τ), t ≥ τ (2.26)

with δ(t) the Dirac function and where ΦA(t, τ) is the state transition ma-

trix (STM) of the free response dx(t)
dt = A(t)x(t) (see [Sandberg et al., 2005]

without the direct term D(t)).
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Performing then a Floquet transform (i.e. a similarity transform) of

the states q(t) = P(t)x(t), with P(t + Tsys) = P(t) being a non-singular

time-periodic matrix, the STM ΦA(t, τ) can always be expressed as

ΦA(t, τ) = P(t) eQ(t−τ)P(τ)−1 (2.27)

Q = P(t)−1 (A(t)P(t) − dP(t)
dt

) (2.28)

with Q ∈ Cna×na a time-invariant matrix (possibly a complex one) and

where the eigenvalues of Q, λr = eig{Q} with r ∈ {1,⋯, na}, are termed the

Floquet/Lyaponov exponents of the LTP-system. The LTP system is stable

if the Floquet exponents (poles) are located in the left part of the complex

plane [Wereley and Hall, 1990; Wereley, 1991].

2.3.4 Floquet modal decomposition

By diagonalizing the matrix Q = V ΛV −1 (assuming simple poles), the STM

ΦA(t, τ) can also be molded in its modal representation as

ΦA(t, τ) = Ψ(t) eΛ (t−τ)Ψ(τ)−1 = na∑
r=1

Ψr(t) eλr(t−τ)Lr(τ)T (2.29)

with Λ ∈ Cna×na a time-invariant diagonal matrix containing the Floquet

exponents λr = Λ[r, r] of the LTP-system. Ψr(t) = P(t)V[∶, r] = Ψr(t + Tsys)
(V[∶, r] is the rth column of V ) is known as the time-periodic modal vector

and Lr(τ) is the rth row of Ψ(τ)−T = [Ψ1(τ)Ψ2(τ) ⋯ Ψna(τ)]−T [Allen,

2009; Allen et al., 2011].

Note that the Floquet poles λrs are those of interest when performing

modal and stability analysis of LTP systems and differs in general sig-

nificantly from the eigenvalues (poles) of the state matrix A(t) in (2.24),

especially for systems with rapid and strong time-variations (see [Eriten

and Dankowicz, 2009; Allen et al., 2011; Louarroudi et al., 2014a]). In-

deed, for Example 2.1 on page 18 we have for α ≠ 0 that the Floquet pole(λ = λ1 = −1) ≠ (eig{A(t)} = −(1 + α cos (ωsyst)) ).
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2.3.5 Floquet pole-residue model

The relationship between the shifted TP-IRF g(t, t − τ ′) and the Floquet

modal decomposition (2.29) follows from the elaboration of (2.26) and the

Fourier series expansion of C(t)Ψr(t), Lr(t)T B(t) and D(t)
g(t, t − τ ′) = ∞∑

k=−∞
( na∑
r=1

( ∞∑
n=−∞

Ψ̃r, k−n e(λr−j nωsys)τ ′ L̃T
r,n) +Dk) ejkωsyst (2.30)

with

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Ψ̃r(t) = C(t)Ψr(t) = ∑∞

k=−∞ Ψ̃r, k ejkωsyst

L̃r(t)T = Lr(t)T B(t) = ∑∞
k=−∞ L̃T

r, k e
jkωsyst .

D(t) = ∑∞
k=−∞Dk ejkωsyst

(2.31)

Combining (2.4), (2.7) and (2.30) finally gives (after truncation to Nh sig-

nificant harmonics) the HTFs in Floquet pole-residue (modal) form

Gk(s, θ) = na∑
r=1

+Nh∑
n=−Nh

Ψ̃r, k−n L̃T
r,n

s − (λr − njωsys) + Dk. (2.32)

The same relationship is developed by [Allen et al., 2011] for operational

modal analysis of LTP systems, see Eq. (13) therein.

Equation (2.32) shows that the HTFs can be written as a rational model

Gk(s) = Bk(s)
Ak(s) with complex coefficients (possibly with a high order), which

establishes the relation with the LTI case. It can also be seen from the

expression in (2.32) that the Floquet poles λr (for n = 0) play the role

of global parameters in LTP systems. The (shifted) Floquet exponents

λr ± njωsys and the observed harmonic mode shapes Ψ̃r, k±n form the basis

in LTP modal analysis [Irretier, 1999; Allen, 2008, 2009; Allen et al., 2011].

For an undamped mode, the Floquet poles can be written under the form

λr = −ξrωr + jωr

√
1 − ξ2r with ξr being the Floquet damping ratio and ωr

being the Floquet natural frequency.

For understanding the presence of Floquet resonances in (2.32), we ana-

lyze in more detail a second order system with varying stiffness: the Mathieu

oscillator (see for e.g [Richards, 1983; Allen et al., 2011]).
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Figure 2.6: Left: The Mathieu oscillator: a single degree-of-freedom mass-
damper-spring system with a periodically varying stiffness k(t).
Right: The first three hFRFs G−1(jω, θ), G0(jω, θ), G+1(jω, θ),
θ = (m,c, k0, k1, φk)T (2.32) of the simulated Mathieu oscillator
(2.33) in the bi-frequency domain. The green arrows indicate the
Floquet resonances of the second order LTP system at frequencies±fn ± rfsys, r ∈ N (fn = 1 Hz and fsys = 0.4 Hz).

Example 2.2 (Mathieu oscillator). The Mathieu oscillator, whose schematic is

depicted in Fig. 2.6 (left), consists of a single degree-of-freedom mass-damper-

spring system with a periodically varying stiffness k(t). This second order LTP

system is governed by the following equation of motion⎧⎪⎪⎨⎪⎪⎩ md2y(t)
dt2 + cdy(t)dt + k(t)y(t) = u(t)

k(t) = k0 + k1 cos (2πfsys t + φk) (2.33)

with u(t) being the input force applied to the fixed mass m and y(t) being

the resulting displacement of the mass. We normalize the value of the mass

m and the damping c in such a way that the mean stiffness k0 becomes unity.

In addition, the fixed mass (m(t) = m) vibrates at a natural frequency of

fn = 1 Hz with a damping ratio of ξ = 2%. Hence, the value of the mass and

the damping is selected to be, respectively, m = k0/(2πfn)2 = 1/(2π)2 and

c = 2mξ 2πfn = ξ/π. The phase lag of k(t) is fixed to 60 degrees, i.e. φk = π
3 .
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Choosing a stiffness amplitude k1 that is equal to 50% of k0, i.e. k1 =
0.5, and a pumping frequency fsys = 0.4 Hz, we have computed with high

precision (Nh = 500 harmonics) the hFRFs in (2.32) from the equation of

motion (2.33) by means of formula (2.42) (see Appendix 2.E). The first three

hFRFs in the bi-frequency domain, {G−1(jω, θ), G0(jω, θ), G+1(jω, θ)} (2.32)

with θ = (m,c, k0, k1, φk)T are depicted in the 3D-plot of Fig. 2.6 (right). The

higher order hFRFs are not shown for convenience. Even though the second

order system (2.33) suggests that it has only one (time-varying) resonance in

the vicinity of the natural frequency fn and no anti-resonances, the Floquet

theory (2.32) predicts that resonances and anti-resonances (harmonic modes

can cancel out each other) can occur. This is confirmed by the plot in Fig. 2.6

(right). The Floquet resonances, ±fn ± r fsys = (±1 ± r 0.4) Hz, are clearly

visible in the picture (indicated by the green arrows).

Since the simulation is entirely done in the frequency domain (s = jω),

we need to be sure that the simulated Example 2.2 is stable. Therefore, the

stability map of the Mathieu oscillator (2.33) for varying pumping frequency

fsys and stiffness amplitude ratio k1/k0 in (2.33) has been produced, which is

depicted in Fig. 2.7. It can be seen that for the parameter values chosen, the

simulated system is stable, which is indicated by the red cross on the map.

This stability map is obtained using numerical integration of (2.33) (ODE45-

solver in MATLAB R○) with two sets of initial conditions x[1](0) = [1, 0]T
and x[2](0) = [0, 1]T . The Floquet poles were then found as the logarithm

of the eigenvalues of the STM (2.29) evaluated at t = Tsys, i.e λ{1,2,⋯,na} =
1/Tsys log {eig{ΦA(Tsys,0)}} = 1/Tsys log {eig{[x[1](Tsys), x[2](Tsys)]}}.

2.3.6 Parametric resonance

The Floquet poles, for which Re{λr} > 0 in (2.32), can create an unstable

behavior known as parametric resonances [Han et al., 2010, 2011; Sanches

et al., 2012], and should not be confused with the classical resonance phe-

nomena in LTI systems. Parametric resonance is indicated by the arrow in

the stability map in Fig. 2.7.

34



2.3. The ITF/HTFs under state space and Floquet pole-residue form

f
sys

  (Hz)

k 1
/k
0  (

%
)

Stability Map 

0 0.5 1 1.5 2 2.5
0

20

40

60

80

100

S

S

S

U

Stable

parametric
resonance

Unstable

strong / fast
variations
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and ξ = 2%. The position in the (k1/k0, fsys) plane of the simulated
LTP system from Fig. 2.6 (right) is given by the red cross, while the
discs are the LTP systems analyzed in Section 2.4.4. The stability
borders are indicated by variations in color.

A nice illustration of parametric resonance is a child on swing. During

swinging the child is moving up- and downwards (its gravity point changes

periodically) at an approximate rate of twice the natural frequency of the

swing (fsys ≈ 2fn). At a certain point, the swing becomes unstable and as

such the child can make a tour of 360 degrees.

It follows indeed from the stability map in Fig. 2.7 that for (fsys ≈ 2fn)

the Mathieu oscillator is likely to become unstable for relatively small values

of k1/k0 (depending on the damping ratio ξ in general). This is also known

as the “main” parametric resonance. The (change in) Floquet poles λr are

thus of vast interest for predicting accurately the dynamical behavior of

the LTP system under test. As a result, this class of LTP systems are also

elsewhere categorized as linear parametrically excited systems, such as in

[Han et al., 2010, 2011; Sanches et al., 2012].
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2.3.7 Relation with the thesis

Although the HTFs (2.32) can be written as an explicit function of the Flo-

quet exponents, this thesis is not aiming at estimating the Floquet poles

and the mode shapes from experimental data. We refer to [Allen, 2008,

2009; Allen et al., 2011] for some frequency domain identification methods

whereby the Floquet modal parameters (i.e. Floquet exponents and the

corresponding mode shapes) are extracted via classical LTI techniques (e.g.

the peak-picking method). On the other hand, Floquet exponents estima-

tion based on time domain output-only stochastic subspace identification

has been tackled in [Jhinaoui et al., 2013].

This work rather provides data-driven methods for estimating the iFRF

(2.9) and the hFRFs (2.32) at s = jωk (ωk = 2π k
T
) using periodic or arbitrary

excitations. This measuring technique can be seen as a first step towards

parametric modeling of (2.32). We also develop parametric methods where

the system parameters (like m,c, k0, k1, φk in (2.33)) are estimated in a

sound and systematic way. Note that the Floquet exponents can readily be

computed using numerical integration once the estimated system parame-

ters m̂, ĉ, k̂0, k̂1 and φ̂k are obtained. In the next section, it is explained how

we can retrieve the ITF/HTFs (2.7)-(2.8) in rational form starting from the

equation of motion (2.33).

2.4 Ordinary Differential Equation (ODE)

-based modeling

2.4.1 ODE model: time domain formulation

It has already been mentioned in the introduction that another suitable

description for LTP systems can be formulated through (an) ODE(s) with

time-periodic system parameters. It is worth to note that Examples 2.1

and 2.2 are particular cases of a more general model

na∑
r=0

ar(t) dry(t)
dtr

= nb∑
r=0

br(t) dru(t)
dtr

(2.34)
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where ar(t) = ar(t + Tsys) and br(t) = br(t + Tsys) are all Tsys-periodic func-

tions (Tsys being the periodicity of the time-variation = pumping period).

Furthermore, the time-periodic ODE parameters, ar(t) ∈ R and br(t) ∈ R,

are assumed to be band-limited, i.e. the bandwidth of the power spectra of

ar(t) and br(t) should be (much) smaller than the Nyquist frequency fs/2,
with fs the sampling frequency. For example, the time-periodic parameters

in Examples 2.1 and 2.2 are band-limited if the pumping frequency satisfies

fsys ≪ fs/2.
Since the system parameters ar(t) and br(t) are time-periodic and band-

limited as assumed, they are equal to a truncated Fourier series

ar(t) = nha∑
k=−nha

A[r, k] ejkωsyst and br(t) = nhb∑
k=−nhb

B[r, k] ejkωsyst (2.35)

with ωsys the angular pumping frequency and X[r, k] the kth Fourier coeffi-

cient of xr(t) (x ∈ {a, b} and X ∈ {A,B}). Thus, the number of harmonics,

nha and nhb
in (2.35), determines the bandwidth of the time-variations. As

an example, the Fourier coefficients (2.35) of the parameters of the Math-

ieu oscillator (2.33) are: m = A[2,0], c = A[1,0], k0 = A[0,0], k1 = 2 ∣A[0,±1]∣,
φk = ±∠A[0,±1] and B[0,0] = 1. Note that the model orders (i.e. na and nb) in

the model equation (2.34) are assumed to be time-invariant. Accordingly, it

is supposed in this work that the model complexity will not change during

the measurement process.

2.4.2 Frozen Transfer Function (FTF) approach:

time-frequency domain formulation

When the system’s dynamic slowly change over time (see Definition 2.4),

the concept of a frozen system/structure makes sense Poulimenos and Fas-

sois [2005]; Fassois and Poulimenos [2006]; Poulimenos and Fassois [2009];

Spiridonakos et al. [2010]. The term was first introduced by Zadeh [1950a]

in the beginning of the fifties to analyze time-varying networks. The frozen

system has a fictional character as it is the system one obtains by freezing

the time-periodic system parameters (2.35) of the ODE model (2.34) at a

37



2. Time and Frequency Domain Descriptions for LTP
Systems

particular time instant. The frozen transfer function (FTF) is then defined

as the transfer function of the frozen system, viz.

Gf(s, t, θ) = B(s, t)
A(s, t) = ∑nb

r=0 br(t) sr∑na
r=0 ar(t) sr = K(t) ∏nb

r=0(s − zr(t))∏na
r=0(s − pr(t)) (2.36)

with K(t) the frozen gain and with zr(t)&pr(t) respectively the frozen

zeros and poles (s ∈ C is the Laplace variable).

These frozen properties are continuous functions of time and can be

computed once the time-periodic system parameters ar(t) and br(t) in

(2.34) are known/estimated. We have, for instance, that the FTF of the

Mathieu Oscillator (2.33) is given, as a function of the system parameters

θ = (m,c, k0, k1, φk)T , by
Gf(s, t, θ) = B(s, t)

A(s, t) = 1(ms2 + cs + k0) + k1 cos (2πfsys t + φk) . (2.37)

Observe that there is no direct physical relationship between the true input-

output signals, u(t)& y(t) in (2.34), and the FTF Gf(s, t, θ) in (2.36). The

FTF evaluated along the imaginary axis, i.e. Gf(s, t)∣s=jω, is called here the

frozen FRF (F2RF).

The definition of the FTF has a practical side and fits into the frame-

work of LPV systems Bamieh and Giarre [2002]; Fujimori and Ljung [2005].

Once a certain scheduling trajectory is chosen, the LPV system at a par-

ticular time instant, which is identified as an FTF, corresponds to the LTI

system obtained by freezing the scheduling/external parameter at the value

corresponding with that time instant as long as the scheduling dependence

is assumed to be static (could be approximated for slow time-variations, be-

cause in that case the higher order derivatives of the scheduling to time can

be neglected). For example, when an airplane (gradually) accelerates and

gains altitude, the dynamics of the wings (slowly) vary since the dynamical

behavior of the wings depends on the flight speed and the flight altitude

of the airplane Fujimori and Ljung [2005]. The flight speed and altitude in

this example act thus as scheduling parameters since those parameters will

cause the non-stationarities in the vibrations of the wings.
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As the stability (and the global dynamical behavior) of LTI systems

is determined by the location of the poles, we may wonder whether in

practice the concept of frozen poles pr(t) (and zeros zr(t)) in (2.36) makes

sense. Fortunately, the answer is yes if the time-variation of the system

is kept relatively slow, see Zadeh [1950a, 1951]; Solo [1994]. However, the

reader should keep in mind that the locations of the frozen poles do not

determine in general the stability of an LTP system. The LTP system is

stable when the real part of the Floquet/Lyaponov exponents (poles) λrs

are negative (see Section 2.3). Indeed, we have that the Floquet pole of

Example 2.1, λ = λ1 = −1, is stable, while the frozen one p(t) = p1(t) =
eig{A(t)} = −(1 + α cos (ωsyst)) becomes “unstable” for ∣α∣ > 1. We also

refer to the stability map in Fig. 2.7 of the second order Example 2.2 to

observe the difference between a Floquet pole and a frozen one p{1,2}(t) =−ξ√k(t)
m ± j

√
k(t)
m (1 − ξ2). The zeros are a bit complicated as there is not a

unique representation of it (see Bittanti and Colaneri [2009]).

Nevertheless, once the system displays slow time-variations (see Defini-

tion 2.4) the idea of frozen poles pr(t) (and zeros zr(t)) makes sense, and it

gives an intuitive insight into the evolving dynamics. Namely, it is shown

in Khalil [1996] (see example 5.13 therein on the stability of slowly time-

varying systems) that frozen poles could say something about the stability

of LTP system with slow dynamic variations. From the complex frozen

poles pr(t) we can then extract the frozen modal parameters as

fr(t) = 1

2π
∣pr(t)∣, ξr(t) = 1

2π

−Re{pr(t)}
fr(t) (2.38)

with fr(t) being the rth frozen resonance frequency and ξr(t) being the

corresponding frozen damping ratio (∣x∣ is the magnitude of x). Whereas

the rth frozen time constant τr(t) is obtained from the real frozen poles as

τr(t) = −pr(t)−1 (2.39)

(analogous for the frozen zeros, e.g. anti-resonances). In case of Example

2.1 on page 18, the frozen time constant is equal to τ = τ1 = − 1(1+α cos(ωsyst)) .
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2.4.3 The ITF/HTFs in rational form:

time/bi-frequency domain formulation

We have seen in the previous section that for LTP systems with fast time-

variations the FTF concept is not the right description of the instantaneous

system’s response. However, we already know from Section 2.2 that the

ITF/HTFs (2.7)-(2.8) describe(s) the true behavior of the LTP system ir-

respective of the degree of time-variations. The question that arises now

is how to construct those transfer functions from the ODE-based model

(2.34). This problem is addressed in Appendix 2.E.

It is shown in Appendix 2.E that the extended Laplace domain ODE-

based model is given by

A(s, θa)YT (s) = B(s, θb)UT (s) + I(s, θI) (2.40)

where the structured ODE matrices A(s, θa)&B(s, θb) are defined in (2.83)

and they are only a function of the Fourier coefficients (2.35) of ar(t) (i.e.

θa) and br(t) (i.e. θb) respectively. The parameter vectors {θa, θb} are

defined as θx = vec{X} ∈ C(nx+1)(2nhx+1)×1 with x,X = a,A or b,B in (2.35)

and where the vec-operator stacks the columns of the matrix on top of each

other. The term I(s, θI), which designates the influence of the initial and

end conditions of the experiment, is defined in (2.80)-(2.83).

Combining (2.40) and (2.21) one gets the extended ODE-based model

in rational form

YT (s) = A(s, θa)−1 B(s, θb)UT (s)011111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111113
exogenous part

+ A(s, θa)−1 I(s, θI)0111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111113
transient part=T(s, θtr) in (2.21)

(2.41)

where G(s, θ) = A(s, θa)−1 B(s, θb) is the Wereley’s HTF matrix (2.22) in

rational form. The HTFs (2.8) follows then readily by applying the column

extraction operator (2.23)

Gk(s, θ) = 1T
k (A(s, θa)−1 B(s, θb)) 10

= 1

det{A(s, θa)} +Nh∑
r=−Nh

(adj{A(s, θa)}[k, r] B(s, θb)[r,0]) (2.42)
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2.4. Ordinary Differential Equation (ODE) -based modeling

with det{●} being the determinant and adj{●} being the adjoint operator.

The HTFs Gk(s, θ) (2.42) can be computed (almost) exactly at the frequen-

cies of interest (s = jω) in a numerical stable way when a “large number”

of Nh is used. Ultimately, the ITF G(s, t, θ) in rational representation is

obtained by making use of the BET in (2.9).

2.4.4 Quick/strong vs. slow/weak time-variations:

an objective measure for the degree of

time-variations in LTP systems

Both definitions of a transfer function (FTF and ITF) are fundamentally

different: the FTF Gf(s, t) describes well the true dynamics at time t if the

system parameters remain almost constant over the duration of the impulse

response Zadeh [1950a]; while the ITF G(s, t) is the true description of the

dynamics of the time-varying system at time instant t as if we would have

made a snapshot of the dynamic response of the system at time t.

On the other hand, no information is lost in the parametric FTF,

Gf(s, t, θ) in (2.36), as we can readily convert back from (2.36) to the ODE

model (2.34). It depends on the application at hand which definition should

be preferred. To the authors’ opinion, the FTF fits better in the framework

of (slow) LPV systems, while the ITF allows us to give a full representa-

tion of the evolution of the true time-varying dynamics over time. Within

the proposed framework it is possible to estimate both transfer functions

ITF/FTF from the available measurements.

As the speed and strength of the time-variations decreases (see Defini-

tions 2.3 & 2.4), the FTF and the ITF tend to approach each other. From

Zadeh [1950a], the difference between both (FTF and ITF) at time t is

computed exactly as

eG(s, t) = Gf(s, t) −G(s, t) = na∑
n=1

1

n!A(s, t) ∂nA(s, t)
∂sn

∂nG(s, t)
∂tn

. (2.43)

Hence, the FTF Gf(s, t) can also be viewed as a first order approximation

of the ITF G(s, t). As demonstrated further on, the “error of variation”
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eG(s, t) provides an indication about the speed and/or strength of time-

variations. If eG(s, t) is large compared with Gf(s, t), then the LTP system

features a fast and strong time-variation at frequency s = jωk = j2π k
T . Note

that for LTP systems the error of variation also inherits the time-periodic

property, i.e. eG(s, t + Tsys) = eG(s, t).
The error of variation between the FTF and the ITF, eG(s, t) in (2.43),

can further be elaborated by using (2.36) and the truncation in (2.9), viz.

eG(s, t) = 1

A(s, t) na∑
n=1

⎛⎝ na∑
r=0

⎛⎝rn⎞⎠ar(t) sr−n +Nh∑
k=−Nh

(jkωsys)nGk(s) ejkωsyst
⎞⎠

(2.44)

with
⎛⎝rn⎞⎠ ≜ r!

n!(r−n)! being the binomial coefficients. As such, we can predict

(exactly) what the error will be if the true description of the behavior of

the LTP system was approximated by the FTF instead of the ITF. In the

limit case where the time-variation is zero (Nh = 0), the system is LTI such

that the FTF and the ITF are equal to the LTI transfer function G(s).
To illustrate the fact that the “error of variation” in (2.43) provides a

nice frequency distribution of the degree of time-variations, six simulations

with three different values of the stiffness amplitude ratio k1/k0 and two

values for the pumping frequency fsys in the Mathieu oscillator (2.33) has

been made, yielding six distinctive degrees (speed and strength in Defini-

tions 2.3 & 2.4) of time-variations, as summarized in Table 2.1. All the six

simulated LTP systems are ensured to be stable as their positions on the

stability map in Fig. 2.7 (discs) are located in the stable region.

In order not to overload the figures and to ease the comparison be-

tween different quantities, the Power Average over Time (PAoT) of quantity

x(s, t) ∈ C is introduced, which is defined as

PAoT{x(s, t)} = √
1

Tsys
∫ Tsys

0
∣x(s, t)∣2 dt ≈ ?@@C 1

Nt

Nt−1∑
i=0

∣x(s, iδt)∣2 (2.45)

with Tsys = Ntδt, Nt ∈ N and δt the integration step. The integration error

can be made arbitrarily small (δt can be chosen arbitrarily small) as x(s, t)
is known parametrically in the time variable t. Taking x(s, t) = eG(s, t) the

PAoT of the error of variation can be computed.
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Figure 2.8: The F2RF Gf(jω, t) (blue) and the iFRF G(jω, t) (red dashed) at
some time instants for the different values given in Table 2.1. The
PAoT (2.45) of the difference between the F2RF and the iFRF is
given by the black line, while the PAoT of the error of variation
computed with (2.44) is depicted as a white line (coincides).
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k1/k0 /fsys 0.001 Hz 0.5 Hz

10% weak/slow weak/fast
40% intermediate/slow intermediate/fast
80% strong/slow strong/fast

Table 2.1: Different degrees (speed and strength) of time-variations (2.43) for
different values of the pumping amplitude ratio k1/k0 and the pump-
ing frequency fsys in the Mathieu oscillator (2.33) (fn = 1 Hz).
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Figure 2.9: Zoom of the PAoT (2.45) of eG(jω, t) originating from Fig. 2.8
for different values of the pumping amplitude ratio k1/k0 and the
pumping frequency fsys (see also Table 2.1).

The simulation results are shown in Fig. 2.8 for the values given in

Table 2.1. It can be seen that for the Mathieu oscillator with weak and slow

variations (k1/k0 = 10% , fsys = 1 mHz) the F2RF (blue) practically coincides

with the iFRF (red). The PAoT (2.45) of eG(jω, t) is significantly lower

than the F2RF/iFRF at the resonance frequency, while for the Mathieu

oscillator with strong and fast variations (k1/k0 = 80% , fsys = 0.5 Hz) the

PAoT of eG(jω, t) is as big as the FRF itself. In between these extremes,

we have a gray zone (intermediate behavior) as indicated by the plot. For

an enlargement of the view, we refer to Fig. 2.9 where the error of variation

for the six LTP systems is plotted on top of each other. We can observe

that eG(jω, t) is increasing once the degree (= strength and/or speed) of

time-variations is increased. Moreover, at a constant pumping frequency
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fsys, the plot produces a set of functions coming from the same “family”.

Once the speed fsys is increased, the shape of the PAoT of eG(jω, t) varies

considerably and the Floquet poles become more and more visible. An

overview of these different degrees of variations is summarized in Table 2.1.

2.5 Overview of the system descriptions in

the time and/or the frequency domain

As discussed in the previous sections, various descriptions can be set up

for characterizing LTP systems in the time and/or the frequency domain.

An overview of the different concepts introduced throughout this chapter

is given in Table 2.2. Based on the previous results, it is stated in the

following theorem that the HTFs (2.8) are an invariant for LTP systems.

Theorem 2.2 (Invariance of the HTFs). If the time-variant impulse response

g(t, τ) is of the form (2.26)-(2.28), then the concept of HTFs (2.8)

Gk(s) = 1

Tsys

Tsys∫
0

Lτ {g(t, t − τ)}0111111111111111111111111111111111111112111111111111111111111111111111111111113
impulse response approach

[Zadeh, 1950a,b]

e−jkωsyst dt, k ∈ Z
is a rigorous definition of a transfer function for LTP systems as it is an invariant

under all model representation used. We have for the different parameterizations

of the HTFs:

Gk(s, θ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1T
k [C (sI + jωsys −A)−1 B +D]0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113

state space representation
[Wereley, 1991]

10

na∑
r=1

+Nh∑
n=−Nh

Ψ̃r, k−n L̃T
r,n

s−(λr−njωsys) + Dk01111111111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111111111113
Floquet pole-residue form

[Allen et al., 2011; Louarroudi et al., 2014b]

.

1T
k [A(s, θa)−1 B(s, θb)]011111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111113

rational ODE-based model
[Louarroudi et al., 2014a]

10

(2.46)
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Proof. Combine expressions (2.4), (2.8), (2.23), (2.25), (2.32) and (2.42).

Note: Theorem 2.2 reveals the exact transition from the nonparametric

representation, Gk(s) in (2.8), to the parametric one, Gk(s, θ) in (2.46).

Concept Description Domain

g(t, τ), t ≥ τ Time-Periodic Impulse Response Function bi-time

g̃(t, τ), τ ≥ 0 Time-Periodic Kernel Function bi-time

G(jω, t) instantaneous FRF (iFRF) time-frequency

Gf(jω, t) frozen FRF (F2RF) time-frequency

Gk(jω), k ∈ Z harmonic FRFs (hFRFs) bi-frequency

G(jω, jΩ) bi -FRF bi-frequency

Table 2.2: Overview of the different descriptions for LTP systems in the time
and/or the frequency domain.

Given then a certain model structure (impulse response, state space

or ODE), the HTFs can always be retrieved. Since the ITF G(s, t) can

be derived using the BET (2.7), the ITF is also an invariant quantity for

LTP systems. There is one “outsider” in the list of Table 2.2, namely the

F2RF Gf(s, t)∣s=jω. The F2RF should only be used in case the LTP system

contains slow and weak dynamic variations as Gf(jω, t) is prone to fast

and strong time-variations (see Section 2.4.4). Otherwise, the error one

makes compared with the iFRF becomes significantly large w.r.t. the FRF

itself. Nevertheless, as already mentioned in Section 2.4.4, no information

is lost in the parametric F2RF Gf(jω, t, θ) as we can easily go back to the

time domain ODE formulation (2.54). We should keep in mind that frozen

descriptions do depend on the chosen model structure .

Note that Theorem 2.2 only shows the different parameterizations that

can be made under steady state conditions for the LTP plant model G(s, θ)
(2.22) (Gk(s, θ) = 1T

k G(s, θ)10) and, thus, ignores the transient term T(s)
in the extended input-output model (2.21). Under transient conditions,

T(s) is an important part of the input-output model (2.21) which shares the

same poles as G(s, θ). Therefore, similar parameterizations as in Theorem

2.2 can be assigned to T(s), as explicitly formulated in the theorem below.
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Theorem 2.3 (Parameterization of the extended input-output relationship).

Under the same conditions as in Theorem 2.2, the finite time Laplace domain

input-output model

YT (s) = G(s)UT (s) + T(s)
in (2.21) can take different parameterizations for the Wereley HTF matrixG(s)
and for the transient term T(s), viz.

state space:

⎧⎪⎪⎨⎪⎪⎩ G(s, θ) = [C (sI + jωsys −A)−1 B +D]
T(s, θtr) = [C (sI + jωsys −A)−1] I(s, θI) (2.47)

ODE:

⎧⎪⎪⎨⎪⎪⎩ G(s, θ) = A(s, θa)−1 B(s, θb)
T(s, θtr) = A(s, θa)−1 I(s, θI) (2.48)

where I(s, θI) & I(s, θI) model the impact of the initial and end conditions of

an experiment. The explicit expressions for I(s, θI) & I(s, θI) can be found in

formulas (2.75)-(2.78) and (2.80)-(2.82) respectively.

Proof. Combine expressions (2.21)-(2.22), (2.25) and (2.41).

Note: Since the transient term T(s, θtr) share the same poles as G(s, θ),
T(s, θtr) can also be written in Floquet pole-residue form, as done for the

HTFs (2.46) in Theorem 2.2. However, the elaboration is not made here.

2.6 Frequency Domain Solver (FDS) for

steady state conditions

It is a well-known fact that the frequency response of an LTI system Y (jωk)
can be computed in an easy way as the product of the system’s FRF G(jωk)
and the input spectrum U(jωk). To calculate the LTP system’s frequency

response Y (jωk) in more or less the same way, we develop a frequency

domain simulator (FDS) in this section.

The FDS is a mathematical tool whereby the system’s steady state re-

sponse is obtained from the knowledge of the true/estimated system pa-

rameters (2.35) and the known/measured input signal without relying on

time-consuming ODE solvers. The application of the FDS is twofold:
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• It serves as a simple tool to test the identification algorithms on sim-

ulation data before applying them to real situations.

• It is useful to calculate the predicted output spectrum Ŷ (jωk) on

the basis of the estimated parameters ân(t) & b̂n(t) (2.35). As such,

Ŷ (jωk) can be compared with the measured output spectrum.

In what follows, a multisine with uniformly distributed random phases

is used as input signal for computing the LTP system’s frequency response

such that the LTP model can reach a steady state solution.

Definition 2.5 (Multisine excitation). The true input u(t), sampled at the

rate fs = 1/Ts and observed in the time span [0, T ], is Texc-periodic and

band-limited (max{Kexc}fexc < fs/2)
u[n] ≜ u(nTs) = 1√

Fexc

∑
k ∈±Kexc

∣Ak∣ ejϕk ej(2π k fexc
fs

n) (2.49)

where fexc = 1
Texc

stands for the base frequency of the multisine, the amplitudes∣Ak∣ = ∣A−k∣ ≥ 0 are user defined, ϕk are independent distributed (i.d.) random

phases s.t. E{ejϕk} = 0 and with Kexc ⊂ N>0 the set of excited frequencies (i.e.

a subset of natural numbers). Fexc, which is equal to the number of elements in

the set Kexc, is a scaling factor to ensure that the power of the excitation signal

is independent of the number of excitation lines used. Its frequency spectrum

U(jω) = ∑
k ∈±Kexc

Uk 2πδ (ω − kωexc) (2.50)

is discrete as shown in Fig. 2.10 (Uk = ∣Ak ∣ ejϕk√
Fexc

being the kth input Fourier

coefficient).

In addition, it is supposed that an integer number of periods of the

multisine excitation and the time-variation are observed within T .

Assumption 2.1 (Synchronization). The input is synchronized with the time-

variation such that the system transient effects in models (2.20), (2.21), (2.25),

(2.41) will vanish completely when the LTP system is operating in steady state

for T = Pexc Texc = Psys Tsys = NTs, {Pexc, Psys,N} ∈ N, (2.51)

since e−sNTs ∣s=jωk
= 1 in (2.80) and with Ib(jωk) − Ie(jωk) = 0 in (2.81).
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Figure 2.10: Amplitude (top) and phase (bottom) spectrum of the random
phase multisine signal (2.49) with Fexc = 5 excited harmonics.

Assumption 2.2 (Steady state response). The output y(t) is observed in

steady state s.t. both y(t + T ) = y(t) and u(t + T ) = u(t) are T -periodic.

Under these conditions, the multisine (2.49) neither introduces leakage

nor aliasing and its frequency response is discrete as well, i.e. Y (jω) =∑k Yk 2πδ (ω − ωk) with Yk being the kth output Fourier coefficient and

ωk = 2πk/T . This kind of excitation signals appears to be very useful in

practice. It allows us for a clear nonparametric distinction between the

system noise and the nonlinear distortions if the system behaves to some

extent nonlinearly. Multisines also provide a nonparametric estimate of the

(co-)variances of the colored input-output noise from successive periods of

the measured input-output signals (see Chapter 3).

Starting from the periodicity condition on the input-output signals (see

Assumption 2.2), and based on the fact that in steady state conditions the

continuous Fourier transform of perfectly band-limited periodic signals (see

Section 1.4) at ωk = 2π k
T can exactly be replaced by the DFT (1.1) at that

frequency ωk Pintelon and Schoukens [2012], one has that the relationship
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between the true input-output DFT spectra becomes

+nha∑
k=−nha

( na∑
r=0

A[r, k] (j 2π
T

(l − kPsys))r) Y (l − kPsys)
= +nhb∑

k=−nhb

( nb∑
r=0

B[r, k] (j 2π
T

(l − kPsys))r) U(l − kPsys) (2.52)

with Psys = T
Tsys

∈ N (proof: evaluate the ODE-based model (2.80) at the

DFT frequencies s = jωk with I(s, θI)∣s=jωk
= 0 because e−sNTs ∣s=jωk

= 1,

and use the fact that TsX(k) = XT (s)∣s=jωk
, X = Y,U). In the case nha =

nhb
= 0, model (2.52) boils down to the classical DFT relationship for LTI

systems Pintelon and Schoukens [2012].

Evaluating the DFT ODE model (2.52) at all the DFT bins

l ∈ {
NyquistE−N

2
,−N

2
− 1, ⋯ ,

DCG
0 , ⋯ ,

N

2
− 2,

<NyquistH1111I1111J
N

2
− 1} if N is even

l ∈ {
>NyquistH111111111I111111111J−N − 1

2
,−N − 1

2
− 1, ⋯ ,

DCG
0 , ⋯ ,

N − 1

2
− 1,

<NyquistH1111I1111J
N − 1

2
} if N is odd,

(2.53)

and grouping all the evaluated equations (2.52) together into a single matrix

equation, we obtain the steady state frequency domain model

A(θa)Y = B(θb)U (2.54)

with X = DFT{x} , x = (x[0], x[1], x[2], ⋯ , x[N − 1])T , x = u,y ∈ RN×1
and X = U,Y ∈ CN×1 being the (true) DFT vectors containing all the

input-output DFT components respectively (the zero-frequency component

l = 0 is shifted to the center of the spectrum). The (truncated) system

matrices {A(θa) ∈ CN×N , B(θb) ∈ CN×N} are well-structured and consist of,

respectively, {2nha + 1, 2nhb
+ 1} ≪ N non-zero diagonals. The distance

between two consecutive non-zero diagonals equals Psys − 1 with Psys = T
Tsys

.
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2.6. Frequency Domain Solver (FDS) for steady state conditions

The discrete-time counter part of the frequency domain ODE model

(2.54) can be found in Mehr and Chen [2001]. The versatility of (2.54)

is that we can easily shift from a continuous-time model to a discrete-

time one by substituting j2π
(l−kPsys)

T → e−j2π (l−kPsys)
T

Ts in (2.52). Therefore,

both continuous-time as discrete-time LTP systems are covered within this

proposed framework.

The (true) DFT response Y can now be retrieved in a straightforward

fashion by solving the matrix equation (2.54). For instance, in MATLAB R○

it can be computed “time-efficiently” by the backslash operator “ /” as

Y =A(θa) / (B(θb)U) . (2.55)

The calculation burden can be decreased even further through the “sparse”

representation of A(θa) ∈ CN×N & B(θb) ∈ CN×N in MATLAB R○. For

(sparse) large scale problems (N large), time-efficient solvers already exist

a long time ago to solve (2.55) such as, for example, Krylov space solvers in

[Golub and Van Loan, 1996; Trefethen and Bau, 1997]. However, the prac-

tical implementation (2.55) is not optimal in terms of computation time as

the common matrix structure present in A(θa) & B(θb) is not integrated

yet in (2.55). Indeed, one can see from the DFT ODE model (2.52) that

the elements on the kth non-zero diagonal of A(θa) & B(θb) in (2.54) are

polynomials in the DFT variable “l” which share the same ODE Fourier

coefficients X[∶, k], X = A,B respectively (where X[∶, k] extracts the kth col-

umn of X). Note that the polynomials in (2.52) are evaluated at different

DFT bins “l” along the non-zero-diagonals of A(θa) & B(θb), which make

it difficult to exploit this structure in practice.

Although it is not obvious yet how to take into account the combined

info of matrix structure and sparsity in the solver (2.55), it might be an

interesting problem for further investigation (see Section 8.2.8). Never-

theless, the sparse form in MATLAB R○ circumvents somehow the needs of

time-consuming ODE solvers, such as the ODE45-solver of MATLAB R○, as

will be demonstrated below on a numerical example.
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Figure 2.11: Left: Output DFT spectrum Y (k) computed with the FDS (2.55)
and the ODE45 solver of MATLAB R○. The complex difference be-
tween both is given by the solid black line. Right: The complex
conjugate poles and the zero of the mean system (2.56) are given
as black squares. The complex conjugate frozen poles of the sim-
ulated system are indicated by the gray line, while the evolution
of the frozen zero is depicted as gray discs on the real axis.

The simulated LTP system had slow time-variations and a mean dy-

namical behavior described by the following transfer function

Gm(s) = ∑1
n=0B[n,0] sn∑2
n=0A[n,0] sn

= s + 1

s2 + s + 1
. (2.56)

The transfer function parameters in (2.56) correspond to the mean value

of the simulated Fourier series (2.35). The length of the Fourier series in

(2.35) was set respectively to nha = nhb
= 3 harmonics. To get more feeling

on the time-variation that has been selected, a pole-zero map of the frozen

poles and zeros is shown in Fig. 2.11 (right). As it is clear from this figure,

the frozen poles form closed loop curves because the system parameters in

(2.34) are Tsys-periodic functions, while the frozen zero in Fig. 2.11 (right)

is allowed to vary periodically on the real axis. Note that the concept of

frozen poles and zeros are only used here to represent the LTP system in
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2.6. Frequency Domain Solver (FDS) for steady state conditions

a simple graphical way as no conclusions concerning the stability may be

drawn from this graph (see Section 2.4.2).

The LTP system itself was excited with a multisine signal (2.49) consist-

ing of Fexc = 24 excited lines with a base frequency that was chosen 10 times

higher than that of the opted time-variation, i.e. fexc
fsys

= 10 with fsys = 2 mHz.

Due to the diagonal and sparse structure of A(θa) and B(θb) the output

DFT spectrum Y (k) was obtained in a memory efficient manner since only

the non-zero elements and their corresponding indices have to be stored

in the computer’s memory. To give an idea about the “time-efficiency” of

this FDS (2.55), the FDS was compared with the time-domain integration

ODE45-solver of MATLAB R○.

Although the output spectra of both solvers in Fig. 2.11 (left) coincide

very well for the same numerical precision (relative tolerance of 10−13), the
computation time of the FDS (2.55) was on average 1.1×104 times smaller.

The FDS (2.55) has also the advantage that for steady state simulations no

transients are included in (2.54), while the time integration solver suffers

from those transient effects, giving an increase in calculation time (Psys = 2

periods have been simulated and the last period was retained). Therefore,

we have been obliged to wait till the influence of the initial conditions

have been vanished completely. On the other hand, the main drawbacks

of the FDS (2.55) are: (i) it cannot handle transient data when transient

simulations are important; (ii) it becomes less effective if the number of

significant harmonics of the frozen poles nha in (2.35) is large (see for e.g.

the density measure of a sparse matrix in MATLAB R○).

2.6.1 Fast computation of the iFRF/hFRFs

As the notion of iFRF/hFRFs determines the frequency response charac-

ter of LTP systems, we describe step by step the fast computation of the

iFRF/hFRFs from the steady state ODE-based model (2.54).

• First, the ODE matrix G(θ) ∈ CN×N (N = T /Ts) originating from

the steady state frequency domain ODE model (2.54) is retrieved as
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(assuming the existence of the matrix inverse)

G(θ) =A(θa)−1B(θb). (2.57)

G(θ) can be seen as the composition of the (truncated) Wereley’s HTF

matrix G(s)∣s=j k ωsys
Psys

, k = 0,1,⋯, Psys−1 in (2.22) that one obtains from

sampled data (s = j k
ωsys

Psys
) and the steady state response of the system(i.e. y(t + T ) = y(t + PsysTsys) = y(t)). The reader might compare this

steady state model (2.57) with the ODE-based model under transient

conditions (2.41).

• Since the matrix A(θa) ∈ CN×N in the ODE-based model (2.57) is a

sparse matrix (it is a (N × N)−matrix with 2nha + 1 ≪ N non-zero

diagonals and consists of a lot of zeros), its inverse can be computed

economically and so can G(θ) in (2.57). Using again the “sparse”

representation in MATLAB R○, (2.57) can be implemented as

G(θ) =A(θa) / B(θb). (2.58)

Once calculated, the sampled hFRFs Gr(jωk, θ), r ∈ Z are easily ex-

tracted from the (rPsys)th diagonals of G(θ) ∈ CN×N with Psys = T
Tsys

(see (2.51)). G(θ) has the property that its off-diagonal elements

decrease towards zero in induced norm due to the band-limited as-

sumption of A(θa) and B(θb) (see Theorem 2.1). Note that, if the

system was LTI, then the matrices {A(θa), B(θb)} would reduce to

diagonal matrices, and so would G(θ), and the diagonal of G(θ) would
be the sampled transfer function of the LTI system at ωk = 2π k

T (i.e.

G(s, θ)∣s=jωk
= G(jωk, θ)).

• Although the hFRFs Gr(jωk, θ), r ∈ Z are implicitly known as a

function of θ (see (2.57)), for a fixed Tsys, the frequency resolution

Δω = ωk+1 − ωk = ω1 = ωsys

Psys
can be increased arbitrarily by letting

Psys = T
Tsys

∈ N gradually grow, i.e. Psys = {1,2,3,4, ....}, because

the true/estimated time-periodic parameters (2.35) are parametric-

in-time.
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2.A. Elaboration of the TP-IRF (2.2) of the first order LTP system (2.1)

• Finally, the sum in (2.7) is truncated till the Nyquist frequency(∣r∣ < Nhmax = floor{ N
2Psys

} < +∞ with Psys = T
Tsys

)
G(jωk, t, θ) = +Nhmax∑

r=−Nhmax

Gr(jωk, θ) ejrωsyst, (2.59)

such that the infinite sum in (2.7) can be computed (floor{x} rounds x

to the nearest integer towards −∞). The error one makes by comput-

ing the true iFRF G(jωk, t) with (2.59) instead of (2.7) is negligible

for Nhmax sufficiently large due to the decaying behavior of the HTFs

Gr(s) in (2.7) (see Theorem 2.1).

Appendix

2.A Elaboration of the TP-IRF (2.2) of the

first order LTP system (2.1)

Integrating the homogeneous equation of the first order LTP system (with

u(t) = 0 in (2.1)), it is not difficult to prove that the solution is given by

y(t) = c e
−(t+ α

ωsys
sin(ωsyst))

(2.60)

with c a constant. Using then the method of “variation of parameters”, we

get after taking the derivative of (2.60)

dy(t)
dt

= dc(t)
dt

e
−(t+ α

ωsys
sin(ωsyst)) − c(t) (1 + α cos (ωsyst)) e−(t+ α

ωsys
sin(ωsyst))

.

(2.61)

Next, plugging (2.61) in the ODE (2.1) and using (2.60), we have after

simplifying
dc(t)
dt

= e
(t+ α

ωsys
sin(ωsyst))

u(t). (2.62)

Solving then the ODE (2.62) under an impulse excitation, u(t) = δ(t − τ),
t ≥ τ , we obtain for every time instant τ

c(τ) = e
(τ+ α

ωsys
sin(ωsysτ))

. (2.63)

Finally, by plugging (2.63) in (2.60) the TP-IRF (2.2) is proven.
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2.B Elaboration of the ITF/HTFs

(2.15)-(2.16) of the first order LTP

system (2.1)

First, the Floquet exponent (i.e. the inverse of the Floquet time-constant)

and the corresponding time-periodic mode shapes are extracted. Combining

(2.2) and (2.29) one can easily see that

na = 1, λ = λ1 = −1, Ψ(t) = Ψ1(t) = e
− α

ωsys
sin(ωsyst) = (e+ α

ωsys
sin(ωsyst))−1 = (L(t)T )−1

(2.64)

so that the HTFs under pole-residue form (2.32) become (with B(t) =
C(t) = 1, D(t) = 0 in (2.31), L(t)T = L(t))

Gk(s, θ) = +Nh∑
n=−Nh

Ψk−nLn

s + 1 + njωsys

. (2.65)

Starting then from the definition of the Bessel function of the first kind

Jk(z) = 1

Tsys
∫ Tsys

0
e(−jz sin(ωsyst)+jkωsyst) dt, k ∈ Z and z ∈ C (2.66)

and the definition of the harmonic mode shape of the LTP system (2.1)

Ψk = 1

Tsys
∫ Tsys

0
Ψ(t) e−jkωsyst dt = 1

Tsys
∫ Tsys

0
e
(− α

ωsys
sin(ωsyst)−jkωsyst)

dt (2.67)

Lk = 1

Tsys
∫ Tsys

0
L(t) e−jkωsystdt = 1

Tsys
∫ Tsys

0
e
(+ α

ωsys
sin(ωsyst)−jkωsyst)

dt (2.68)

one has that the harmonic mode shapes are Bessel functions, viz.

Ψk−n = Jn−k (−j α

ωsys

) , Ln = J−n (j α

ωsys

) . (2.69)

Next, plugging (2.69) in (2.65) and using the property of the Bessel func-

tions, Jk(−x) = J−k(x), proves (2.15). Eventually, the ITF (2.16) follows

then readily by applying the BET (2.9).
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2.C. Extended input-output Laplace domain model

2.C Extended input-output Laplace

domain model

To prove the input-output Laplace domain model (2.20), we first focus on

the kth branch in Fig. 2.2. By using the finite time Laplace transform (2.19)

of the output of the kth branch, y[k](t) in Fig. 2.2, we obtain the following

relationship between the finite time Laplace transforms Y[k],T (s) and UT (s)
Y[k],T (s) = Gk(s)UT (s) + Tk(s) (2.70)

with Tk(s) being the transient term of the kth branch, which is a rational

function of s = jωk depending on the initial and end conditions (proof:

see Appendix 6.B.2 of Pintelon and Schoukens [2012]). Making use of the

following shift property of the (finite time) Laplace transform

LT{x(t) eat} ≜ ∫ T

0
x(t) e−(s−a)t dt = XT (s − a), a ∈ C (2.71)

and formula (2.70), we have for the kth output after the multiplier in Fig. 2.2

Y[k],T (s − jkωsys) = Gk(s − jkωsys)UT (s − jkωsys) + Tk(s − jkωsys). (2.72)

Adding up all the contributions of the different branches we finally get

(2.20), where T (s) = ∑+Nh

k=−Nh
Tk(s − jkωsys) denotes the system transient.

Because T (s)∣s=jωk
is a stable rational function of jωk, T (jωk) is a smooth

function of the frequency fk = ωk

2π .

2.D Wereley’s HTF matrix under state

space form

Using first the derivate property of the finite time Laplace transform (2.19)

LT {drx(t)
dtr

} = srXT (s) + r−1∑
n=0

sn [e−sT d(r−n−1) x(t)
dt(r−n−1) ∣

t=T−
− d(r−n−1) x(t)

dt(r−n−1) ∣
t=0−

]
(2.73)
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next, expanding the time-periodic state space matrices in (2.24) in Fourier

X(t) = ∞∑
k=−∞

Xk e
jkωsyst, X ∈ {A, B, C, D} (2.74)

and, finally, using the frequency shift property (2.71), we obtain after taking

the finite time Laplace transform (2.19) of the state space model (2.24)

sXT (s) = ∞∑
k=−∞

AkXT (s − jkωsys) + ∞∑
k=−∞

Bk UT (s − jkωsys) + I(s, θI) (2.75)

YT (s) = ∞∑
k=−∞

CkXT (s − jkωsys) + ∞∑
k=−∞

Dk UT (s − jkωsys) (2.76)

with I(s, θI) = e−sT (x(0−) − x(T−)) (2.77)

being the influence of the initial and end conditions of the experiment. Eval-

uating (2.75)-(2.76) at the shifted frequencies s → s ± jkωsys and grouping

the set of equations together into a single matrix, we have after eliminating

the state vector (assuming the existence of the matrix inverse)

YT (s) = [C (sI + jωsys −A)−1 B +D] UT (s)011111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113
exogenous part

+[C (sI + jωsys −A)−1] I(s, θI)01111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113
transient part

(2.78)

X =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋱ ⋱ ⋱ ⋱ ⋱⋱ X0 X−1 X−2 ⋱⋱ X1 X0 X−1 ⋱⋱ X2 X1 X0 ⋱⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
and ωsys =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

⋱ ⋱ ⋱ ⋱ ⋱⋱ −ωsys Ina 0 0 ⋱⋱ 0 0 Ina 0 ⋱⋱ 0 0 +ωsys Ina ⋱⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.79)

withX/X ∈ {A/A, B/B, C/C, D/D} respectively Toeplitz matrices/harmonics

of Toeplitz matrices, Ina ∈ Rna×na the identity matrix, and where the struc-

ture of X ∈ {YT , UT ,T} is defined in (2.22). Ultimately, after truncating

(2.78)-(2.79) to Nh significant input-output harmonics, Wereley’s HTF ma-

trix is obtained as a function of the state space matrices by equalizing (2.78)

with (2.21).
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2.E Extended Laplace domain formulation

of the ODE-based model (2.34)

We show how the computation of the HTFs from the the ODE-based model

(2.34) can be done. Taking the finite time Laplace transform (2.19) of both

sides of the ODE model (2.34) and by using, respectively, the derivative

and the frequency shift property (2.73) and (2.71), we get

+nha∑
k=−nha

( na∑
r=0

A[r, k] (s − jkωsys)r) YT (s − jkωsys)
= +nhb∑

k=−nhb

( nb∑
r=0

B[r, k] (s − jkωsys)r) UT (s − jkωsys) + I (s, θI) (2.80)

with I(s, θI) = Ib(s, θIb) − e−sT Ie(s, θIe) being the influence of the begin and

end conditions, and where Ib(s, θIb) and Ie(s, θIe) are defined as

Ib(s, θIb) = +nha∑
k=−nha

na∑
r=0

r−1∑
n=0

A[r, k] (s − jkωsys)r−n−1 d(r−n−1) y(t)
dt(r−n−1) ∣

t=0−

− +nhb∑
k=−nhb

nb∑
r=0

r−1∑
n=0

B[r, k] (s − jkωsys)r−n−1 d(r−n−1) u(t)
dt(r−n−1) ∣

t=0−

Ie(s, θIe) = +nha∑
k=−nha

na∑
r=0

r−1∑
n=0

A[r, k]e−jkωsysT (s − jkωsys)r−n−1 d(r−n−1) y(t)
dt(r−n−1) ∣

t=T−

− +nhb∑
k=−nhb

nb∑
r=0

r−1∑
n=0

B[r, k]e−jkωsysT (s − jkωsys)r−n−1 d(r−n−1) u(t)
dt(r−n−1) ∣

t=T−
.

(2.81)

Evaluating (2.80) at the shifted frequencies s → s± jkωsys and grouping the

set of equations together into a single matrix equation we finally get

A(s, θa) YT (s) = B (s, θb) UT (s) + I(s, θI) (2.82)
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Systems⎛⎜⎜⎜⎜⎜⎜⎜⎝

⋱ ⋱ ⋱ ⋱ ⋱
⋱ A−1 (s − jωsys) ⋱ ⋱ ⋱
⋱ A0 (s − jωsys) A−1 (s) ⋱ ⋱
⋱ A+1 (s − jωsys) A0 (s) A−1 (s + jωsys) ⋱
⋱ ⋱ A+1 (s) A0 (s + jωsys) ⋱
⋱ ⋱ ⋱ A+1 (s + jωsys) ⋱
⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

⋮
YT (s − 2jωsys)
YT (s − jωsys)

YT (s)
YT (s + jωsys)
YT (s + 2jωsys)

⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

⋱ ⋱ ⋱ ⋱ ⋱
⋱ B−1 (s − jωsys) ⋱ ⋱ ⋱
⋱ B0 (s − jωsys) B−1 (s) ⋱ ⋱
⋱ B+1 (s − jωsys) B0 (s) B−1 (s + jωsys) ⋱
⋱ ⋱ B+1 (s) B0 (s + jωsys) ⋱
⋱ ⋱ ⋱ B+1 (s + jωsys) ⋱
⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

⋮
UT (s − 2jωsys)
UT (s − jωsys)

UT (s)
UT (s + jωsys)
UT (s + 2jωsys)

⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+
⎛⎜⎜⎜⎜⎜⎜⎜⎝

⋮
I (s − 2jωsys)
I (s − jωsys)

I (s)
I (s + jωsys)
I (s + 2jωsys)

⋮

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(2.83)

where Ak(s) = ∑na
r=0A[r, k] sr & Bk(s) = ∑na

r=0B[r, k] sr are polynomials in s

and with I(s) being a smooth function of s (see (2.80)-(2.81)).
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Chapter 3

Measurement of the

Instantaneous and Harmonic

FRFs Using Periodic Excitations

Abstract

Various nonparametric estimation procedures are presented to

track the frequency response behavior of (N)LTP systems operating

in open-loop or in feedback. The main idea behind those frequency

domain-based methods consists in converting a SISO LTP identifica-

tion problem to either a SIMO LTI or a MISO LTI one. Specifically,

multisine excitations (with periodicity Texc) are applied to the time-

periodic system (with periodicity Tsys) as it allows us to discriminate

the noise from the nonlinear distortions using a single experiment.

Assuming that the multisine excitation is synchronized with the pe-

riodic variations, i.e.
Tsys

Texc
∈ Q, two methodologies are proposed to

estimate the power spectra of the input-output noise errors from the

measurement of P > 1 successive periods of the noisy input-output

signals. Even though the dynamical behavior is changing, a tech-

nique to quantify the averaged level of the nonlinear distortions is

provided as well. The effectiveness of the identification schemes are

illustrated through simulations and real measurements.
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3. Measurement of the Instantaneous and Harmonic FRFs
Using Periodic Excitations

3.1 Introduction

3.1.1 Problem formulation

Every piece of information that one can gather about the dynamical be-

havior of the system under investigation is more than welcome. With

(very) little prior knowledge on the system’s behavior one can extract in

an early stage useful information on the system’s dynamic by performing

nonparametric identification (see Chapter 1). It gives the designer quickly

insight into the complexity of the system under test. Additionally, non-

parametric estimation is also often used as an intermediate step toward

parametric modeling and is very useful for model validation and model se-

lection purposes (see for instance Chapter 7 and Pintelon and Schoukens

[2012]).

We have seen in the previous chapter that the iFRF G(jω, t) and the

hFRFs Gk(jω), k ∈ Z describe the instantaneous/harmonic frequency re-

sponse of LTP systems regardless of the speed and strength of the time-

periodic variations. Therefore, the problem that one would like to address

here is how to measure those FRFs from corrupted input-output data under

both open- and closed-loop conditions. In this chapter the input signal’s

class is confined to (random phase) periodic signals as periodic excitations

can easily provide high quality estimates for nonparametric noise and sys-

tem models in the frequency domain [Pintelon and Schoukens, 2012]. How-

ever, it might be that this is a severe restriction for some applications where

periodic excitations cannot be imposed. For that reason, the estimation

problem under arbitrary inputs is tackled in Chapter 5.

As most real-life dynamical systems behave to some extent nonlinearly

(NL) too, it might be desirable to have tools that can quantify the “av-

eraged” level of NL distortions even though the system’s dynamic is vary-

ing. The goal of this chapter is then to provide different frequency domain

nonparametric-in-the-dynamics estimators for the iFRF and the hFRFs in

open- as well as in closed-loop, including a nonparametric quantification of

the power spectrum of the error sources such as noise and NL distortions.
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Figure 3.1: Best – in mean square sense – linear approximation (BLA) GBLA(s)
of a nonlinear time-invariant (NLTI) system with input u(t) and
output y(t). The NL distortions yNL(t) are that part of the actual
output y(t) that cannot be explained by the BLA model.

3.1.2 Weakly Non-Linear (NL) systems

Nowadays, the measurement of time-invariant (TI) systems in the presence

of NL distortions is well-understood [Schoukens et al., 2002; Pintelon and

Schoukens, 2002; Enqvist and Ljung, 2005; Makila, 2006; Wernholt and

Gunnarsson, 2008; Pintelon and Schoukens, 2012]. The theory is based on

the notion of the best linear approximation (BLA)

GBLA(jω) = Syu(jω)
Suu(jω) = Fτ {E{y(t)u(t − τ)}}Fτ {E{u(t)u(t − τ)}} (3.1)

with E{u(t)} = E{y(t)} = 0

of an NLTI system in open-loop which is explained schematically through

Fig. 3.1. In closed-loop, GBLA(jω) is analogous to that of the open-loop

definition (3.1) where the role of the input u(t) in (3.1) is substituted by

the reference signal r(t) (3.4) entering the actuator.

The BLA of an NLTI system is the same within the class of Gaussian-like

excitations (Gaussian noise, periodic noise, random phase multisines) with

the same Riemann equivalent power spectrum (RMS-value and coloring)

[Pintelon and Schoukens, 2012]. This class of NL systems, where the input

u(t) in Fig. 3.1 has a fixed probability density function (pdf) and power

spectral density (PSD), are assumed to be well-approximated – in mean

square sense – by a Volterra series [Schetzen, 1980]. They have the property

that the steady state response of such systems to a periodic input is periodic

with the same period as the input. Therefore, they are also called PISPO

(Period In, Same Period Out) systems [Pintelon and Schoukens, 2012].
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The PISPO condition allows for strong NL phenomena such as satura-

tion and relay, but excludes bifurcations and chaos. Besides, the difference

yNL(t) between the actual output of the NL PISPO system y(t) and the

output of the BLA model (see Fig. 3.1) has zero mean value w.r.t. the ran-

dom realization of the input, i.e. E{yNL(t)} = 0, and is uncorrelated with –

but not independent of – the input u(t), i.e. E{yNL(t)u(t)} = 0. Hence, it

is also termed the stochastic NL distortion [Pintelon and Schoukens, 2012].

An effort is made here to extend this methodology to time-periodic sys-

tems with a weakly nonlinear character. Although not thoroughly elabo-

rated here (see the future perspectives in Chapter 8), the idea is to replace

the HTFs, Gk(s) in Fig. 3.17 (top) on page 107, by their BLA (3.1) plus

the kth output stochastic NL distortion yNL[k](t) ∈ C that captures the

nonlinearities of the kth branch. Hence, the total level of the nonlinearities

yNL(t) = ∑
k

yNL[k](t) ejkωsyst ∈ R (3.2)

is indicated by its time-periodic PSD (see (3.89) in Appendix 3.A), i.e.

SyNL
(jω, t + Tsys) = SyNL

(jω, t) ≜ Fτ {E{yNL(t)yNL(t − τ)}} . (3.3)

Similarly to the TI case, yNL(t) (3.2) has zero mean and is uncorrelated

with the input as well (see (3.90)-(3.91) in Appendix 3.A). Although yNL(t)
(3.2) is in general cyclo-stationary for time-periodic systems, we will handle

yNL(t) as being a stationary process, i.e. SyNL
(jω, t) ≈ SyNL

(jω). This

simplified way of modeling is motivated by the fact that for weakly NLTP

systems with a weak time-variation ( ∣Gk(s)∣∣G0(s)∣ ≪ 1, k ≠ 0) the NL distortions

generated by the kth branch (with k ≠ 0) can be ignored w.r.t. the TI

branch (k = 0). Extensions to NL distortions with a cyclo-stationary power

spectrum SyNL
(jω, t) are planned for future work (see Section 8.2.7).

3.1.3 Methodology

The main idea behind the nonparametric-in-the-dynamics estimators pre-

sented in this chapter is the conversion of a Single-Input Single-Output

(SISO) (N)LTP problem to either a Multi-Input Single-Output (MISO)
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(see Fig. 3.9 on page 92) or a Single-Input Multi-Output (SIMO) (N)LTI

one (see Fig. 3.17 on page 107). This way of reshaping an LTP identification

problem to an LTI one has already come to the attention of the authors

[Antoni et al., 2002], where a periodically varying inverse filter is estimated

to reconstruct the cylinder pressure in combustion engines. Accordingly,

different frequency domain estimators for MIMO (N)LTI systems can be

utilized. As a consequence, many interesting properties associated with the

recently developed MIMO identification schemes in [Pintelon et al., 2010b,c,

2011b; Pintelon and Schoukens, 2012] can be inherited. For example, those

identification algorithms predict very well the level of the noise and the NL

distortions as well as the bias errors (due to unmodeled time-variations).

3.1.4 Brief overview of the nonparametric LTP

identification literature

Often, no sufficient attention is paid to nonparametric-in-the-dynamics

identification of LTP systems compared with full parametric identifica-

tion methods (see for instance [Niedzwiecki, 2000; Fassois and Poulimenos,

2006; Spiridonakos and Fassois, 2013] for parametric identification). At the

end of the sixties, Pomé [1969] elaborated a nonparametric-in-the-dynamics

identification scheme for stationary arbitrary excitations in a noisy output

environment without applying it to neither simulations nor measurement

data. The (co-)sinusoidal hFRFs, i.e. Gcos
r (jωk) = Gr(jωk) +G−r(jωk) and

Gsin
r (jωk) = j (Gr(jωk) −G−r(jωk)), r ∈ Z/{0}, were derived as the division

of the mutual input-output cross power and the input auto power, where

the noisy output signal y(t) was weighted with a (co-)sinusoidal function

of a suitable frequency corresponding to an integer multiple of the pump-

ing frequency rfsys, r ∈ N. This is analogous to the identification scheme

proposed in Section 3.6.3 for periodic excitations.

In [Sams and Marmarelis, 1988] the BET (2.7) is used in the bi-time do-

main to get a nonparametric-in-the-dynamics estimate of the true TP-KF

g̃(t, τm) = L−1 {G(s, t)}∣τ=τm (see Table 2.2 on page 46) starting from white

noise signals as test inputs. The suggested methodology is thus only valid
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for inputs with a white power spectrum. However, excitations with a col-

ored power spectrum are often needed in certain applications. For instance,

periodic inputs are used in [Yin and Mehr, 2011] to get a nonparametric

estimate of the discrete-time TP-KF g̃[n,m] using the so-called alias com-

ponents of the discrete-time filter-bank. This method works only for fast

switching LTP systems where Tsys ⋘ Texc (Texc stands for the period of the

excitation signal, see (2.49)). Fast varying (N)LTP behaviors can also be

found in rotating mechanical devices like wind turbines, helicopter blades,

anisotropic shaft-bearings systems, combustion engines, etc. Antoni et al.

[2002]; Shin et al. [2005]; Lee et al. [2007]; Allen [2009]; Sracic and Allen

[2011]; Allen et al. [2011]; Bucher and Shomer [2013].

Some nonparametric-in-the-dynamics frequency domain estimators also

exist for rapidly varying LTP systems in the literature. The spectral anal-

ysis method (SAM) of Bendat and Piersol [1980] has been extended by

Siddiqui [1999] to estimate the shifted-in-frequency hFRFs, i.e. Hr(jωk) =
Gr (j(ωk − rωsys)) in Fig. 3.17 (bottom) on page 107, of LTP systems dur-

ing steady state by using chirp signals as test signals. The same fre-

quency domain method has been applied on the vibration measurements

of helicopter blades during forward flight in Shin et al. [2005]. Since the

hFRFs Gr(jωk) are stored in the middle column of Wereley’s hFRF matrix

G(jωk), ωk ∈ [−ωsys

2 ,
ωsys

2
) (2.22), methods for identifying G(jω) can some-

how be utilized as well. For the frequency domain identification of G(jω),
using stepped (co-)sine measurements, the reader is referred to the PhD

work of [Hwang, 1997]. Nonetheless, neither uncertainty bounds nor mean

square error (MSE) bounds are given in the references mentioned above.

Since the uncertainty of a(n) (harmonic) FRF is as important as the FRF

itself Mao and Todd [2013], we develop uncertainty bounds for the iFRF

and the hFRFs under transient conditions as well.

On the other hand, Allen et al. [2011] recently developed a data-driven

identification scheme from output-only measurements, which gave rise to a

novel framework for LTP operational modal analysis, based on Wereley’s

hFRF matrix concept (2.22). This challenging problem from output-only

observations goes beyond the scope of this work (see Section 8.2.6 on future
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perspectives). We instead suppose that the fast or slowly varying LTP sys-

tem under test can be excited with a user-defined signal (e.g. a multisine

signal (2.49)) such that FRF measurements can be carried out. Note that

once the hFRFs are nonparametrically estimated, the iFRF G(jωk, t) fol-

lows immediately by applying the BET in (2.9), where it is assumed that

the (angular) pumping frequency ωsys = 2πfsys in (2.9) is known or can at

least be extracted in one way or another from the data. Henceforth, those

identification methodologies are referred as being parametric-in-the-time-

variations “t”.

The above-discussed nonparametric-in-the-dynamics and parametric-in-

the-time-variations methods (i.e. G(jωk, t)) are perpendicular to the well-

known recursive methods in [Ljung and Söderström, 1983; Niedzwiecki,

2000], where the identification schemes are parametric-in-the-dynamics and

nonparametric-in-the-time-variation (i.e. G(jω, tm)). The main advantage

of recursive methods is their adaptivity and their possibility for the on-

line implementation. Their main drawback is the weak tracking ability

for fast varying systems; whereas the nonparametric-in-the-dynamics and

parametric-in-the-time-variation methods (i.e. G(jωk, t)) developed here

are delay-free and can handle fast varying systems as well. The disadvantage

is that at least one pumping period Tsys needs to be measured, which is thus

a batch process.

Estimation schemes which are both nonparametric-in-the-dynamics as

well as in-the-time-variations (i.e. G(jωk, tm)) are also briefly tackled here

(see Section 3.10). They are based on the short-time Fourier transform

(STFT) principle Allen and Rabinier [1977]. However, they only apply

to slowly varying LTP/LTV systems. Full nonparametric identification of

G(jωk, tm) in case of rapidly varying LTP systems is left for further research

(see Section 8.2.5). The fourth and the last class of the identification of LTP

systems, which are both parametric-in-the-dynamics as well as in-the-time-

variations (i.e. G(jω, t)), is handled in Chapter 7.

Note: It is clear from the arguments of the iFRF whether the estimation

method is parametric in {jω, t} or nonparametric in {jωk, tm}, e.g. paramet-

ric-in-the-dynamics and nonparametric-in-the-time-variations: G(jω, tm).
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3.1.5 Outline

This chapter is organized as follows. First, the nonparametric signal models

for LTP systems in open- as well as in closed-loop are elaborated in Sec-

tion 3.2. Before discussing the direct and indirect FRF-estimators in Sec-

tion 3.5, the assumptions on the nonparametric noise model are discussed

in Section 3.3. Next, adopting an errors-in-variables framework (= noisy

input, noisy output signals), two data-driven estimation methodologies for

obtaining the power spectrum of the input-output noise are proposed in

Section 3.4. Further, Sections 3.6-3.9 provide different periodically time-

varying identification tools for measuring the iFRF/hFRFs and their un-

certainty bounds using simple as well as more sophisticated techniques.

On the other hand, TI approaches based on the STFT are tackled in Sec-

tion 3.10. Finally, the chapter ends with a discussion and a conclusion

(Section 3.11-3.12).

3.2 Nonparametric signal model in open-

and closed-loop

Before discussing the noise model used, we start by presenting the signal

model for LTP systems operating in transient regime using periodic excita-

tions. Since a periodic framework is adopted here, anything that deviates

from a periodic behavior is treated as being a disturbance.

Remark 3.1 (Notational convention). To distinguish between a transient re-

sponse x̃0(t) and its steady state (periodic) part x0(t), the “tilde”-notation is

used. Both become equal after the transients have vanished, i.e. x̃0(t) = x0(t)
for t > Ttr. This is illustrated in Fig. 3.2. The same notation is adopted for its

DFT (1.1).

Assuming first that the LTP plant is operating in open-loop and that

the actuator is LTI in the setup in Fig. 3.3 (solid lines only), the following

theorem is proven.
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Figure 3.2: The transient response x̃0(t), x = u or x = y of an LTP system
under a periodic input r(t) (3.4) in Fig. 3.3 (black), its steady state
(periodic) part x0(t + T ) = x0(t) (red) and the difference between
both (blue). Ttr denotes the transient time, i.e. the time needed to
let the influence of the initial conditions practically die out.
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Figure 3.3: The experimental setup from Fig. 1.1 under a multisine excitation
r(t) (3.4) and in the absence of error sources both in open-loop
(solid lines only) as well as in closed-loop (solid and dashed lines).
ỹ0(t)& ũ0(t) denote the noiseless transient responses under a peri-
odic signal r(t) (3.4) (see Remark 3.1 and Fig. 3.2).
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Theorem 3.1 (Open-loop signal model). Using the random phase multisine

signal (2.49) for the reference excitation r(t) (DC (k = 0) and Nyquist (k =
N/2) are excluded)

r(t) = 1√
Fexc

∑
k ∈±Kexc/{0,N2 }

∣Ak∣ ejϕk ej(2πkfexct) ∈ R1×1 (3.4)

with Rk = ∣Ak∣ ejϕk√
Fexc

∈ C1×1 the kth reference Fourier coefficient (3.5)

which is the known signal entering the actuator in the open-loop setup in Fig. 3.3

(solid lines only), one has then under Assumption 2.1 (where now the role of

u(t) (2.49) is taken over by r(t) (3.4)) that the noiseless steady state input-

output DFT spectra X0(k) = 1√
N
DFT{x0(nTs)}, x0/X0 = y0/Y0, u0/U0 are

related to the DFT reference spectrum R(k) = 1√
N
DFT{r(nTs)} = √

NRk

(3.5) via the true plant hFRFs Gr(jω) and the actuator FRF Gact(jω) at

jωk = j k 2π
T = j k 2π

NTs
as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ỹ0(k) = Y0(k) + TỸ0
(jωk) = +Nh∑

r=−Nh

Gr (jωk−rPsys) U0 (k − rPsys)01111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113
steady state part = “skirts” in Fig. 3.9 on page 92

+ TỸ0
(jωk)011111111111111121111111111111113

plant + actuator
transients

Ũ0(k) = U0(k) + TŨ0
(jωk) = Gact(jωk)R(k)01111111111111111111111111111111111111111211111111111111111111111111111111111111113

steady state
actuator response

+ TŨ0
(jωk)011111111111111121111111111111113

actuator
transients

(3.6)

with Psys = T
Tsys

∈ N being the number of pumping (plant) periods in T = NTs

(see Assumption 2.1) and where TX̃0
(jωk), X = Y,U stand for the remaining

input-output open-loop system transient (leakage) errors that depend on the

actuator transients, plant dynamics and plant transients. The DFT spectra

Ũ0(k) = 1√
N
DFT{ũ0(nTs)} and Ỹ0(k) = 1√

N
DFT{ỹ0(nTs)} designate, respec-

tively, the DFT of the noiseless, transient input-output responses in Fig. 3.3 at

the kth DFT line. The kth frequency bin is the frequency line that corresponds

with the sampled angular frequency sk = jωk = j k 2π
T = j k 2π

NTs
(k = 0,⋯, F − 1

with Fexc ≤ F < N/2).
Note: The transient errors TỸ0

(jωk) and TŨ0
(jωk) are rational (smooth) func-

tions of jωk (see Chapter 2).
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Proof. Evaluate input-output LTP model (2.20) at s = jωk and use the fact

that for (band-limited) signals Ts

√
N X(k) ≈ XT (s)∣s=jωk

1. Next, substitut-

ing U(k) by Ũ0(k) = U0(k) + TŨ0
(jωk) with U0(k) = Gact(jωk)R(k), Y (k)

by Ỹ0(k) = Y0(k) + TỸ0
(jωk) with Y0(k) = +Nh∑

r=−Nh

Gr (jωk−rPsys) U0 (k − rPsys)
and 1

Ts

√
N
T (jωk) by TG(jωk), we finally have that the output open-loop

system transient TỸ0
(jωk) equals

TỸ0
(jωk) = [TG(s) + +Nh∑

r=−Nh

Gr (s − j rωsys) TŨ0
(s − j rωsys)]∣

s=jωk

= O (N−1/2) ,
(3.7)

where TŨ0
(jωk) = Tact (jωk) accounts for the actuator transient effect and

with TG(jωk) denoting the plant transient, which are both an O(N−1/2).
In Section 3.6 it will become clear how the “skirts” (steady state periodic

part Y0(k) in (3.6)) allow us to extract in a simple way the significant hFRFs

Gr(jωk), r ∈ {−Nh,−Nh + 1,⋯,0,⋯,+Nh} and the iFRF G(jωk, t) of LTP

systems from noisy input-output data. Notice that we can readily shift

to a discrete-time LTP model by substituting jωk−rPsys → e−
jωk−rPsys

fs in the

signal model (3.6). Hence, both continuous-time as well as discrete-time

LTP systems are covered within the proposed framework.

The signal model (3.6) assumes that the LTP plant is operating in open-

loop and that the actuator’s dynamic is LTI. One can show (see Appendix

3.B) that (3.6) is easily expandable for the general closed-loop setup in

Fig. 3.3 (solid and dashed lines) where the actuator and the feedback loop

are allowed to be LTP (the actuator, plant and feedback loop have com-

mensurate periodicities).
1The approximation is due to the piecewise constant approximation of the finite time

Fourier transform (s = jω in (2.19)). This error is also known as the spectral alias error.

An exact relation is given by Ts

√
N X(k) =XT (jωk) + +∞∑

n=∞
n≠0

XT (jωk − nj2πfs)
������������������������������������������������������������������������������������������������������������������������������������������������

aliasing

, X = Y,U

(see [Oppenheim et al., 1999]). Since the aliasing errors are smooth functions of the
frequency for band-limited signals x(t) (See Appendix 6.B.2 in [Pintelon and Schoukens,
2012]), they can be captured by the transient terms TX̃0

(jωk) in (3.6). The alias error
is zero for band-limited periodic signals observed over an integer number of periods.
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Before jumping to the closed-loop case, it is not hard to see that the

open-loop signal model (3.6) can be molded into a Multi-Input Two-Output

(MITO) signal model (from the reference DFT vector R(k) ∈ C(2Nh+1)×1 to

the input-output DFT spectra Z0(k) = (Y0(k) U0(k))T ∈ C2×1 simultane-

ously), viz.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎝Ỹ0(k)
Ũ0(k)⎞⎠ = ⎛⎝GRY0(jωk)

GRU0(jωk)⎞⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

R (k −NhPsys)⋮
R (k − Psys)

R (k)
R (k + Psys)⋮

R (k +NhPsys)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ ⎛⎝TỸ0

(jωk)
TŨ0

(jωk)⎞⎠

Z̃0(k) = GRZ0(jωk)R(k)01111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111113
= Z0(k) =

⎛⎜⎜⎜⎝
Y0(k)
U0(k)

⎞⎟⎟⎟⎠
∈ C2×1

+ TZ̃0
(jωk)

(3.8)

where GRZ0(jωk) ∈ C2×(2Nh+1) consists of, respectively, the middle row of

Wereley’s hFRF matrix GRY0(jωk) (2.22) from the reference DFT vector

R(k) to the steady state output DFT vector Y0(k) ∈ C(2Nh+1)×1 and the

middle row of GRU0(jωk) from R(k) to the steady state input DFT vector

U0(k) ∈ C(2Nh+1)×1 (with Y0(k) and U0(k) the same vector structure as

R(k) in (3.8)). Its rth column for the open-loop case is given by

GRZ0(jωk)[∶, r] = ⎛⎝GRY0(jωk)[0, r]
GRU0(jωk)[0, r]⎞⎠ = ⎛⎝G−r (jωk+rPsys)Gact (jωk+rPsys)

Gact (jωk) δr0 ⎞⎠
(3.9)

with r = −Nh,−Nh+1,⋯,0,⋯,+Nh and where X[0, r] denotes the rth element

on the middle row of the matrix X (δr0 being 1 if r = 0 and 0 otherwise).

Next, it is proven in Appendix 3.B that the signal model (3.8) still

preserves the same form for the closed-loop setup (solid + dashed lines in
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Fig. 3.3) with

closed-loop ⇒ GRZ0(jωk) = ⎛⎝GRY0(jωk)[0, ∶]
GRU0(jωk)[0, ∶]⎞⎠ (3.10)

being the part that is correlated with the reference DFT vector R(k) in

(3.8) (see (3.94) and (3.97), X[0, ∶] selects the middle row of X), and where

TZ̃0
(jωk) in (3.8) now depends on the actuator transient, feedback dynam-

ics, feedback transients, plant dynamics and plant transients (see (3.95)

and (3.99)). Finally, it is worth noting that the open-loop signal model

(3.8) & (3.9) with an LTI actuator is a particular case of the more general

closed-loop model (3.8) & (3.10) with an LTP actuator.

3.3 Nonparametric noise model

Important assumptions on the noise disturbances in the experimental setup

in Fig. 1.1 are required before setting up an identification scheme. As al-

ready mentioned in the introduction, a nonparametric noise model is chosen

as it circumvents the need of an order selection of the noise filter. Hence, it

avoids the (very) difficult problem of finding appropriate initial estimates

for the noise model parameters. Besides, it can also be used as a suitable

weighting during the parametric modeling step yielding consistent estima-

tors, where reliable measurements are given a higher weighting and the

inferior ones are statistically suppressed (refer to Chapter 7).

Further, the input-output noise disturbances in Fig. 3.4 are assumed to

have an additive character, viz⎧⎪⎪⎨⎪⎪⎩ Y (k) = Ỹ0(k) +NY (k) = Y0(k) +NY (k) + TỸ0
(jωk)

U(k) = Ũ0(k) +NU(k) = U0(k) +NU(k) + TŨ0
(jωk) (3.11)

with U0(k) = 1√
N
DFT{u0(nTs)} ∈ C1×1 and Y0(k) = 1√

N
DFT{y0(nTs)} ∈

C1×1 being, respectively, the noiseless steady state input-output DFT in the

open/closed-loop signal model (3.8), and where NU(k) = 1√
N
DFT{nu(nTs)}

and NY (k) = 1√
N
DFT{ny(nTs)} (n = 0,⋯,N − 1) stand for the DFT (1.1) of

the input-output noise at the kth frequency bin respectively. NU(k) ∈ C1×1
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Figure 3.4: Schematic summarizing the noise and measurement assumptions in
the frequency domain. Ũ0(k) and Ỹ0(k) designate, respectively, the
DFT of the noiseless, input-output transient responses ũ0(t) and
ỹ0(t) in Fig. 3.3. The DFT spectra of the stationary input-output
noises NX(k) are driven by the unobserved white noise sources
EX(k) with X ∈ {Y,U} [Aström, 1970; Pintelon et al., 2006]. The
noise errors NY (k) and NU(k) depend on all the noise sources in
the experimental setup in Fig. 1.1, which are in general correlated,

i.e. E{NY (k)NU(k)} ≠ 0.

and NY (k) ∈ C1×1 depend on all the noise sources in Fig. 1.1. They are

correlated due to the presence of generator, process and feedback (closed-

loop only) noise. Accordingly, we are working within an errors-in-variables

(EIV) environment where both the output as well as the input are allowed

to be corrupted by correlated noise (see the schematic in Fig. 3.4).

Although the input-output noise errors are in general nonstationary,

they are approximated as a stationary, filtered band-limited white noise

process EX(k) = 1√
N
DFT{ex(nTs)} , x/X = y/Y,u/U Aström [1970]; Pin-

telon et al. [2006]; Pintelon and Schoukens [2012], namely⎧⎪⎪⎨⎪⎪⎩ NY (k) = HY (jωk)EY (k) + TNY
(jωk) = VY (k) + TNY

(jωk)
NU(k) = HU(jωk)EU(k) + TNU

(jωk) = VU(k) + TNU
(jωk) (3.12)

with TNX
(jωk), X ∈ {Y,U} being the noise transient/leakage, which is

a rational form in jωk and decreases towards zero at the rate O(N−1/2)
compared with the exogenous term VX(k), X ∈ {Y,U}, which is an O(N0)
Pintelon et al. [2006].
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Since the noise leakage TNX
(jωk) = O (N−1/2) and the open/closed-loop

system transient TX̃0
(jωk) = O (N−1/2) become less important for increasing

observation time T = NTs, they are either ignored in Section 3.4.1 or, in

case they are significant, a method is then provided in Section 3.4.2 that

gets rids of the noise and the system transients nonparametrically. This

method is founded upon a local polynomial approximation of the total (noise

and system) leakage term TX(jωk) = TX̃0
(jωk) + TNX

(jωk) = O (N−1/2),
X ∈ {Y,U} Pintelon et al. [2011b]; Louarroudi et al. [2012b].

From (3.12), it follows immediately that the leakage-free input-output

noise sources {VU(k), VY (k)} are zero mean, circular complex distributed

and uncorrelated over the frequency such that the following holds:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
E{VY (k)VY (l)} = σ2

VY
(k) δkl

E{VU(k)VU(l)} = σ2
VU

(k) δkl
E{VY (k)VU(l)} = σ2

VY U
(k) δkl and

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
E{V 2

Y (k)} = 0

E{V 2
U (k)} = 0

E{VY (k)VU(k)} = 0

(3.13)

with δkl the Kronecker symbol (being 1 if k = l and 0 otherwise). Noise

coloring is allowed through the frequency dependency “k” of the noise (co-)

variances, σ2
VX

(k) with X ∈ {Y,U,Y U}, in (3.13).

Observe that modeling the noise influences as time-invariant processes

in (3.12) is of course an approximation of reality, especially for time-periodic

systems with strong dynamic variations. For instance, when generator

noise, process noise and/or (time-periodic) feedback are present in the LTP

system (see Fig. 1.1) the input-output noise sources in Fig. 3.4 become cy-

clo-stationary as well. Hence, the noise processes have in general an iFRF

formulation (2.4), i.e. VX(k, t) = HX(jωk, t)EX(k), X ∈ {Y,U} (and not

just an LTI noise filter as in (3.12)). Luckily, from the work in Chapter

6, the dynamics of a time-periodic noise source HX(jωk, t) can always be

replaced by its best – in mean square sense – linear time-invariant (BLTI)

approximation HBLTI,X(jωk) plus a residual which is uncorrelated with the

white noise EX(k). For LTP systems with slow and weak time-variations

this residual can be neglected since it acts as a second-order effect on the

data.
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3.4 Data-driven estimation of

nonparametric noise models

In practice, the cross- and auto-power spectra of the input-output noise

(3.13) are not known a priori, and as such they should be extracted from

the data. Before presenting the nonparametric identification schemes for

the noise model (3.12), an additional assumption on the input-output sig-

nal is needed. Replacing first the role of u(t) (2.49) → r(t) (3.4) and

y(t) → z̃0(t) = (ỹ0(t) ũ0(t))T in Assumptions 2.1 and 2.2, one has that the

noiseless transient input-output responses, ỹ0(t) & ũ0(t) in Fig. 3.3, become

T−periodic during steady state, i.e. y0(t) = y0(t + T ) & u0(t) = u0(t + T ).
Adopting then the following additional assumption:

Assumption 3.1 (Measurement of successive signal periods). P ≥ 2 periods

of the input-output transient responses are measured

Tmeas = PT =PPsysTsys = PPexcTexc = PNTs = NmeasTs (3.14)

with {P,Psys, Pexc,N,Nmeas} ∈ N
where Tmeas is the total measurement time and T being the periodicity of the

steady state input-output responses, i.e. y0(t) = y0(t+T ) & u0(t) = u0(t+T ).
It can be noted from (3.14) that for P periods of y0(t) & u0(t), PPexc periods

of the reference multisine signal r(t + Texc) = r(t) (3.4) are observed in the

time span Tmeas.

Note: In open-loop (solid lines only in Fig. 3.3) and with a TI actuator (period

in, same period out NL systems, see Section 3.1.2) the true steady state input

response u0(t + Texc) = u0(t) has the same periodicity as the reference signal

r(t) (3.4). Hence, PPexc periods of u0(t) are observed in the time span Tmeas.

Whereas in closed-loop (solid + dashed lines in Fig. 3.3), u0(t) is T−periodic.
It has the same periodicity as y0(t) = y0(t + T ).

We provide in the coming sections two practical solutions for finding a

nonparametric estimate of the noise power spectrum as a function of the

frequency using synchronized periodic excitations.
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1. The first method in Section 3.4.1 relies on averaging successive periods

P ≫ 1 of the noisy input-output signals during steady state.

2. The second methodology in Section 3.4.2 starts from a local poly-

nomial approximation of the total (noise + system) transient term

TX(jωrP ) = TX̃0
(jωrP ) + TNX

(jωrP ), ωr = r 2π
T by using at least P = 2

successive periods of the noisy input-output signals under transient

conditions.

3.4.1 Method 1: Classical Approach (CA)

The Classical Approach (CA) estimates the nonparametric cross- and auto-

power spectrum of the noise (3.13) from P ≫ 1 steady state signal periods

in a five-step process:

1. Remove the transient part and keep only the steady state periodic

part (P periods) of the input-output signals.

2. Divide then the entire input-output measurement record, z(nTs) =(y(nTs), u(nTs))T ∈ R2×1, of Nmeas = PN samples each in P steady

state sub-records with N samples per sub-record, i.e. z[p](nTs) =
z ((n + (p − 1)N)Ts) for p = 1,2,⋯, P and n = 0,1,⋯,N − 1.

3. Next, compute the input-output DFT (1.1) of the pth sub-record in

the frequency band of interest, giving the DFT spectra Z[p](k) =
1√
N
DFT{z[p](nTs)} = (Y [p](k) U [p](k))T ∈ C2×1, where the period in-

dex p = 1, ..., P and the frequency index k ∈ F ⊂ N with 1
T F the fre-

quency band with signal energy. Since the response of an LTP system

can have signal energy at frequency lines different from the excited

lines k ∈ PexcKexc (see the skirts in Fig. 3.9 on Page 92), the index k

is running over the whole frequency band F with signal energy and

not only over the excited bins k ∈ PexcKexc ⊆ F.

4. Then, write down the noisy steady state input-output equation (3.11)-

(3.12) for the pth sub-record, stacking the equations on top of each
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other (with T
[p]
Z̃0

= 0 in (3.8))

Z[p](k) = Z0(k) + V
[p]
Z (k) + T

[p]
NZ

(jωk) ∈ C2×1 (3.15)

with V
[p]
Z (k) = (HY (jωk)E[p]

Y (k) HU(jωk)E[p]
U (k))T and neglecting

the noise leakage T
[p]
NZ

(jωk) = (T [p]
NY

(jωk) T
[p]
NU

(jωk))T = O (N−1/2) in

(3.15), a nonparametric estimate of the input-output noise covariance

CVZ
(k) = cov{V [p]

Z (k)} follows directly from these noisy DFT spectra

ĈVZ
(k)CA = 1

P − 1

P∑
p=1

(Z[p](k) − Ẑ(k)CA) (Z[p](k) − Ẑ(k)CA)H011111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113⇓

∈ C2×2

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σ̂2
VY

(k)CA = ĈVZ
(k)CA[1,1] ∈ C1×1

σ̂2
VU

(k)CA = ĈVZ
(k)CA[2,2] ∈ C1×1

σ̂2
VY U

(k)CA = ĈVZ
(k)CA[1,2] ∈ C1×1

(3.16)

where Ẑ(k)CA = 1

P

P∑
p=1

Z[p](k) = (Ŷ (k)CA Û(k)CA)T ∈ C2×1 (3.17)

is called the sample mean of, respectively, the input-output spectra

over the signal periods P (XH the complex conjugate transpose of X).

It is worth mentioning that the true power spectrum of the input-

output noise, CVZ
(k) = cov{V [p]

Z (k)}, is independent of the period

number p as σ2
EXS

= E{E[p]
X (k)E[p]

S (k)} = E{e[p]x (nTs) e[p]s (nTs)} is a

constant with x/s ∈ {y, u}, X/S ∈ {Y,U} and σ2
EXX

= σ2
EX

.

5. Finally, the sample noise covariance of the sample mean (3.17) is then

obtained by dividing (3.16) by the number of periods P

ĈV̂Z
(k)CA = 1

P
ĈVZ

(k)CA01111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111113⇓

∈ C2×2

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σ̂2
V̂Y

(k)CA = 1
P ĈV̂Z

(k)CA[1,1] ∈ C1×1
σ̂2
V̂U

(k)CA = 1
P ĈV̂Z

(k)CA[2,2] ∈ C1×1 .

σ̂2
V̂Y U

(k)CA = 1
P ĈV̂Z

(k)CA[1,2] ∈ C1×1
(3.18)
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It can be shown that the expected value of the sample mean Ẑ(k)CA

(3.17) and the sample noise covariance of the sample mean ĈV̂Z
(k)CA (3.18)

are related to the true ones as⎧⎪⎪⎨⎪⎪⎩ E{Ẑ(k)CA} = Z0(k)
E{P ĈV̂Z

(k)CA} = CVZ
(k) +Oleak (N−1) (3.19)

where CVZ
(k) = cov{V [p]

Z (k)} is the true noise covariance in (3.13). Oleak

accounts for the bias contributions introduced by the noise leakage (tran-

sient) errors T
[p]
NZ

(jωk) in (3.15), which are an O(N−1/2) (proof: follow the

same lines as in Appendix A.1 of [Pintelon et al., 2011a]).

The sample (co-)variances in (3.16) assume that the system is operating

in steady state (input-output open/closed-loop system transients T
[p]
Z̃0

(jωk)
have vanished in (3.8)), and that the noise transients, T

[p]
NZ

(jωk) in (3.15),

are negligible for increasing measurement time; otherwise, the sample (co-)

variances (3.16) will suffer from this leakage. For instance, in lowly damped

systems the system and/or the noise transients can become very important

at the (Floquet) resonance frequencies (see for instance the results for the

Mathieu oscillator in Fig. 3.7, (top, right) plot). For that reason, it is desir-

able to eliminate the transients in (the sample mean of) the input-output

spectra. Therefore, a second method is proposed to remove nonparamet-

rically the transients in (the sample mean of) the input-output spectra

(3.15) & (3.17) and the sample (co-)variances (of the sample means) (3.16)

& (3.18).

3.4.2 Method 2: Local Polynomial Method (LPM)

In this section the steps of the local polynomial method (LPM) are sketched

in detail. The LPM has been introduced in [Pintelon et al., 2010b,c, 2011a,b]

in order to estimate MIMO FRFs of TI systems and their uncertainty from

a single experiment at full frequency resolution. The key step of the LPM

relies on the fact that the noise transients, TNZ
(jωk) in (3.12), and the

input-output open/closed-loop system transients, TZ̃0
(jωk) in (3.8), exhibit

a smooth behavior as a function of the frequency while, on the other hand,
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the transient-free noise terms, VX(k), X = Y,U in (3.12), vary randomly

(roughly) over the frequency. This fundamental difference in behavior is

essential in the LPM discussed below.

Figure 3.5: DFT spectrum of P = 2 consecutive periods of the noisy transient
response of an LTP system Z(k) = (Y (k) U(k))T to a periodic
signal R(k). Black: noiseless steady state response at the (excited)
bins k = rP , Z0(rP ) = (Y0(rP ) U0(rP ))T ; green: filtered white
noise contribution VZ(k) = HZ(jωk)EZ(k); and red: sum of the
system and noise transient errors TZ(jωk) = TZ̃0

(jωk) + TNZ
(jωk).

The LPM starts by gathering P ≥ 2 periods of the noisy, input-output

transient responses z(nTs) = (y(nTs) u(nTs))T ∈ R2×1 with n ∈ {0,1,⋯, PN−
1} (see (3.14)). Then, the measurements are processed using the DFT of

the entire record consisting of Nmeas = PN samples, viz.

Z(k) = 1√
PN

DFT{z(nTs)} = 1√
PN

PN−1∑
n=0

z (nTs) e−j2π kn
PN ∈ C2×1 (3.20)

with n ∈ {0, ..., PN − 1} and k ∈ {0, ..., PN/2 − 1} in the frequency band of

interest. Contrary to the CA (3.15), the frequency bin “k” now corresponds

to the DFT frequency sk = jωk = j k 2π
Tmeas

= j k 2π
PNTs

with record length

Tmeas = PT .

The DFT (3.20) of P > 1 periods of the noiseless, steady state input-

output responses Z0(k) = (Y0(k) U0(k))T ∈ C2×1 can only contain signal en-

ergy at lines k = rP , r ∈ {0, ...,N/2−1} (see the black arrows in Fig. 3.5), and

is exactly zero at the frequency bins k = rP +m, m ∈ {1,2, ..., P −1}. At the
frequency lines k ≠ rP only input-output noise VZ(k) = HZ(jωk)EZ(k) =(HY (jωk)EY (k) HU(jωk)EU(k))T ∈ C2×1, input-output noise leakage
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TNZ
(jωk) = (TNY

(jωk) TNU
(jωk))T ∈ C2×1 and open/ closed-loop system

transients TZ̃0
(jωk) (3.8) are present, as depicted in Fig. 3.5 for P = 2

signal periods.

Using only the lines with no signal energy in Fig. 3.5 (red and green

arrows at k ≠ rP ), the noisy input-output model (3.8)-(3.12) becomes at

the bins k = rP +m, m ∈ {1,2, ..., P − 1} and r ∈ {0, ...,N/2 − 1}
Z(rP +m) = VZ(rP +m) + TZ(jωrP+m) (3.21)

with VZ(k) = HZ(jωk)EZ(k) and TZ(jωk) = TNZ
(jωk) + TZ̃0

(jωk).
The goal of this section is to provide an estimate of the transient-free noise

covariance matrix cov{VZ(rP )} and the total (noise + system) transient

term TZ(jωrP ) at the bins r ∈ F with signal energy from a single experiment.

Being smooth, one can express the noise and the system transient term

around the (excited) bins rP as a low degree polynomial (L ≥ 2) using a

Taylor expansion with remainder

TZ(jωrP+m) = TZ(jωrP ) + L∑
l=1

(tzl(r)ml) + 1√
PN

O(( m

PN
)L+1) (3.22)

where the factor 1√
PN

in the remainder stems from the fact that the tran-

sient term TZ(jωk) in (3.21) decreases as an O((PN)−1/2) compared with

the noise term VZ(k), which is an O((PN)0). Neglecting then the remain-

der in (3.22), the noise equation (3.21) can be written as

Z(rP +m) = Θtr(rP )K(rP +m) + VZ(rP +m) (3.23)

with Θtr(rP ) the unknown parameter matrix

Θtr(rP ) = (TZ(jωrP ) tz1(r) tz2(r) ⋯ tzL(r)) ∈ C2×(L+1) (3.24)

containing the (polynomial) transient parameters in (3.22), K(rP +m) the

vector defined as

K(rP +m) = (1mm2 ⋯ mL)T ∈ R(L+1)×1 (3.25)

and where (3.23) is locally evaluated at, say, nLPM frequencies below and

nLPM frequencies above rP that contains no signal energy (e.g. the 2nLPM
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red and green arrows at the non-excited lines in Fig. 3.5 around rP , 2nLPM

is the width of the LPM window used).

Consequently, evaluating the input-output noise model (3.23) at m ∈{±m1,±m2, . . . ,±mnLPM
} withmi the first indices in the set {N / {rP ∣ r ∈ N}}

around rP , and grouping then the equations together into a single matrix

equation finally gives

Zr = Θtr(rP )Kr + VZr (3.26)

where Zr, Kr and VZr are, respectively, 2 × 2nLPM, (L + 1) × 2nLPM and

2 × 2nLPM matrices with the following matrix structure

Xr = [X(rP −mnLPM
) ⋯ X(rP −m1) X(rP +m1) ⋯ X(rP +mnLPM

)]
withXr/X ∈ {Zr/Z, Kr/K, VZr/VZ} (see [Pintelon et al., 2011a,b]). Albeit

a function of the local frequency index “r” in (3.26), it should be mentioned

that the matrices Zr and VZr do not contain the DFT frequency rP (since

m ≠ 0 at the DFT bin k = rP + m). Summarized, we only use the DFT

lines different from rP in (3.26) to estimate the leakage term TZ(jωrP ) =
Θtr(rP )[∶,1] and the noise covariance matrix cov{VZ(rP )} at the lines rP

with signal energy (X[∶,1] selects the first column of X).

The set of equations in (3.26) becomes overdetermined when 2nLPM >
L+1, as such it can be solved in least square sense using a stable numerical

implementation through the singular value decomposition (SVD) of the

matrix KH
r = UKrΣKrV

H
Kr

, viz.

Θ̂tr(rP ) = ZrK
H
r (KrK

H
r )−1 = Zr UKrΣ

−1
Kr

V H
Kr

. (3.27)

The stability of the numerical scheme can be improved even further by

normalizing the columns of KH
r by its 2-norm before computing its SVD

[Pintelon et al., 2010b].

From the linear least squares solution (3.27) we obtain a nonparametric

estimate of the total leakage error at rP

T̂Z(jωrP ) = Θ̂tr(rP )[∶,1] (3.28)
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so that it is possible to remove the leakage contributions from the input-

output spectrum

Ẑ(rP )LPM = Z(rP ) − T̂Z(jωrP )0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113⇓
∈ C2×1

⎧⎪⎪⎨⎪⎪⎩
Ŷ (rP )LPM = Ẑ(rP )LPM[1] ∈ C1×1
Û(rP )LPM = Ẑ(rP )LPM[2] ∈ C1×1 (3.29)

resulting in the so-called sample mean of the input-output spectrum over

the signal periods [Pintelon et al., 2011a,b]. The reader may compare the

input-output sample means of the LPM in (3.29) with the ones obtained

using the CA in (3.17).

Assuming that the power spectrum of the input-output noise vector

VZ(k) is white inside the local frequency band [rP −mnLPM
, rP +mnLPM

],
an estimate of the noise covariance matrix CVZ

(rP ) = cov{VZ(rP )} follows

then easily from the residuals of the linear least square fit

V̂Zr = Zr − Θ̂tr(rP )Kr, namely

ĈVZ
(rP )LPM = 1

dof noiseLPM

V̂ZrV̂
H

Zr
⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σ̂2
VY

(rP )LPM = ĈVZ
(rP )LPM[1,1]

σ̂2
VU

(rP )LPM = ĈVZ
(rP )LPM[2,2]

σ̂2
VY U

(rP )LPM = ĈVZ
(rP )LPM[1,2]

(3.30)

with dof noiseLPM = 2nLPM − (L + 1)
the degrees of freedom (dof) of the LPM (co-)variance estimate (3.30)

(proof: see [Pintelon et al., 2011a,b]). dof noiseLPM plays the same role as

dof noiseCA = P − 1 in the CA (3.16).

Because the noise covariance of the input-output sample mean (3.29)

equals cov{Ẑ(rP )LPM}
n
= cov{VZ(rP )}+ cov{T̂Z(jωrP ) − TZ(jωrP )} (since

T̂Z(jωrP ) only depends on the noise at lines k ≠ rP ), it is shown in Ap-

pendix 7.H of [Pintelon and Schoukens, 2012] that cov{Ẑ(rP )LPM}
n

=
cov{V̂Z(rP )} (V̂Z(rP ) = VZ(rP ) +TZ(jωrP ) − T̂Z(jωrP )) is asymptotically

(PN → ∞) related to cov{VZ(rP )} by a scaling factor μr = 1+∥Σ−1
Kr

V H
Kr[1, ∶]∥22

with ∥x∥22 = xHx the 2-norm of x and where X[1, ∶] selects the first row of
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X. Hence, an estimate of the sample noise covariance of the sample mean

CV̂Z
(rP ) = cov{V̂Z(rP )} is given by

ĈV̂Z
(rP )LPM = μr ĈVZ

(rP )LPM (3.31)

where μr quantifies the increase in noise variance due to the transient (leak-

age) suppression in the sample mean (3.29). Although in general a function

of the local frequency index “r”, it is found by exhaustive simulations in

[Pintelon et al., 2011a,b] that μr is about 1 dB for TI systems (see Fig. 3.8

for LTP systems). Finally, from the entries of ĈV̂Z
(rP )LPM in (3.31)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σ̂2
V̂Y

(rP )LPM = ĈV̂Z
(rP )LPM[1,1]

σ̂2
V̂U

(rP )LPM = ĈV̂Z
(rP )LPM[2,2]

σ̂2
V̂Y U

(rP )LPM = ĈV̂Z
(rP )LPM[1,2]

(3.32)

the estimated input-output (co-)variances of the sample means (3.29) are

retrieved.

Using the same notation as in the CA (3.19), it is proven in [Pintelon

et al., 2011a,b] that the expected value of the sample mean Ẑ(rP )LPM (3.29)

and the expected value of the sample noise covariance of the sample mean

ĈV̂Z
(rP )LPM (3.31) are related to the true ones as

⎧⎪⎪⎨⎪⎪⎩
E{Ẑ(rP )LPM} = Z0(rP )
E{ 1

μr
ĈV̂Z

(rP )LPM} = CVZ
(rP ) + Oleak (N−(L+2)

m ) + Oint (N−2
m )
(3.33)

with Nm = PN/mnLPM
, Oleak the bias contributions of, respectively, the

noise leakage and the noise interpolation errors. The latter accounts for the

non-whiteness of the input-output noise inside the local frequency band.

To ease the comparison between different estimators, the input-output

Fourier coefficients and their (co-)variance, which are independent of the

number of periods P and the samples per period N , are computed from the
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3.4. Data-driven estimation of nonparametric noise models

CA (3.15) & (3.16) as

Z
[p],CA
k = 1√

N
Z[p](k) ⇒ C CA

VZk
= 1

N
CVZ

(k)
⇓ estimator (3.16)

Ĉ CA
VZk

= 1

N
ĈVZ

(k)CA (3.34)

and from the LPM (3.20) & (3.30) as

ZLPM
k = 1√

PN
Z(kP ) ⇒ C LPM

VZk
= 1

PN
CVZ

(kP )
⇓ estimator (3.30)

Ĉ LPM
VZk

= 1

PN
ĈVZ

(k)LPM. (3.35)

To be mathematically correct, the input-output leakage TZ(kP ) in (3.22)

is also scaled by
√
PN , i.e.

TZk
= 1√

PN
TZ(jωkP )
⇓ estimator (3.28)

T̂Zk
= 1√

PN
T̂Z(jωkP ). (3.36)

The same scaling operation (3.34)-(3.35) can also be applied to the sample

mean of the input-output spectra (3.17) & (3.29) and their uncertainty

(3.18) & (3.31), viz.

ẐCA
k = 1√

N
Ẑ(k)CA ⇒ C CA

V̂Zk

= 1

N
CV̂Z

(k)CA

⇓ estimator (3.18)

Ĉ CA
V̂Zk

= 1

N
ĈV̂Z

(k)CA (3.37)

ẐLPM
k = 1√

PN
Ẑ(kP )LPM ⇒ C LPM

V̂Zk

= 1

PN
CV̂Z

(kP )LPM
⇓ estimator (3.31)

ĈLPM
V̂Zk

= 1

PN
ĈV̂Z

(kP )LPM. (3.38)
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3.4.3 Simulation results: nonparametric estimation

of input-output noise power spectra

To demonstrate, on the one hand, the robustness of the LPM noise power

spectrum estimator (3.35) w.r.t. the plant transients TG(jω) and the mini-

mum number of signal periods (P = 2) and, on the other hand, the sensitiv-

ity of the CA noise power spectrum estimator (3.34) w.r.t. TG(jω) and the

small number of P , a simulation is carried out for both noise estimators.

The system simulated is the Mathieu oscillator (2.33) that is depicted in

Fig. 2.6 on page 33. We assume for the sake of analysis that this 2nd order

system is operating in open-loop and that the actuator in Fig. 3.3 is ideal,

i.e. Gact(jω) = 1, such that the input system transient term TŨ0
(jω) = 0 in

(3.6). One has thus that the reference signal r(t) = ũ0(t) = u0(t) in Fig. 3.3

with u0(t) = u0(t + Texc) the steady state input signal (see the note in As-

sumption 3.1). Note that the output system transient term TỸ0
(jω) ≠ 0

in (3.6) since the plant transient TG(jω) ≠ 0 (ỹ0(t) ≠ y0(t) for t ≤ Ttr in

Fig. 3.2 due to the presence of the plant transients in the open-loop setup

of Fig. 3.3).

The Mathieu oscillator is then excited by a full multisine force signal

r(t) = u0(t) (3.4) (Pexc = 1 in Assumption 3.1, i.e. T = Texc) with a flat

amplitude spectrum, a base frequency of fexc = 2× 10−3 Hz and a maximum

frequency of fmax = 3.5 Hz (see the dark gray signal in Fig. 3.7, bottom).

One period of the multisine signal, sampled at a rate of fs = 10 Hz, consists

of N = Tfs = 5000 time domain samples and Fexc = 1750 uniformly excited

frequencies in the frequency band [fexc, fmax] Hz.
Next, the input signal u0(t) is repeated P = 2 times, and the equation

of motion (2.33) is integrated in the time span Tmeas = PT using the ODE45

solver in MATLAB R○ (relative accuracy of 10−13) to produce the noiseless

transient displacement response ỹ0(t) with initial conditions ỹ0(t) = 1 and

d ỹ0(t)/dt = 0. P = 2 periods of the output transient response are gathered

(see Assumption 3.1), giving a total of PN = Tmeasfs = 104 time domain

input-output samples. Both the multisine force signal u0(t) (input) as well

as the transient displacement response ỹ0(t) (output) are corrupted by sta-
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Figure 3.6: SNR{y,u} = 5 dB for P = 2 periods. Dark gray: ẐLPM
k in (3.38) (left)

and ẐCA
k in (3.37) (right); light gray: the true std of the transient-

free input-output noise on the Fourier coeff., i.e.

√
diag{C CA/LPM

VZk
}

in (3.34)-(3.35); black: the estimated ones

√
diag{Ĉ CA/LPM

VZk
}.

tionary additive noise nu(t) = HU {eu(t)} & ny(t) = HY {ey(t)}. The shape
of the simulated discrete-time noise filters HX {●} , X = Y,U are depicted

in Fig. 3.6-3.7 by the light gray line.

To reveal the sensitivity of the CA estimator (3.34) w.r.t. the presence

of the plant transients TG(jω) and P = 2 periods, two noise realizations are

simulated with different time domain input-output signal-to-noise ratios

(SNRs) equal to, respectively, 5 dB and 40 dB. The total measurement

time Tmeas = PN Ts or, equivalently, the frequency resolution 1/Tmeas are

chosen equal for both estimators such that a fair comparison between both

is made. Consequently, for P = 2 collected periods one has that the dof of

the CA estimator (3.16) is fixed to dof noiseCA = P − 1 = 1; while for the LPM

(3.30) the dof is tunable through the width of the local frequency window

nLPM and the polynomial order L of the total transient term TZ(jωk).
Choosing for example L = 2 and nLPM = 7 in (3.30) gives dof noiseLPM = 11.

Therefore, for a given observation time Tmeas, the dof of the LPM can be

chosen larger than that of the CA (or at least equal). It has as a consequence
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Figure 3.7: SNR{y,u} = 40 dB for P = 2 periods. Same conventions as in Fig. 3.6.
Additionally, we have in the (top, left) plot the true output system
transient TYk

= TGk
(properly scaled, see (3.36)) given in thick

white, while the estimated one T̂Yk
(3.36) is depicted as a thick

black line (noise leakage/transient negligible here).

that a higher variability in the CA noise power spectra estimate (3.34) can

occur. This is illustrated in Fig. 3.6 for the case SNR{y,u} = 5 dB. Since

the plant transient is negligible w.r.t. the output noise for SNR{y,u} = 5

dB, it can be seen that for both estimators the estimated noise standard

deviations (stds), computed with (3.34) & (3.35) (black), are more or less

scattered around the true values (light gray). However, it is clear from the

plot that the CA noise estimator (3.34) shows a higher variability than the

LPM (3.35). Thus, to reduce this uncertainty it is recommended in practice

(if possible) to measure P ≫ 1 periods for the CA (3.16), as was reported

in Section 3.4.1 (P = 6 periods are advised by [Pintelon and Schoukens,

2012]). This is the first drawback of the CA estimator.

A second drawback becomes apparent when the SNR increases. Namely,

the CA noise estimator (3.34) becomes very sensitive to the plant transients.

This is shown in Fig. 3.7, where one can observe that in the (top, right)

plot the estimated output variance of the CA (3.34) (black) lies significantly

above the true one (light gray). Actually, it estimates the magnitude of the

plant transients and not the output noise power spectrum (compare the
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3.4. Data-driven estimation of nonparametric noise models

thick white/black signal in the (top, left) pane with the black signal in the

(top, right) one). This is not the case for the LPM in the (top, left) pane,

where one can see that both signals (thin black and light gray) practically

coincide. This is due to the fact that the LPM (3.35) takes into account

the leakage (transient) error (3.36) while the CA does not (see the thick

white and the thick black lines in the (top, left) pane). As a result, it is

strongly recommended in practice to remove first the transient part in the

CA before calculating the (co-) variance of the noise (3.16), as explained by

the first step in Section 3.4.1. Yet, this requires additional skills from the

user, where the transient part should first be identified and then manually

removed from the data. This operation is not needed for the LPM noise

estimator (3.30). However, the price one has to pay for the LPM estimator

is its algorithmic complexity (Section 3.4.2) w.r.t. the simple procedures

in the CA (Section 3.4.1). Another disadvantage of the CA noise, which

the LPM does not have, is that a(n) (expensive) part of the data (the

first transient periods) is thrown away. This part can contain very useful

information, notably in weakly damped (mechanical) systems.
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Figure 3.8: LPM: The ratio of the noise (co-)variance of the sample mean of
the input-output spectra and the noise (co-)variance of the input-
output spectra of the simulation example in Fig. 3.7-3.6, which is
quantified by the quantity μr in (3.31).
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Finally, the noise standard deviations (stds) of the sample mean of the

input-output Fourier coefficients in (3.37)-(3.38) are not depicted in the

plots of Fig. 3.6-3.7 in order not to overload the figures. Their relationship

with the ones shown in Fig. 3.6-3.7 is just a scaling factor, 1/√P = 1/√2 for

the CA and
√
μr for the LPM. One can observe in Fig. 3.8 that the factor

μr is practically constant over the frequency with an order of magnitude of

1 dB for both SNRs.

3.4.4 Discussion: CA versus LPM noise estimator

It is well-known that the LPM noise estimator (Section 3.4.2) has an over-

whelming accuracy in suppression the noise and/or the plant leakage errors

compared with the CA noise estimator in Section 3.4.1 (see, for instance,

Pintelon and Schoukens [2012] for LTI systems and the simulation results

in Section 3.4.3 for LTP systems). The LPM makes use of the “smooth-

ness” property of the leakage errors over the frequency such that it can be

modeled locally by a “low degree” polynomial. As a consequence, the LPM

can be used under transient conditions, which can be very time-efficient in

lightly damped system. Besides, a small number of signal periods (P = 2)

are sufficient for having an accurate estimate of the power spectrum of the

noise errors. Whereas the CA is very sensitive to the plant transients, and

usually a high number of periods (P ≥ 6) is required to reduce the variability

of the noise estimates. The advantage of the CA is that simpler technical

manipulations are performed compared with the LPM. A brief comparison

of both noise estimators (CA and LPM) can be found in Table 3.1.

noise number steady transient algorithmic
estimator of periods ? state? suppression? complexity

CA P ≥ 6 YES POOR simple
Section 3.4.1 required procedures

LPM P = 2 NOT GOOD complex
Section 3.4.2 sufficient necessary procedures

Table 3.1: Overview of the different noise estimators presented in this chapter.

90



3.5. Harmonic and instantaneous FRF-estimators for LTP systems

3.5 Harmonic and instantaneous

FRF-estimators for LTP systems

So far we explained how the noise (and the noise + system transients) can be

suppressed in the measured input-output DFT spectra/Fourier coefficients

using the concept of input-output sample mean. In what follows, different

nonparametric estimators for estimating the frequency response properties

of LTP systems are developed starting from those sample means. If the

reference excitation r(t) (3.4) in Fig. 3.3 is unknown or not used, then the

prefix direct is added, and the identification is done directly from Û(k) to

Ŷ (k). Otherwise, the indirect prefix is used as the identification is per-

formed in a two step process, (i) from the reference DFT spectra R(k) to

Ẑ(k) = (Ŷ (k) Û(k))T and (ii) from Û(k) to Ŷ (k). First, we discuss differ-
ent direct FRF-estimators for LTP systems operating in open-loop. After-

wards, the indirect FRF-estimators for LTP systems operating in feedback

are elaborated.

3.6 Direct Simple Approach (D-SA)

FRF-estimator

3.6.1 Single realization: separated skirts

We start by presenting a simple nonparametric-in-the-dynamics estimator

for estimating the hFRFs/iFRF of LTP systems and their noise uncertain-

ties using a single experiment. Next, a more sophisticated algorithm is

developed in Section 3.7 to quantify the NL distortions as well. To this

end, the LTP system is assumed to be operating in open-loop and the ac-

tuator in Fig. 3.3 is supposed to be (L)TI. Then, a solution is proposed for

the closed-loop case in case an LTP/LTI actuator is used.

Since in open-loop and with a(n) (L)TI actuator the true steady state

input signal u0(t) has the same periodicity as the reference signal r(t) (see

the note in Assumption 3.1), it is shown in the sequel of this section that

91



3. Measurement of the Instantaneous and Harmonic FRFs
Using Periodic Excitations

0
G 

e-j t

-1G 

e +j t

 +1G 

e +j2 t

 +2G  

-2G  (j

e-j2 tsys

u(t) y(t)

Negative Harmonic FRFs

Mean FRF

Positive Harmonic FRFs

Y    (j )

Y    (j )

Y     (j )

U(j )

U(j )

Y(j )

G (j ,t)
u(t)

U(j )

y(t)

skirts
Y(j )

sys

sys

sys

(j

(j

(j

(j

Y   (j )

Y     (j )

[-2]

[-1]

[0]

[+1]

[+2]

     SIMO LTI model
     SISO LTP model

Figure 3.9: Simple Approach (SA): Schematic representation of the noiseless
multisine input spectrum U0(jω) (2.50) and the noiseless steady
state output spectrum Y0(jω) originating from a SISO LTP system
G(jω, t) (top). Fourier decomposition of G(jω, t) in different LTI
sub-systems Gr(jω), r ∈ {−Nh,−Nh + 1,⋯,+Nh} (bottom). SIMO
LTI equivalent model from U0(jω) to the outputs Y[r],0(jω), r ∈{−Nh,−Nh + 1,⋯,+Nh} (red box). Skirts pop up in the true output
spectrum Y0(jω) = ∑+Nh

r=−Nh
Y[r],0 (j (ω − rωsys)) due to the presence

of the complex exponentials (the subscript “0”, for denoting true
quantities, is omitted in the figure for notational simplicity).
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the hFRFs can easily be derived from the measured output DFT spectrum

Y [p](k), p = 1,2,⋯, P when the reference multisine signal (3.4) is properly

designed. When applying a multisine signal (3.4) with well-separated ex-

cited lines, “skirts” will show up in the steady state output spectrum. Their

origin is explained schematically in Fig. 3.9. It is obvious from Fig. 3.9 that

well-separated means that the minimum distance between two consecutive

excited frequencies, i.e. min{diff{Kexc}}fexc, should obey the following re-

lation: min{diff{Kexc}}fexc ≥ (2Nh + 1)fsys, with Nh being the number of

significant hFRFs in Fig. 3.9 and with diff{●} being the differencing oper-

ator on the ordered set ●.
Going back to (3.6) in Theorem 3.1, we have that a link exists between

the noiseless steady state input-output DFT spectrum U0(k)&Y0(k) (with

record length T ) and the true hFRFs Gr(jωk), viz.
Y0 (k) = Nh∑

r=−Nh

Gr (jωk−rPsys)U0 (k − rPsys) (3.39)

where Psys = T /Tsys. Under the assumption that the skirts at the output

are (practically) not overlapping (see Fig. 3.9), i.e. min{diff{Kexc}}Pexc ≥(2Nh + 1)Psys, with Pexc = T
Texc

, it follows from (3.39) that at the multisine

excited bins k ∈ KexcPexc the true hFRFs are found as a “simple” division

Gr (jωk) = Y0 (k + rPsys)
U0(k) = Y[r],0(k)

U0(k) (3.40)

in the bi -frequency (r, k)-domain (Y[r],0(k) stands for the true output DFT

spectrum of the rth hFRF in Fig. 3.9). In case of skirt-overlap, a more

involved algorithm is elaborated in Section 3.7 to solve the problem.

Remark 3.2 (Notational convention). There is no ambiguity in the notation

used concerning the noiseless steady state output DFT spectrum Y0(k) and

the DFT of the true mean FRF’s output Y[0],0(k) in Fig. 3.9. The difference

between both lies in the fact whether the subscript [0],0 or 0 is used.

The physical meaning of the hFRFs becomes now clearer by means of

(3.40). For instance, when Y0(k) represents the DFT of the voltage sig-

nal across an LTP impedance G(jω, t) and U0(k) the DFT of the current
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through it, the hFRFs Gr (jωk) are then known as the harmonic impedance

spectra in Chapter 4. Relationship (3.40) can then be seen as a generaliza-

tion of the well-known Ohm’s law in the bi-frequency domain.

An important advantage of the “simple” approach (3.40) presented here

is that the SISO LTP identification problem (black box in Fig. 3.9) is con-

verted to a “simple” SIMO LTI one (red box in Fig. 3.9). Accordingly, let

the vectors

G (jωk) = (G−Nh
(jωk) G−Nh+1 (jωk) ⋯ G0 (jωk) ⋯ G+Nh

(jωk))T (3.41)

Y0 (k) = (Y[−Nh],0 (k) , Y[−Nh+1],0 (k) ⋯ Y[0],0(k) ⋯ Y[+Nh],0 (k))T (3.42)

containing, respectively, the true hFRFs and the true output DFT spectra

before the multipliers in Fig. 3.9, (3.40) can then be written in vector form

G (jωk) = Y0 (k)
U0(k) . (3.43)

where the division is elementwise. It can be noted that (3.43) is a spe-

cial case of the more general input-output relationship (3.92) for LTP sys-

tems. Now, only the middle column of Wereley’s hFRF matrix G (jωk) =
G (jωk)[∶,0] in (2.22) is of importance as the excitation DFT spectrum U0(k)
consists of well-separated excited lines (the other columns of G (jωk) do not
contribute to Y0(k)).

Because the true steady state input-output DFT spectra in (3.40), (3.43)

are not known, one has to rely on some estimators that can suppress the

noise (and the transients) in one way or another. Using, for instance, the

sample mean of the input-output Fourier vector coefficients retrieved with

either the CA (3.37) or the LPM (3.38), the Direct Simple Approach (D-SA)

hFRF-estimator is then given by

Ĝ (jωk)DSA = Ŷ
estim

k

Û estim
k

(3.44)

with “estim = CA or LPM” and where the sample mean of the output

Fourier vector coefficients Ŷ
estim

k has the same vector structure as in (3.42).

There is a simple way to obtain the sample mean of the input-output

Fourier vector coefficients Ẑ
estim

k = (Ŷ estim

k Û estim
k

)T ∈ C(2Nh+2)×1 and its
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noise covariance, C estim
V̂Zk

= cov{Ẑ estim

k }
n

∈ C(2Nh+2)×(2Nh+2) in (3.48), from

the measured input-output signal z(nTs) = (y(nTs) u(nTs))T ∈ R2×1. First,
only the output signal y(nTs) ∈ R1×1 is multiplied with the inverse of the

mixers in Fig. 3.9 creating the noisy (complex) output signals y[r](nTs) =
y(nTs) e−jrωsysnTs ∈ C1×1 with r = −Nh,⋯,0,⋯,+Nh. Next, those output

signals are stacked on top of each other in the time domain output vector

y(nTs) = (y[−Nh](nTs) ⋯ y[0](nTs) ⋯ y[+Nh](nTs))T ∈ C(2Nh+1)×1.

Finally, substituting z(nTs) = (y(nTs) u(nTs))T ∈ R2×1 by the input-

output vector signal z(nTs) = (y(nTs) u(nTs))T ∈ C(2Nh+2)×1 in the method-

ology of the CA in Section 3.4.1 or the LPM in Section 3.4.2, and evaluating

the algorithm only at the excited frequencies ωk ∈ 2πKexcfexc, the D-SA es-

timator (3.44) and the noise covariance of Ẑk, i.e. C estim
V̂Zk

in (3.48), easily

follows at the excited harmonics k.

Once the hFRFs are measured/estimated (see (3.44)), an estimate of

the iFRF is achieved in a straightforward way by applying the BET (2.9)

Ĝ (jωk, t)estim = b (t)T Ĝ (jωk)estim (3.45)

where b (t) = (e−jNhωsyst e−j(Nh−1)ωsyst ⋯ 1 ⋯ e+jNhωsyst)T stands for

the vector containing the basis functions (mixers) in Fig. 3.9, and with

“estim” any hFRF-estimator presented in this chapter, e.g. “estim = DSA”

in (3.45).

3.6.2 Uncertainty analysis of the estimated iFRF

and hFRFs

Since a stochastic estimate without uncertainty bounds loses its value, a

variance expression is required for Ĝ(jωk, t)estim in (3.45).

Theorem 3.2 (Variance of the estimated iFRF). The variance of any iFRF-

estimator Ĝ(jωk, t)estim that is based on the BET in (3.45) is given by the

expression

σ2
Ĝ
(jωk, t)estim = b(t)T cov{Ĝ(jωk)estim} b(t). (3.46)
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Proof. Using the definition of the covariance, it is not hard to prove trans-

formation (3.46). Applying the following substitutions: x̂ = Ĝ(jωk, t)estim =
b(t)T Ĝ(jωk)estim and Δx̂ = b(t)TΔĜ(jωk)estim with Δx̂ = x̂ − E{x̂} (the

mean-subtracted version of x̂) and using the fact that cov{x̂} = E{Δx̂Δx̂H},
we obtain (3.46) since var{x̂} = cov{x̂} (x̂ is a scalar).

Till now, Theorem 3.2 cannot be applied to the D-SA estimator (3.44)-

(3.45) as the covariance cov{Ĝ(jωk)DSA} in (3.46) is needed. Therefore, this

paragraph is devoted to the derivation of the noise covariance cov{Ĝ(jωk)DSA}n.
Since the D-SA estimator (3.44) has exactly the same form as the classical

“robust” MIMO LTI estimator in Pintelon et al. [2011b], the proof in Ap-

pendix A.4 of Pintelon et al. [2011b] has shown that the noise covariance

matrix, cov{Ĝ(jωk)DSA}n ∈ C(2Nh+1)×(2Nh+1), is approximately given by

cov{Ĝ(jωk)DSA}n ≈ ∣Û estim
k ∣−2 (I2Nh+1 − Ĝ(jωk)DSA) Ĉ estim

V̂Zk

⎛⎜⎜⎜⎝
I2Nh+1

−ĜH(jωk)DSA

⎞⎟⎟⎟⎠
(3.47)

Ẑ
estim

k = ⎛⎝Ŷ
estim

k

Û estim
k

⎞⎠ ⇒ cov{Ẑestim

k }
n
≈ Ĉ estim

V̂Zk

=
⎛⎜⎜⎜⎜⎜⎝

Ĉ estim
V̂Yk

Ĉ estim
V̂YkUk

(Ĉ estim
V̂YkUk

)H σ̂2, estim

V̂Uk

⎞⎟⎟⎟⎟⎟⎠
(3.48)

with I2Nh+1 ∈ N(2Nh+1)×(2Nh+1) the identity matrix and Ẑ
estim

k ∈ C(2Nh+2)×1
being the sample mean of the input-output vector Fourier coefficients in

(3.44), which is retrieved by either the “estim = CA” estimator (3.37) or by

the “estim = LPM” estimator (3.38), as explained by the paragraph below

formula (3.44). The diagonal entries of cov{Ĝ(jωk)DSA}n in (3.47) yield

then the noise variances of the hFRFs var{Ĝr(jωk)DSA}n. Ultimately, the

noise variance of the iFRF σ2
Ĝ
(jωk, t)estimn is found by applying (3.46) in

Theorem 3.2.
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3.6.3 Multiple realizations: skirt-overlap

The D-SA (3.40) assumes that the output-skirts in Fig. 3.9 are not over-

lapping. Nonetheless, for fast varying LTP systems where the frequency

content of the time-variation is of the same order of magnitude as the fre-

quency band of interest (see the numerical example in Section 3.6.4.2), or

when the system is loading considerably the actuator (see the measure-

ment results in Fig. 4.9 in Chapter 4), the D-SA hFRF-estimator (3.44)

will create a (large) bias or will even fail.

Thanks to the type of excitation signal (3.4) used, it is feasible to de-

velop a “simple approach” estimator that still works in case of skirt-overlap.

However, much more random phase realizations (experiments) M ⋙ 1 are

needed now to eliminate the influence of the neighboring skirts through

averaging. Indeed, in open-loop and under a random phase multisine ex-

citation (3.4), one has after evaluating the input-output equation (3.39) at

k → k + rPsys, r = −Nh,−Nh + 1,⋯,0,⋯,+Nh

Y0(k+rPsys) = Gr (jωk) U0(k) + Nh∑
l=−Nh
l≠r

Gl (jωk−(l−r)Psys
)U0 (k − (l − r)Psys)

0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113= rthHarmonic Distortion (HD), YHD,[r]
(k)

.

(3.49)

Multiplying (3.49) by U0(k) and taking the expected value Eϕ {●} over the

random phase realizations of the input, we get

Gr(jωk) = Eϕ {Y0(k + rPsys)U0(k)}
Eϕ {∣U0(k)∣2} = Eϕ {Y0(k + rPsys)

U0(k) } = Eϕ {Y[r],0(k)
U0(k) }

(3.50)

where the first equality is due to the fact that for the random phase multisine

(3.4) it holds that in open-loop and with a TI actuator Eϕ {YHD,[r](k)U0(k)} =
0 as Eϕ {U0(k + l)U0(k)} = 0 for l ≠ 0. The second equality follows from

the deterministic amplitude distribution of the random phase multisine, i.e.

Eϕ {∣U0(k)∣2} = ∣U0(k)∣2.
Collecting M independent phase realizations of P (transient) periods of

the noisy input-output vector signal z[m](nTs) = (y[m](nTs) u[m](nTs))T ,
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m = 1,2,⋯,M , the sample mean of the mth realization of the input-

output Fourier vector coefficients, i.e. Ẑ
[m], estim
k = (Ŷ[m], estim

k Û
[m], estim
k

)T
in (3.48), “estim = CA or LPM”, can be calculated. Applying subsequently

the D-SA hFRF-estimator (3.44) from Section 3.6.1 to each phase realiza-

tion Ẑ
[m], estim
k , and replacing the expected value Eϕ {●} in (3.50) by the

sample mean over the M , realizations, i.e. (̂●)DSA = 1
M ∑M

m=1 (●)[m]
, one

gets in case of skirt-overlap

Ĝ (jωk)DSA = 1

M

M∑
m=1

(Ĝ[m] (jωk)DSA) = 1

M

M∑
m=1

⎛⎝Ŷ
[m], estim
k

Û
[m], estim
k

⎞⎠ ∈ C(2Nh+1)×1.
(3.51)

Its noise covariance is readily derived by applying the cov {●} operator

directly to (3.51), viz.

cov{Ĝ(jωk)DSA}n = 1

M2

M∑
m=1

(cov{Ĝ[m](jωk)DSA}n) ∈ C(2Nh+1)×(2Nh+1)

(3.52)

where cov{Ĝ[m](jωk)DSA}n is given by expression (3.47). On the other hand,

the sample total covariance over the M phase realizations (due to the har-

monic distortions, YHD,[r](k), r = −Nh,⋯,0,⋯,+Nh in (3.49)) is computed

as

cov{Ĝ(jωk)DSA}tot ≈ 1

M(M − 1) M∑
m=1

(ΔĜ (jωk)DSA) (ΔĜ (jωk)DSA)H
(3.53)

ΔĜ (jωk)DSA = Ĝ
[m] (jωk)DSA − Ĝ (jωk)DSA ∈ C(2Nh+1)×1.

The sample total covariance matrix (3.53) and the noise covariance matrix

(3.52) of the hFRF-estimator (3.51) allow us to discriminate the harmonic

distortions from the noise at the level of the hFRFs. Further, the D-SA

iFRF-estimator Ĝ(jωk, t)DSA in case of skirt-overlap follows from the BET

(3.45) and the hFRF-estimator (3.51). Lastly, its sample total variance over

theM phase realizations, σ̂2
Ĝ
(jωk, t)DSA

tot , and the sample noise variance over

the M phase realizations and the P periods, σ̂2
Ĝ
(jωk, t)DSA

n , are obtained by

combining (3.46), (3.52) and (3.53).
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3.6.4 Identification results

3.6.4.1 Measurement example in case of separated skirts
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Figure 3.10: Left: A weakly NL parameter varying bandpass circuit. The
OPAMP used was a CA741CE and the transistor a BF245B.
Right: Scheduling signal across the transistor in the time span[0, Tmeas], with Tmeas = PPsysTsys = 0.2 s , Tsys = 0.1 s, Psys = 1
and P = 2 (see Assumption 3.1).

Although extensively studied on simulations, the D-SA estimator with-

out skirt-overlap (3.44)-(3.45) is directly applied on measurements origi-

nating from a weakly NL parameter varying circuit. The electronic circuit

shown in Fig. 3.10 is a second order bandpass filter whose resonance fre-

quency is tunable. It is made time-periodic by periodically changing the

gate voltage of the transistor (sched. channel in Fig. 3.10) such that the res-

onance frequency of the circuit varies also in a repetitive way (see Fig. 3.14).

To simplify the analysis, a sine wave as scheduling signal was applied to

the circuit (see Fig. 3.10, right). As it can be observed, two periods of the

time-variation has been measured for doing the identification, where the

fundamental frequency of the time-variation has been set to fsys = 10 Hz.

As for the input channel in Fig. 3.10, an odd multisine signal with random

harmonic grid (3.4), a fundamental frequency of fexc = 300 Hz and an RMS

value of 50 mV has been designed. Twenty-five percent of the odd excited

lines were randomly left out giving in total Fexc = 50 odd excited lines

(see Fig. 3.11-3.12, bottom). To avoid spectral leakage, an integer number

of periods of the multisine excitation (PPexc = 2 × 30 = 60 periods, see

Assumption 3.1) has been measured in the time span Tmeas = 0.200064 s, and
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Figure 3.11: Input-output DFT spectrum (3.20) of P = 2 periods of the noisy
output signal in Fig. 3.10 (blue dots). U(k) and Y (k) at k = rP
in (3.20) (red circles). Noise floor at k ≠ rP (green circles).

5 6 7

−100

−60

−20

Periodically varying experiment: zoom

Y
(k
)
(d
B
)

5 6 7

−100

−50

0

U
(k
)
(d
B
)

frequency (kHz)

SNR ≈ 65 dB

SNR ≈ 95 dBeven nonlinear
distortions

odd nonlinear
distortions

Figure 3.12: Zoom of the panes in Fig. 3.11. The input DFT spectrum U(k)
is practically skirt-free.
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the entire measurement setup was synchronized with the multisine signal

(3.4). The input u(t) as well as the output y(t) were passed through anti-

Alias filters (250 kHz) before the signals were sampled such that aliasing

was also avoided. All the signals in Fig. 3.10 were sampled at the rate

fs = 625 kHz and consist in total of Nmeas = PN = 2 × 125040 time domain

samples each.
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Figure 3.13: Estimated hFRFs of the circuit in Fig. 3.10 using the D-SA es-
timator (3.44) (“estim = LPM” with L = 2 and dof noiseLPM = 23 in
(3.30)) with Nh = 10 significant hFRFs. Only five of them are
shown for convenience: mean FRF (black circles), positive hFRFs
(red crosses), the negative ones (blue circles) and their noise stds
(3.47) (full lines).

As predicted by the theory in Section 3.6.1, one can observe in Fig. 3.11-

3.12 (top) the presence of significant skirt components in the measured out-

put DFT spectrum Y (k) = Z(k)[1] (3.20) (Nh ≈ 10). Regarding the mea-

sured input DFT spectrum U(k) = Z(k)[2] (3.20), one can see from figure

Fig. 3.12 (bottom) that U(k) is practically skirt-free, where one can note

very small input-skirt harmonics around the excited frequencies with a min-
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Figure 3.14: Left: 3D-plot of the estimated iFRF (3.45) of the circuit in
Fig. 3.10 and its noise uncertainty (3.46). Right: Time-frequency
plot of the magnitude (top) and the phase (bottom) of the iFRF.

imum signal-to-time-periodic distortion ratio of 80 dB. These input-skirts

can be ignored w.r.t. the output-skirts as the first (positive and negative)

output-skirt harmonic is approximately 5 dB lower than that at the excited

frequencies. Far away from resonance, the first output-skirt component also

drops as a function of the frequency. This is visualized by the estimated

hFRFs in Fig. 3.13. The figure shows that the estimated hFRFs are dom-

inant in the vicinity of resonance as their position lies significantly above

the noise uncertainty (i.e.
√
diag {cov{Ĝ(jωk)DSA}n} in (3.47)). Besides, it

can be seen that the positive and the negative hFRFs practically coincide

as well. Meaning that the output-skirts are symmetric around the excited

frequencies, as confirmed by the plot in Fig. 3.12 (top). This is due to the

type of scheduling that was applied (see Fig. 3.10, right). Finally, from the

hFRF estimates in Fig. 3.13 the iFRF (3.45) of the circuit and its noise

uncertainty (3.46) are computed as well. It is shown by the 3D-plot in

Fig. 3.14 that the shape of the scheduling in Fig. 3.10 (right) is reflected

into the resonance frequency of the estimated iFRF. The sine evolution of

the scheduling is clearly apparent in the magnitude as well as in the phase

time-frequency plot of Fig. 3.14 (right).

In Fig. 3.11 (right) an odd random phase multisine excitation with ran-

dom harmonic grid was chosen such that the odd non-excited lines can serve
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as “detection” lines for the stochastic odd NL distortions (pink ellipses),

while the even non-excited lines (black ellipses) can give an indication of

the stochastic even distortions’ level from a single experiment. Although

the level of the input-output stochastic NL distortions is quite small, an

obvious difference is observed between the noise floor and those NL dis-

tortions. It can be seen that the input NL distortions act as “additional”

excited harmonics creating small “nonlinear” output-skirts. These output

skirts are only visible around the resonance frequency, and they are still

significantly smaller than the “linear” ones. The plot shows that the circuit

is indeed weakly nonlinear. It motivates the fact that for practical prob-

lems NL uncertainty analysis of the hFRFs and the iFRF definitely makes

sense. Therefore, obtaining “nonlinear” and “noise” uncertainty bounds

from a single experiment is discussed in Section 3.7.

3.6.4.2 Mathieu oscillator with maximal skirt-overlap

This simulation example is meant to show that in practice M ⋙ 1 phase

realizations (experiments) are required in the D-SA estimator (3.51) in order

to reduce the FRF harmonic distortions, G
[m]
HD,[r]

(jωk) = Y
[m]
HD,[r]

(k)
U
[m]
0 (k) in (3.49),

on the rth hFRF to a reasonable level through averaging over m. To reveal

the need of M ⋙ 1 when there is maximal overlap of the skirts in Fig. 3.9,

the fast varying Mathieu oscillator (2.33) on page 33, which is excited by

a full multisine excitation signal is taken as a simulation example. The

results shown here are based on noiseless data. Hence, the only considered

disturbance is the output harmonic distortion Y
[m]
HD,[r]

(k) in (3.49). All the

simulation settings used are chosen the same as in Section 3.4.3 with P = 1,

Nmeas = PN = N (noiseless data, one period is sufficient).

Two cases are considered: one withM1 = 102 independent random phase

realizations and the other with M2 = 104. The theory (3.53) predicts that

the ratio of the total stds of the estimated hFRFs, i.e.

std{Ĝr(jωk)DSA}tot = √
diag{cov{Ĝ(jωk)DSA}tot}

is equal to 20 ⋅ log{√M1

M2
} = 20 ⋅ log{√10−2} = −20 dB. This is confirmed
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Figure 3.15: Top: case M = 102 realizations with Nh = 3 significant (esti-
mated) hFRFs. Bottom: case M = 104 realizations with Nh = 5.
True hFRFs (2.8) (blue), estimated hFRFs (3.51) (red), differ-
ence between both (black) and their total uncertainties (3.53), i.e.

std{Ĝr(jωk)DSA}tot = √diag{cov{Ĝ(jωk)DSA}tot} (green). Only
the first two hFRFs are shown in order not to overload the picture.
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Figure 3.16: Left: case M = 102 realizations with Nh = 3 estimated hFRFs.
Right: case M = 104 realizations with Nh = 5. True iFRF
G(jωk, t) with Nh = 1000 in (2.9) (blue), estimated iFRF (3.45)
(red), difference between both (black) and their total uncertainties
std{Ĝ(jωk, t)DSA}tot (3.46) (green) at 5 particular time instants.

by the plots in Fig. 3.15, where one can see that the sample total stds for

M = 102 (green, top plots) are more or less 20 dB higher than for the case

M = 104 (green, bottom plots). As a result, the quality of the hFRFs can

be very low for “small” M , especially for the higher order hFRFs. Indeed,

for M = 104 Nh = 5 significant hFRFs are detected, while for M = 102 only

Nh = 2 hFRFs were significant in Fig. 3.15.

Since no noise was added to the data, one would expect that the differ-

ence (black) between the estimated hFRFs (3.51) (red) and the true ones

(blue) are all due to the harmonic distortions (3.53) (green). This is in-

deed the case for all the six plots in Fig. 3.15. The reason why the quality

of the estimated mean FRF Ĝ0(jωk)DSA is higher than the other hFRFs

Ĝr(jωk)DSA for r ≠ 0, even for smallM , is because G0 is dominant in magni-

tude w.r.t the remaining hFRFs Gr, r ≠ 0 at the main resonance, such that

the 0th relative FRF harmonic distortion ∣G[m]HD,[0]
(jωk)

G0(jωk) ∣ is small compared

with the higher order ones ∣G[m]HD,[r]
(jωk)

Gr(jωk) ∣ , r ≠ 0.

To complete the picture, we have depicted in Fig. 3.16 the estimated

iFRFG(jωk, t) at five particular time instants t = t1, t2,⋯, t5 within the time
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interval t ∈ [0, Tsys] = [0, 2.5] s for both cases (M1 = 102 and M2 = 104).

It can be observed that the difference (black) between the true iFRF (2.9)

(blue) and the estimated one (3.45) (red) is scattered around its sample total

std (3.46) (green). This indicates that the number of estimated hFRFs,

Nh = 3 for M = 102 and Nh = 5 for M = 104, was in both cases optimal.

Increasing Nh does not make any sense as the higher order hFRFs Gr,∣r∣ > Nh will be entirely masked by the remaining harmonic distortions

ĜHD,[r](k) = 1
M ∑M

m=1G[m]
HD,[r]

(k), ∣r∣ > Nh. This figure also shows that in

order to reveal the higher order Floquet resonances at fn ± kfsys, k ∈ N

(fn = 1 Hz and fsys = 0.4 Hz), a very high number of phase realizations is

required. To conclude, when there is full overlap of the output-skirts in

Fig. 3.9, this method is not that practical for having an accurate estimate

of the true iFRF (higher order Floquet resonances) as M ⋙ 1 experiments

should be performed. This drawback is unavoidable for fast varying LTP

systems, LTP systems in feedback or LTP systems under “full” multisine

excitations such as periodic noise. That is why we develop in the next

section an FRF-estimator that is able to provide high quality estimates of

the high order hFRFs even from a single experiment (M = 1).

3.7 Direct Local Poynomial Method

(D-LPM) FRF-estimator

The Direct LPM (D-LPM) approach relies on the fact that an LTI equiva-

lence of the (truncated) LTP system exists. This was already mentioned in

Section 3.1.3, where it was quoted that a SISO LTP problem can be han-

dled as being either a MISO or a SIMO LTI one. As illustrated in Fig. 3.17,

it can be seen that it is possible to interchange the blocks containing the

HTFs Gk(s) with the mixers (multipliers) ejkωsyst, k = −Nh,⋯,0,⋯,+Nh

(proof: replace Gk (s − jkωsys) by Hk (s) in (2.20)). Consequently, the trun-

cated SISO LTP identification problem can also be understood as a MISO

LTI one in Fig. 3.17 (bottom) with multiple transfer functions Hk (s) =
Gk (s − jkωsys) and multiple true inputs u[k],0(t) = u0(t) ejkωsyst.
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Figure 3.17: MISO LTI equivalent model Hk(s) = Gk(s − j kωsys) (bottom) of
a (truncated) SISO LTP system with 2Nh + 1 significant HTFs
Gk(s) (top). ωsys stands for the angular pumping frequency.
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As a result, traditional nonparametric MIMO FRF-estimators such as

the spectral analysis method (SAM) Bendat and Piersol [1980], or the more

advanced schemes such as the MIMO LPM estimator Pintelon et al. [2010b,

2011a,b] can be used to estimate the hFRFs Gr(jωk) = Hr (j (ωk + rωsys))
and their uncertainty bounds. Our preference here goes to the LPM since it

estimates at higher frequency resolution fs/N and suppresses the transients

TZ(jωk) (if any) (see Section 3.4.2) much better than, for example, the

spectral analysis estimate Pintelon and Schoukens [2012]. The SAM is left

for Chapter 5 where arbitrary (random) inputs are considered. Using then

the LPM, most of the results concerning the bias and the noise analysis

proven in Pintelon and Schoukens [2012] can be taken over. This method

has slightly been modified in Louarroudi et al. [2012a,b] for estimating the

iFRF and the hFRFs of weakly NLTP systems under periodic and arbitrary

inputs as will be explained in, respectively, the sequel of this chapter and

in Chapter 5.

First, one can note that the ITF associated with theH-model in Fig. 3.17

(bottom), i.e. H(s, t) = ∑+Nh

k=−Nh
Hk(s) ejkωsyst, does not have a clear physical

meaning, while G(s, t) in Fig. 2.2 (top) does (see Chapter 2 for the con-

cept of ITF and [Zadeh, 1950a]). Accordingly, we will just make use of the

H-model in Fig. 3.17 (bottom) as an intermediate step in the identification

process. Once the estimation has been done, a conversion to the G-model

in Fig. 3.17 (top) is carried out, i.e.

Ĝr(jωk) = Ĥr (j (ωk + rωsys)) . (3.54)

Remark 3.3 (Frequency content of the excitation u(t)). The practical con-

sequence of (3.54) is that the excitation frequency band

[max (0, fmin −Nhfsys] , min [fmax +Nhfsys, fs/2)] (3.55)

should be chosen larger than the frequency band of interest [fmin, fmax] in

order to simplify the estimation of the H-model in Fig. 3.17 (bottom). The

difference between (3.55) and [fmin, fmax] is important for fast varying LTP

systems (fsys ≫ fmin). For (very) slowly varying LTP systems (fsys ∼ fmin),
the excitation band (3.55) and [fmin, fmax] can be chosen to be equal.
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Notice that, if u(t) is chosen to be a random phase multisine signal (3.4),

the design of the excitation frequency band (3.55) is straightforward. Although

Nh in (3.55) is in general unknown beforehand, the work in Chapter 2 (see

Theorem 2.1) reveals that the magnitude of the hFRFs decreases fast enough

in most situations such that a few hFRFs are important, which is bounded in

practice by the SNR or by the signal-to-NL distortion ratio (SNLR). A practical

solution for obtaining Nh is proposed in Section 3.7.1.

The D-LPM estimator assumes that:

1. The system is operating in open-loop (solid lines only in Fig. 3.3).

2. The time-periodic system is weakly nonlinear – replace the HTF

blocks in Fig. 3.17 (top) by their BLA in Fig. 3.1 as explained in

Section 3.1.2.

3. The input is (practically) noise-free, i.e. U(k) = U0(k) ( = generalized

output-error (OE) problem).

In case the input is corrupted by noise the D-LPM estimator will be biased.

However, the bias due the input noise in the D-LPM estimator can still be

decreased by replacing the noisy input DFT spectra U(k) by its sample

mean Û(k)CA/LPM (3.17)/(3.29). If the input SNR is too low, it is recom-

mended to use the Indirect LPM (I-LPM) FRF-estimator in Section 3.9,

where the knowledge of the reference signal r(t) (3.4) is incorporated in

the identification process. To avoid the bias due to the input noise in the

D-LPM estimator, we suppose that the input U(k) = U0(k) is known.

Starting from the DFT of P periods of the input-output signal (3.20) and

applying afterwards the LPM noise-estimator of Section 3.4.2 with transient

removal, one has that the known input, noisy output DFT relationship for

the weakly NLTP system at the DFT bins kP , k = 0,1,⋯,N/2 − 1 (see for

example the black arrows in Fig. 3.5) equals

Ŷ (kP )0111111111211111111113
output

sample mean (3.29)

= H (jωkP ) U (kP )0111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111113= Y0(kP ), exogenous part

+ V̂Y (kP )0111111111112111111111113
noise

+ YNL(kP )011111111111111121111111111111113
nonlinear
distortions01111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111113= V (kP ), total distortions

(3.56)
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H (jωkP ) = (H+Nh
(jωkP ) H+Nh−1 (jωkP ) ⋯ H0 (jωkP ) ⋯ H−Nh

(jωkP ))
(3.57)

U (kP ) = (U ((k −NhPsys)P ) ⋯ U (kP ) ⋯ U ((k +NhPsys)P ))T
(3.58)

with H (jωkP ) = G (jωkP )[0, ∶] ∈ C1×(2Nh+1) being the middle row of Wereley’s

hFRF matrix (2.22), U (kP ) ∈ C(2Nh+1)×1 the input DFT vector, V̂Y (kP ) =
VY (kP ) + TY (jωkP ) − T̂Y (jωkP ) ∈ C1×1 the transient-free output noise and

YNL(kP ) = 1√
PN

DFT{yNL(nTs)} ∈ C1×1 the output stochastic NL distortions

(see Section 3.1.2). Besides, the total distortion term, V (kP ) = V̂Y (kP ) +
YNL(kP ) in (3.56), is assumed to be stationary (see Section 3.1.2), and the

noise and NL distortions are mutually independent

σ2
Ŷ
(kP ) = var{Ŷ (kP )} = var{V̂Y (kP )}+var{YNL(kP )} = σ2

V̂Y
(kP )+σ2

YNL
(kP ).

(3.59)

For most physical systems the shifted hFRFs, H(jωkP ) in (3.57), are a

smooth function of the frequency such that H(jωkP ) can be approximated

locally by a polynomial with a “low” degree L around the DFT bins kP

H(jω(k+m)P ) = H(jωkP ) + L∑
l=1

hl(k) ml + O((m/N)L+1). (3.60)

On the other hand, the stochastic term, V (kP ) = V̂Y (kP ) + YNL(kP ) in

(3.56), varies randomly over kP . This fundamental difference in behavior

allows the D-LPM to discriminate between the total error term V (kP ) and
the exogenous part H(jωkP )U(kP ). Neglecting first the bias term in (3.60)

and writing down the output equation (3.56) at the DFT line (k+m)P one

has

Ŷ ((k +m)P ) = Θ(kP ) K ((k +m)P ) + V ((k +m)P ) (3.61)

with Θ(kP ) = (H(jωkP ) h1(k) h2(k) ⋯ hL(k)) ∈ C1×(2Nh+1)(L+1) (3.62)

a row vector containing the unknown FRFs, and where the input vector

K ((k +m)P ) is defined as

K ((k +m)P ) = ((1 2 ⋯ mL) ⊗U ((k +m)P )T)T ∈ C(2Nh+1)(L+1)×1. (3.63)
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Next, evaluating (3.61) at {m = −nLPM,−nLPM + 1,⋯,0,⋯, nLPM − 1, nLPM}
(with 2nLPM+1 being the LPM window length), and grouping the equations

together into a matrix equality finally gives

Ŷ(kP ) = Θ(kP ) K(kP ) + V̂(kP ) (3.64)

where Ŷ(kP ), K(kP ) and V̂(kP ) are, respectively, 1 × (2nLPM+1), (2Nh+
1)(L+ 1) × (2nLPM + 1) and 1 × (2nLPM + 1) matrices of the form X(kP ) =(X ((k − nLPM)P ) ⋯ X (kP ) ⋯ X ((k + nLPM)P )) with X(kP ) = Ŷ(kP ),
K(kP ) and V̂(kP ). The local polynomial estimate of the shifted hFRFs

(3.57) is then found by solving the set of equations (3.64) in least square

sense

Θ̂(kP ) = Ŷ(kP ) K(kP )H (K(kP )K(kP )H)−1 (3.65)

Ĥ(jωkP ) = Θ̂(kP )[1 ∶2Nh+1] (3.66)

where X[1 ∶2Nh+1] extracts the first 2Nh + 1 elements of the row vector X.

The matrix product in (3.65) should be avoided and can be implemented

in a more robust fashion by means of the SVD as in (3.27). Furthermore,

making use of the shifted hFRFs estimate in (3.66), the definition in (3.57)

and the relation in (3.54) we obtain the D-LPM estimate for the hFRFs

Ĝr(jωkP )DLPM. Finally, applying formula (3.45) a nonparametric estimate

of the iFRF Ĝ(jωkP , t)DLPM is retrieved.

To elaborate analytically the total variance of the iFRF, σ2
Ĝ
(jωkP , t)DLPM

tot =
var{Ĝ(jωkP , t)DLPM}

tot
, an estimate of the total output variance, σ2

Ŷ
(kP )

in (3.59), is required. Following the same lines as in (3.30), the sample

total output variance σ̂2
Ŷ
(kP ) can be extracted from the residuals V̂(kP ) =

Ŷ(kP ) − Θ̂(kP )K(kP ) of the least squares fit (3.65), namely

σ̂2
Ŷ
(kP ) = 1

dof totLPM

V̂(kP ) V̂(kP )H (3.67)

with dof totLPM = 2nLPM+1−(2Nh+1)(L+1) the number of degrees of freedom

of the total distortions σ̂2
Ŷ
(kP ). As a result, the level of the output NL

distortions can be predicted from (3.59)

σ̂2
YNL

(kP ) = σ̂2
Ŷ
(kP ) − σ̂2

V̂Y
(kP ) (3.68)
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where σ̂2
V̂Y

(kP ) has already been acquired in a preprocessing step by making

an analysis over the measured periods of the noisy output signal y(t) (see

(3.32) in Section 3.4.2).

Now a quality label can be put on Ĝ(jωkP , t)DLPM by elaborating the

iFRF-variance σ2
Ĝ
(jωkP , t)DLPM using Theorem 3.2 on page 96. Going back

to formula (3.54), it can be seen that cov{Ĝ(jωkP )DLPM} (with Ĝ(jωkP )DLPM

the same vector structure as in (3.57)) cannot be calculated from cov{Ĥ(jωkP )}.
Actually, to compute cov{Ĝ(jωkP )DLPM} in (3.46), we need the following

covariances over the limited frequency span

C
[r, i]
Ĥ

(kP ) = cov{Ĥ(jω(k+r)P ), Ĥ(jω(k+i)P )} (3.69)

for r, i = Psys(−Nh,−Nh + 1,⋯,0,⋯,Nh) with Psys = T /Tsys. Equation (3.69)

is elaborated in Appendix 3.C. Hence, cov{Ĝ(jωkP )DLPM} is found by se-

lecting the right entries in (3.69) and keeping in mind relation (3.54) (see

(3.107) in Appendix 3.C).

To get an estimate of the NL distortion on the iFRF, σ̂2
Ĝ
(jωkP , t)DLPM

NL

in (3.46), we need to split cov{Ĝ(jωkP )DLPM} in a pure noisy part (depends

only on the noise V̂Y ) and a part that depends only on the NL distortions

YNL. This can be achieved by replacing the total variance σ2
Ŷ
(kP ) in Ap-

pendix 3.C by, respectively, σ2
V̂Y

(kP ) and σ2
YNL

(kP ), viz.⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
σ2
V̂Y

(kP ) ⇒ cov{Ĝ(jωkP )DLPM}n ⇒ σ2
Ĝ
(jωkP , t)DLPM

n

σ2
YNL

(kP ) ⇒f
Appendix 3.C

cov{Ĝ(jωkP )DLPM}NL ⇒f
Theorem 3.2

σ2
Ĝ
(jωkP , t)DLPM

NL .

(3.70)

Substituting then σ2
V̂Y

(kP ) and σ2
YNL

(kP ) in (3.70) by, respectively, the esti-

mates σ̂2
V̂Y

(kP ) (3.32) and σ̂2
YNL

(kP ) (3.68) we get the estimates σ̂2
Ĝ
(jωk, t)DLPM

n

and σ̂2
Ĝ
(jωk, t)DLPM

NL . Since all the formulas listed in Appendix 3.C are linear

in the covariances, we get the following relations⎧⎪⎪⎨⎪⎪⎩ cov{Ĝ(jωkP )DLPM}tot = cov{Ĝ(jωkP )DLPM}n + cov{Ĝ(jωkP )DLPM}NL

σ2
Ĝ
(jωkP , t)DLPM

tot = σ2
Ĝ
(jωkP , t)DLPM

n + σ2
Ĝ
(jωkP , t)DLPM

NL .

(3.71)

The importance of these (co-)variances in (3.70), (3.71) will be clear in

the next section. Thanks to these (co-)variances we are able to (i) determine
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the number of significant branches Nh in the proposed model, (ii) predict

the level of the NL distortion, and (iii) distinguish the noise from the NL

distortions. The latter allows us to determine whether the time-periodic

system behaves nonlinearly or not.

3.7.1 A method to determine the number of

significant hFRFs (branches)

Since the parameterNh in (3.45) is unknown beforehand, we need a practical

method to decide how many harmonics (branches) Nh are significant in

Fig. 3.17. A simple methodology is developed here to determine the number

of significant branches (2Nh +1 in number). To do so, a distinction is made

between a linear and a nonlinear time-periodic behavior.

3.7.1.1 The time-periodic system is linear

If no modeling errors are present and the system is linear, no significant

deviations can be detected between the noise variance σ2
Ĝ
(jωkP , t)DLPM

n and

the total variance σ2
Ĝ
(jωkP , t)DLPM

tot . Hence, by increasing the harmonic

degreeNh one needs to keep an eye on the difference between σ2
Ĝ
(jωkP , t)DLPM

tot

and σ2
Ĝ
(jωkP , t)DLPM

n . To ease the comparison between them and in order

not to overload the figures, the averaged power over time is computed (the

PAoT in (2.45)). The harmonic degree Nh is then increased until the mean

of the estimated total variance

1

Tsys
∫ Tsys

0
σ̂2
Ĝ
(jωkP , t)DLPM

tot dt ≈ 1

Nt

Nt−1∑
i=0

σ̂2
Ĝ
(jωkP , iδt)DLPM

tot (3.72)

is of the same order of magnitude as the noise variance obtained from the

analysis over multiple signal periods (P periods)

1

Tsys
∫ Tsys

0
σ̂2
Ĝ
(jωkP , t)DLPM

n dt ≈ 1

Nt

Nt−1∑
i=0

σ̂2
Ĝ
(jωkP , iδt)DLPM

n (3.73)

with Tsys = Ntδt and δt the integration step. The integration error can be

made arbitrary small (δt can be chosen arbitrarily small) since the variance

estimates in (3.72) and (3.73) are parametric in the time variable t. More or
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less the same reasoning can be followed at the level of the hFRFs. In this ap-

proach we can compare ∣Ĝ±Nh
(jωkP )DLPM∣ with its std{Ĝ±Nh

(jωkP )DLPM}.
If the difference is significant, then it is desirable to increase Nh.

The above-mentioned procedure can also be automated by perform-

ing a hypothesis test as follows. Assuming that the random errors on

Ĝ±Nh
(jωkP )DLPM are complex normally distributed, and that the true Nhth

hFRFs contain no significant signal energy, i.e. G±Nh
(jωkP ) = 0, the ratio∣Ĝ±Nh

(jωkP )DLPM∣2 /var{Ĝ±Nh
(jωkP )DLPM} is F (2, 2dof totLPM)−distributed,

with dof totLPM being the degrees of freedom of the total distortions in (3.67)

[Stuart and Ord, 1987]. We accept the null hypothesis of the F−test if
∣Ĝ±Nh

(jωkP )DLPM∣2
var{Ĝ±Nh

(jωkP )DLPM} ≤ Fp (2, 2dof totLPM)
with Fp (2, 2dof totLPM) being the 100 × p% percentile of an F (2, 2dof totLPM)−
distributed random variable; otherwise we reject the test. If the null hy-

pothesis was accepted, the optimal order is then Nh−1. If not, it is required
to increase Nh. The F−test is then performed at all the excited lines kP .

3.7.1.2 The time-periodic system is to some extent nonlinear

A nice property of the D-LPM from Section 3.7 is that the total residual

V̂(kP ) of the least square fit in (3.67) contains diverse kinds of modeling er-

rors. Due to the random nature of the input (i.e. a random phase multisine

(3.4)), the modeling errors behave stochastically too. As such σ̂2
Ĝ
(jωkP , t)tot

can give an indication of the level of all possible stochastic errors (NL dis-

tortions, unmodeled time-variations and noise errors). Consequently, to

obtain the optimal value for Nh we need to monitor σ̂2
Ĝ
(jωkP , t)DLPM

tot and

σ̂2
Ĝ
(jωkP , t)DLPM

n . If the system was linear time-periodic then case 3.7.1.1 is

applicable, otherwise Nh is increased until the value σ̂2
Ĝ
(jωkP , t)DLPM

tot stops

decreasing. Lastly, if the model orderNh keeps on increasing, σ̂2
Ĝ
(jωkP , t)DLPM

tot

starts increasing again because too many parameters are estimated. This

methodology can be done at the level of the estimated hFRFs as well.
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Figure 3.18: The true Nh = 3 hFRFs of the simulated LTP system from
Section 3.7.2.1. Top row: the magnitude of the hFRFs (left:∣G1∣, ∣G2∣, ∣G3∣, middle: ∣G0∣, right: ∣G−1∣, ∣G−2∣, ∣G−3∣). Bottom
row: the phase of the hFRFs. The diminishing bias error, i.e.
the square root of the total (co-)variance in (3.71) for a polyno-
mial order L = 2, resulting from noiseless input-output data is
shown for the mean FRF G0 (top, middle) plot for increasing
Nh (Nh = 0,1,2,3,4). The bias decreases until the theoretical
order Nh = 3 is reached (N = 9602 time domain samples are used).

3.7.2 Results

3.7.2.1 Simulation Example: Output-Error (OE) case

The nonparametric-in-the-dynamics D-LPM estimator from Section 3.7 is

verified first on simulations before being applied to real data in Section 3.7.2.2.

The simulated system is a continuous-time slowly varying LTP filter with

Nh = 3 (see Fig. 3.18). In particular, themean FRF,G0(jω) = 1
Tsys

Tsys∫
0

G(jω, t)dt,
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Figure 3.19: Simulation results for Nh = 3: the true iFRF at the excited fre-
quencies for increasing time instants are given in black, while the
estimated ones are shown in gray. The true output DFT spectrum
Y0(kP ) was disturbed by stationary colored noise of a mean SNR
of 25 dB. The PAoT of the total std (3.72) (thick black line) is
located in the vicinity of the PAoT of the noise std (3.73) (gray
dots). The RMSĜ(jωkP ) (3.74) given by the black crosses is also
of the same order of magnitude as the PAoT of the total std (3.72).

is chosen to be a fifth-order Butterworth filter with a transmission zero at

ω = 3 rad/s, which is indicated by the thick black line in the (top, middle)

plot of Fig. 3.18. It can be seen that the mean FRF has a dominant behav-

ior w.r.t. the simulated higher order hFRFs (compare ∣G0(jωkP )∣ with the

other hFRFs ∣Gr(jωkP )∣, r ≠ 0). Besides, the shape of the evolution of the

dynamics at some particular time instants is shown in Fig. 3.19.

In Section 3.9.1 it is shown on simulations that the bias on the hFRFs

behaves as an O(N−(L+1)) for a certain fixed polynomial order L. Here

we study the bias error for L = 2 as a function of the number of hFRFs

Nh. Using noiseless input-output data we can observe in the (top, middle)

plot of Fig. 3.18 that the bias (the square root of the total (co-)variance

in (3.71)) decreases as Nh increases until the simulated (theoretical) order

Nh = 3 is reached. For Nh = 4 the bias increases again. Hence, it does not

make any sense to increase the order Nh any further than 3.
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To study the impact of noise, the output of the LTP system in Fig. 3.18

has been disturbed with colored, stationary noise of a mean SNR of 25 dB

(= generalized OE problem). The frequency band of interest [0.025 , 4] Hz
consists of Fexc = 1590 frequency lines (full and flat multisine (3.4)), and

the fundamental frequency of the time-variation fsys and the excitation fexc

were both set to fmin = 0.0025 Hz (Psys = 1 and Pexc = 1 in Assumption

3.1). In addition, P = 2 periods of the output signal were gathered to get

an estimate of the transient-free output noise variance, i.e. σ̂2
V̂Y

in (3.59).

The outcome of the estimation process, for a polynomial order L = 2,

is shown in Fig. 3.19 by plotting the DLPM iFRF estimate together with

its uncertainty. The method described in Section 3.7.1.1 has been used to

determine the number of significant branches. We have increased the degree

of time-variations Nh until (3.72) ≈ (3.73). By doing so, the simulated

(theoretical) model order Nh = 3 was found. Indeed, from the plot it can

be confirmed that the square root of (3.72) lies in the neighborhood of the

square root of (3.73). The figure also shows that

RMSĜ(jωkP ) = ?@@C 1

Nt

Nt−1∑
i=0

∣G(jωkP , iδt) − Ĝ(jωkP , iδt)DSA∣2 (3.74)

(given by the black crosses) is of the same order of magnitude as the square

root of (3.72). Hence, no modeling errors can be detected. This is an

intrinsic property of the LPM. The method is thus able to give an excellent

indication of the mean square error (stochastic (noise) and systematic (bias)

deviations).

3.7.2.2 Measurement results: a weakly NLTP circuit

The D-LPM identification technique in Section 3.7 is illustrated here on real

measurements originating from the weakly NL parameter varying circuit in

Fig. 3.10 (left). A multisine signal with Nsched = 6 harmonics was applied

as a scheduling signal (see Fig. 3.20, left) to introduce the time-periodic

behavior in the circuit (see Fig. 3.20, right). A full and flat multisine

reference signal (3.4) (Pexc = 1 in Assumption 3.1) with N = 125.103 points

per period, a sample frequency of fs = 625 kHz, and Fexc = 4500 excited lines
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Figure 3.20: Left: One period of the measured scheduling signal (gate voltage
of the transistor in Fig. 3.10, left) as a function of time. Right:
3D-plot of the estimated iFRF (3.45) with Nh = 18 hFRFs (see
Fig. 3.22). Bottom: Time-frequency plot (zoom of the top view
of the 3D-plot).

in the band [0.505, 25] kHz was applied to the circuit (see the measured

input spectrum in Fig. 3.21, left). The periodicity of the time-variation is

chosen to be equal to that of the input signal (3.4), i.e. fsys = fexc = 5 Hz

(Psys = Pexc = 1). In addition, P = 8 periods of the output and the input

signal were collected to obtain an accurate estimate of the transient-free

input-output noise variance σ̂2
V̂X

, X = Y,U .

If no NL and noise distortions are present at the input of the circuit,

the generalized OE framework described in Section 3.7 can be utilized. In

that case the reference DFT spectrum R(kP ) = 1√
PN

DFT{r(nTs)} should

be available to check the spectral purity of the input. The reference signal

(3.4) r(t) is the signal stored in the arbitrary waveform generator (AWG).
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Figure 3.21: Top, Left: the transient-free input spectrum Û(kP ) (black
dots) originating from the actuator. The input NL distor-
tion std{UNL(kP )} is depicted in gray, while the input noise
std{V̂Û(kP )} is given in light gray. Top, Right: the transient out-

put spectrum Ŷ (kP ) (black dots) of the circuit, the output NL
distortion std{YNL(kP )} (dark gray dots) and the output noise
std{V̂Ŷ (kP )} (light gray dots).

For getting an idea of the level of the NL distortion at the input, a model

of the actuator (i.e. a model from reference R to input U) is needed. Replac-

ing respectively U(kP ) → R(kP ) and Ŷ (kP ) → Û(kP ) (3.29) and Nh = 0

(TI actuator) in the algorithm of the D-LPM in Section 3.7, we get an es-

timate of the variance of the transient-free input noise var{V̂Û(kP )} (3.32)

and the input NL distortion var{UNL(kP )} (3.59). Looking at Fig. 3.21, it

can be seen that the input NL distortion std{UNL(kP )} is on average 70 dB

lower than the transient-free input DFT spectrum ∣Û(kP )∣ (3.29). Hence,

the OE framework can successfully be applied to the time-periodic circuit.

The measurement results for {Nh = 12,15,18 and 30} and polynomial

order L = 2 are depicted in Fig. 3.22. It can be observed that Nh values,

which is larger than the 6 harmonics of the scheduling signal, result in

better iFRF estimates. The procedure in Section 3.7.1 yields an optimal

order of Nh = 18 harmonics after a scan of different model orders Nh = 0 →
Nh = 30 has been done (see the RMS of the total distortion levels for Nh =
12,15,18 and 30). A first glance at this figure shows that the time-periodic
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Figure 3.22: Measurement results: the estimated iFRF at the excited frequen-
cies kP for some time instants is given in black (Nh = 18). The
square root of (3.72) for Nh = 18 (black line) is considerably higher
than the square root of (3.73) (gray line indicated by noise). Note
that it does not make any sense to increase Nh (compare Nh = 30
with Nh = 18). Hence, weakly NL distortions can be detected.

circuit is weakly nonlinear (compare the black signal (Nh = 18) with the

noise floor). In the neighborhood of the resonance frequency the estimated

iFRF lies 40 − 45 dB higher than its total uncertainty. Furthermore, it

can clearly be seen from the same figure that the resonance frequency is

varying between 5 kHz and 10 kHz. Its evolution is depicted by the 3D-plot

in Fig. 3.20 (right). Again, one can observe the good agreement between

the shape of the multisine scheduling signal (left) and that of the resonance

frequency of the circuit (right and bottom). This was already noticed by

the early obtained results with the D-SA in Fig. 3.10 (right) and Fig. 3.14.

The reason why the harmonic degree Nh = 18 is much larger than the

number of scheduling harmonics Nsched = 6 (Nh ≫ Nsched) can be explained

by the following observations:

• In theory, the decomposition of the ITF G(s, t) (2.7) results in an
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Figure 3.23: The first 9 estimated hFRFs {G+4,G+3,⋯,G0,⋯,G−3,G−4} of the
weakly NL time-periodic circuit in Fig. 3.10 (left) with scheduling
evolution shown in Fig. 3.20 (left). The level of the NL distortions
are given as thin black lines and the noise levels are shown with
gray thin lines. The uncertainties are calculated with (3.71).

infinite number of branches in Fig. 3.17 (top). However, due to the

noise and the NL distortions only a finite number can be estimated.

• The transistor in Fig. 3.10 acts as a resistor whose value is slightly

nonlinearly dependent on the scheduling signal and, thus, creates ad-

ditional harmonics.

The level of the NL distortions can also be translated to the measured

output spectrum Ŷ (kP ). Figure 3.21 confirms again the fact that the

electronic circuit is weakly nonlinear since σ̂2
YNL

(kP ) (3.59) is significantly

higher than σ̂2
V̂Y

(kP ) (3.32) and σ̂2
YNL

(kP ) ≪ ∣Ŷ (kP )∣ (mean difference of

43 dB around the resonance frequency).
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In order to get an idea of how well the hFRFs are estimated with the D-

LPM, the first 9 hFRFs and their uncertainties are shown in Fig. 3.23 (both

the noise as well as the NL levels are depicted). We obtained similar results

for the remaining blocks, yet it is not shown here for convenience. Note

that now the positive and the negative hFRFs considerably differ in shape,

which is due to the complexer type of scheduling in Fig. 3.20 (left) that

was applied. Although the level of the NL distortions is relatively small, an

obvious difference can be observed between the noise floor (gray signal) and

the level of the NL distortion (black signal), as the proposed linear time-

periodic model in Fig. 3.17 is not able to capture the nonlinearities. This

plot shows that the circuit is indeed weakly nonlinear and time-periodic(Ĝk ≫ std{Ĝk}).
3.8 Indirect Simple Approach (I-SA)

FRF-estimator

The iFRF/hFRF-estimators in Sections 3.6-3.7 do not make use of the

knowledge of the reference signal r(t) (3.4). In the following two sections

we develop indirect FRF-estimators that incorporate the knowledge of r(t).
In case the LTP system is operating in feedback and/or the actuator is

time-periodic in Fig. 3.28, the spectral purity at the input U(k) cannot be

guaranteed. Hence, the D-SA FRF-estimator in Section 3.6.1 will fail as

there will always be skirts present in the (true) input DFT spectrum U0(k)
due to the feedback loop and/or the LTP actuator. One could think of using

the D-SA FRF-estimator in Section 3.6.3 with multiple phase realizations

to average out the input skirts. However, in feedback this still would not

work since the (true) input DFT spectrum is correlated over the frequency,

i.e. Eϕ {U0(k + l)U0(k)} ≠ 0. Therefore, we propose an indirect “simple

approach” (I-SA) that circumvents this problem for slowly varying LTP

systems using a single experiment.

Starting from the relation of Wereley’s hFRF matrix in feedback (3.98),

and using the middle column extraction operator 10 in (2.23), the I-SA
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hFRF-estimator at the excited frequencies ωk = 2πkfexc, k ∈ Kexc is then

given by

Ĝ (jωk)ISA = Ĝ (jωk) 10 = (ĜRY (jωk) ĜRU (jωk)−1) 10 (3.75)

with G (jωk) defined in (3.41) and where the hFRF matrices ĜRX (jωk),
X = Y,U have the following matrix structure (see (2.22) in Chapter 2)

ĜRX(jωk) = ⎛⎜⎜⎜⎜⎝
⋱ ⋱ ⋱ ⋱ ⋱

⋱ Ĝ0,RX (j(ωk − ωsys)) Ĝ−1,RX (jωk) Ĝ−2,RX (j(ωk + ωsys)) ⋱

⋱ Ĝ1,RX (j(ωk − ωsys)) Ĝ0,RX (jωk) Ĝ−1,RX (j(ωk + ωsys)) ⋱

⋱ Ĝ2,RX (j(ωk − ωsys)) Ĝ1,RX (jωk) Ĝ0,RX ((jωk + ωsys)) ⋱

⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎠
(3.76)

with Ĝr,RX
(jωk) being the rth hFRF from reference R to either inputX = U

or output X = Y . Under the assumption that the input-output skirts are

not overlapping (replace u(t) → r(t) and y(t) → z(t) = (y(t) u(t))T and

their corresponding spectra in Fig. 3.9), meaning that the user-controlled

multisine reference signal r(t) (3.4) consists of well-separated excited lines,

the elements in the hFRF matrices ĜRX (jωk), X = Y,U in (3.76) can still

be estimated with the D-SA estimator (3.44) as explained below.

First, it is worth noting that the LTP system in feedback in Fig. 3.28

can be seen as an open-loop model from reference to input-output simul-

taneously. Hence, the results of the D-SA estimator in Section 3.6.1 apply

here as well. Next, substituting Û estim
k → Rk ∈ C1×1 and Ŷ

estim

k → Ẑ
estim

k =(Ŷ estim

k Û
estim

k )T ∈ C2(2Nh+1)×1 in (3.44) with Û
estim

k ∈ C(2Nh+1)×1 obtained

in exactly the same way as Ŷ
estim

k ∈ C(2Nh+1)×1, Rk (3.5) the kth Fourier coef-

ficient of the reference signal (3.4) and “estim = CA or LPM”, the following

I-SA hFRF-estimator from R ∈ C1×1 to Z ∈ C2(2Nh+1)×1

ĜRZ (jωk)ISA = Ẑ
estim

k

Rk

∈ C2(2Nh+1)×1 (3.77)

is proposed (Rk (3.5) is known exactly!). However, the information in (3.77)

is not sufficient to compute (3.75) since ĜRZ (jωk)ISA is only the middle

column of Wereley’s hFRF matrix from R ∈ C(2Nh+1)×1 to Z ∈ C2(2Nh+1)×1

ĜRZ (jωk) = (ĜRY (jωk) ĜRU (jωk))T
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in (3.76). This is due to the fact that there is a lack of excitation energy

at the DFT frequencies ωk + rωsys, k ∈ Kexc and r ≠ 0 in (3.76) (multi-

sine r(t) consists of well-separated excited lines in Fig. 3.9). Consequently,

the elements different from the middle column in (3.76), i.e. the shifted

hFRFs, cannot be measured directly without an additional assumption on

the smoothness of the hFRFs. By making, for instance, a zero order ap-

proximation for slowly varying LTP systems (ωsys

ωk
≪ 1, k ∈ Kexc),

Ĝr,RX
(j(ωk ± iωsys)) ≈ Ĝr,RX

(jωk) ± i
d Ĝr,RX

(jω)
d ( ω

ωk
)

hhhhhhhhhhhω=ωk

⋅ ωsys

ωk01111111111111111111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111111111111111113
small bias

(3.78)

with {i = 0,1, . . . ,Nh} and X = Y,U , the I-SA estimator (3.75) can be com-

puted. This hFRF-estimator can be improved even further by using a first

order approximation in (3.78) (the derivative over the frequency in (3.78)

is computed numerically). Optionally, combining the BET (3.45) and the

I-SA hFRF-estimator (3.75) yields the I-SA iFRF-estimator Ĝ(jωk, t)ISA in

case of no skirt-overlap. As regards the noise covariance matrix of the I-SA

estimator (3.75), i.e. cov{Ĝ (jωk)ISA}n, it is rather complicated, though fea-

sible to compute. The elaboration and implementation of cov{Ĝ (jωk)ISA}n
are left for future work. The experimental verification of the I-SA estimator

(3.75) is demonstrated on a biomedical application in Chapter 4.

3.9 Indirect Local Polynomial Method

(I-LPM) FRF-estimator

In order to circumvent a bias error in the D-LPM estimator in Section 3.7,

which is introduced by the input noise V̂U(kP ) in (3.18)/(3.32) (i.e. the

regression matrix K(kP ) in (3.65) becomes noisy), the modeling should be

done from R(kP ) ∈ C(2Nh+1)×1 → Ẑ(kP ) = (Ŷ (kP ) Û(kP ))T ∈ C(2Nh+2)×1.
The reason why Û(kP ) ∈ C(2Nh+1)×1 is used in Ẑ(kP ) ∈ C(2Nh+2)×1 and not

Û(kP ) ∈ C1×1 is because in feedback the full Wereley hFRF matrix from

R to U (3.98) should be inverted. Therefore, by performing the following
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substitutions in the input-output model (3.56):

Ŷ (kP ) ∈ C1×1 → Ẑ(kP ) ∈ C(2Nh+2)×1

U(kP ) ∈ C(2Nh+1)×1 → R(kP ) ∈ C(2Nh+1)×1

H (jωkP ) ∈ C1×(2Nh+1) → HRZ (jωkP ) = ⎛⎝HRY (jωkP )
HRU (jωkP )⎞⎠ ∈ C(2Nh+2)×(2Nh+1)

V̂Y (kP ) ∈ C1×1 → V̂Z(kP ) ∈ C(2Nh+2)×1

YNL(kP ) ∈ C1×1 → ZNL(kP ) ∈ C(2Nh+2)×1

and running the D-LPM algorithm in Section 3.7 yields an estimate for

Ĥ (jωkP ) = ĤRY (jωkP ) (ĤRU (jωkP )−1). Note that HRU (jωkP ) = GRU (jωkP )
and HRY (jωkP ) = GRY (jωkP )[0, ∶] (middle row), where GRU in (3.94) and

GRY in (3.97) are the Wereley hFRF matrices from referenceR ∈ C(2Nh+1)×1
to input U ∈ C(2Nh+1)×1 and output Y ∈ C(2Nh+1)×1 respectively.

Next, using the definition of the H-model in (3.57) and the relation

with the G−model in (3.54) yields the I-LPM hFRFs estimate Ĝ (jωk)ILPM.
Additionally, the I-LPM iFRF-estimator Ĝ(jωk, t)ILPM can be computed

from the BET (3.45) and the I-LPM hFRF-estimator Ĝ (jωk)ILPM. Lastly,
making the same reasoning as in Appendix 3.C and in the formulas (3.69)-

(3.71) the noise and total (co-) variances can be obtained.

3.9.1 Simulation Example: Errors-In-Variables

(EIV) case

The nonparametric I-LPM estimator from Section 3.9.1 has been applied

first on simulation data before applying it to real measurements in Chap-

ter 4. The system is a slowly varying continuous-time LTP band pass

filter with Nh = 4 significant hFRFs (see Fig. 3.24), as such 2Nh + 1 = 9

branches in Fig. 3.17 (top) are simulated. Moreover, the LTI-branch, i.e.

G0(jω) in Fig. 3.17 (top), has been chosen to be a six order band pass filter

with a dominant behavior w.r.t. the remaining blocks Gr(jωkP ), r ≠ 0 (see

Fig. 3.24).

Using noiseless input-output data, Fig. 3.24 reveals the quality of the

nonparametric estimate of the bias for increasing frequency resolution and
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Figure 3.24: The true hFRFs of the simulated LTP filter from Section 3.9.1
depicted in black, while the diminishing bias error for increasing
frequency resolution (resp. N , 2N and 4N data points, where
N = 5001) resulting from the nonparametric identification process
is given in gray.

a polynomial order of L = 2. The LPM theory in Pintelon et al. [2010b,c,

2011b] predicts that the bias of the estimate behaves as an O ((m/N)L+1),
which means that doubling the frequency resolution yields a decrease of 18

dB for L = 2. The plot in Fig. 3.24 confirms this decrease for doubling

and quadrupling the frequency resolution (respectively a decrease of 18

dB and 36 dB), so that the proposed theory is in good agreement with the

simulation. Hence, the bias error due to the local polynomial approximation

of the hFRFs (see (3.60)) will vanish completely when the number of time

domain samples goes to infinity, N → ∞.

To mimic a real situation, the LTP filter in Fig. 3.24 was simulated with

noise on the output as well as on the input (= EIV problem). Both noise

sources were chosen to be stationary filtered white noise contributions (see

(3.12)). The frequency band of interest has been selected in the interval
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Figure 3.25: The nonparametric hFRFs of the noisy LTP filter from Sec-
tion 3.9.1 depicted in black, with their uncertainty given in gray
(N = 10001 time domain data points are used). The model er-
ror (difference between the true hFRFs and the nonparametric
estimates) are depicted with black dots.

[100, 1500] Hz with Fexc = 2800 frequency lines and the fundamental fre-

quency of the time variation fsys was set to 1 Hz. The base frequency of

the excitation fexc in (3.4) (full and flat multisine, Pexc = 1) was equal to

0.5 Hz such that two periods of the time variation (Psys = 2) were observed.
In addition, only P = 1 period of the output signal (see Assumption 3.1) is

gathered as the system is LTP and, hence, no information concerning the

NL distortion is needed (i.e. the total covariance = the noise covariance).

The results of the estimation process for a polynomial order L = 2 are

summarized in Fig. 3.25 by plotting the nonparametric hFRFs with their

corresponding total stds (= noise stds). From this figure it can be seen

that the uncertainty on the nonparametric hFRFs lies in the vicinity of

the model residual (i.e. the difference between the true hFRFs and the

estimated ones). This is an intrinsic property of the LPM. The method is
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Figure 3.26: Principle to estimate G(jωk, t) based on the STFT approach using
overlapped segment averaging. The input-output signals u (t) and
y (t) of length N samples are divided into M segments (red boxes)
of Nw samples with an overlap of O samples. Tsys and Psys are,
respectively, the pumping period and the number of system cycles
within the observation time T .

thus able to give an excellent indication of the mean square error (stochastic

(noise) + systematic (bias) errors).

3.10 STFT-based approaches for estimating

the frequency response behavior of

slowly varying LTP systems

In this section we sketch the main steps for the estimation of the iFRF

G(jωk, t) through the short-time Fourier transform (STFT) technique Allen

and Rabinier [1977]. The STFT enables to approximate the iFRF G(jωk, t)
as a time-invariant FRF during the short time window Tw, i.e. G(jωk, t∗) ≈
G(jωk, t∗ + Tw) with t∗ an arbitrary time instant within the entire mea-

surement interval T = NTs. The STFT principle consists of splitting the

signals u (t) and y (t) (N samples length) into M blocks (segments) of Nw

samples, where each block contains an integer number of multisine periods
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3.10. STFT-based approaches for estimating the frequency response
behavior of slowly varying LTP systems

Pms = Tw

Texc
∈ N with Texc the period of r(t) (3.4) (the spectral leakage is then

minimized). Apart from that, it is assumed that the measurement record

contains Psys ∈ N system cycles (see Fig. 3.26).

Overlapping blocks can be used to increase the temporal resolution of

the STFT as shown below. The DFT of the p-th period of the m-th input-

output segment x[m,p][n], x = y, u using overlapping block averaging is

computed as

X[m,p] (k) = 1√
Nms

DFT{x[m,p][n]} (3.79)

= 1√
Nms

Nms−1∑
n=0

x [n + (p − 1)Nms + (m − 1) (Nw −O)] e−j2π kn
Nms

(3.80)

with X ∈ {Y,U,R} being the DFT spectra of x ∈ {y, u, r}, m = (1,2, . . . ,M),
M the number of blocks (segments), p = (1,2, . . . , Pms), Pms the number of

periods of r(t) in Tw, Nw being the number of samples in a block (segment)

and Nw −O the number of common samples in two consecutive overlapping

segments. The overlapping technique results indeed into an increase of the

temporal resolution Δt, viz.

Δt = (Nw −O) Ts (3.81)

with O ∈ {0,1,2, . . . ,Nw − 1} (O = 0 no overlap, O = Nw − 1 full overlap).

The working principle of this method is explained in Fig. 3.26.

The STFT-based methodologies to estimate G(jωk, t) are based on sim-

ple or on more advanced LTI identification approaches, which are particular

cases (Nh = 0) of the identification methods in Sections 3.6-3.9. For com-

pleteness, we briefly discuss the methodology in the following subsections.

3.10.1 D-SA STFT instantaneous FRF-estimator

Assuming that in general an integer number of periods of the reference signal

(3.4) is measured within a segment window Tw, i.e. Pms = Tw

Texc
∈ N, we obtain

a consistent iFRF-estimator (Pms → ∞) from the “simple” division of the
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output-input spectra at the excited frequencies k ∈ Kexc in (3.4)

Ĝ (jωk, tm)STFT = Ŷ [m] (k)
Û [m] (k) = 1

Pms
∑Pms

p=1 Y [m,p](k)
1

Pms
∑Pms

p=1 U [m,p](k) , (3.82)

with ωk = 2π k
Tms

, tm = mΔt in (3.81), X[m,p] ∈ {Y [m,p], U [m,p]} the DFT

(3.80). The input-output DFT spectra U [m,p](k) and Y [m,p](k) in (3.82) are

averaged over the Pms consecutive periods in Tw to reduce the noise influence

and to get an estimate of their (co-)variances. Therefore, the covariance of

the input-output sample mean over the multisine periods Ŷ [m](k), Û [m](k)
at k ∈ Kexc is given by the expression

σ̂2
X̂1X̂2

(k,m) = 1

Pms(Pms − 1) Pms∑
p=1

(X[m,p]
1 (k) − X̂1

[m](k))(X[m,p]
2 (k) − X̂2

[m](k))
(3.83)

with X{1,2} ∈ {Y,U} and where the shorthand notation σ2
XiXi

= σ2
X is

adopted. Finally, the noise variance on Ĝ (jωk, tm)STFT
can be obtained

as follows: combining (3.82)-(3.83) and using the same reasoning as in

[Pintelon and Schoukens, 2012] yields

var{Ĝ (jωk, tm)STFT}
n
= σ̂2

Ĝ
(jωk, tm)STFT

n =
∣Ĝ (jωk, tm)STFT∣2 ⎛⎝ σ̂2

Ŷ
(k,m)∣Ŷ [m](k)∣2 + σ̂2

Û
(k,m)∣Û [m](k)∣2 − 2Re

⎛⎝ σ̂2
Ŷ Û

(k,m)
Ŷ [m](k)Û [m](k)⎞⎠⎞⎠ .

(3.84)

3.10.2 I-SA STFT instantaneous FRF-estimator

The I-SA STFT estimator is based on a “simple” scalar division of the

input-output DFT spectra by the reference DFT spectrum, viz.

Ĝ (jωk, tm)STFT = ĜRY (jωk, tm)
ĜRU (jωk, tm) = 1

Pms
∑Pms

p=1 (Y [m,p](k)/R[m,p](k))
1

Pms
∑Pms

p=1 (U [m,p](k)/R[m,p](k)) . (3.85)

Note that for periodic reference signals r(t) (3.4), we have that R[m,p](k) =
R[m](k) such that the I-SA STFT impedance estimator (3.85) and its noise

variance boil down to (3.82) and (3.84) respectively.
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Figure 3.27: Principle to estimate the hFRFs based on the STFT technique.
The estimated hFRFs Ĝr (jωk)STFT follows from the DFT of
Ĝ(jωk, tm)STFT w.r.t. tm.

3.10.3 I/D-LPM STFT instantaneous

FRF-estimator

More or less the same reasoning can be followed for the more advanced

STFT FRF-estimators (D-LPM and I-LPM) by putting Nh = 0 in the iden-

tification algorithms in, respectively, Section 3.7 and Section 3.9 keeping

in mind the working principle of the STFT in Fig. 3.26. The interested

reader is referred to the work of [Sanchez et al., 2013a] for the technical

details. For instance, it has been reported how time-varying nonlinear and

noise variance expressions for the iFRF can be obtained through the STFT

principle.

3.10.4 Estimation of the hFRFs from Ĝ(jωk, tm)STFT
From the above-mentioned STFT-based techniques the temporal evolution

of the iFRF, i.e. Ĝ(jωk, tm)STFT with STFT ∈ {DSA, ISA, DLPM, ILPM},
is estimated at discrete time instants tm and excited frequencies k. Because

the harmonics of a (band-limited) periodic signal can be computed (exactly)

from the DFT of a sampled signal, the same can be done for obtaining the

hFRFs from Ĝ(jωk, tm)STFT (see (2.8) with s = jωk). Note that, when a

non-integer number of system cycles Psys is processed, i.e. Psys = T
Tsys

∉ N

(T being the observation time), (2.8) will be subject to leakage when it is

computed with the DFT. Therefore, from now on we restrict ourselves to
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the case where Psys = T
Tsys

= M
NG

∈ N holds (M stands for the number of

(overlapping) blocks processed and NG = Tsys/Δt the number of estimated

FRFs in a cycle, with Δt defined in (3.81), see Fig. 3.27). Applying then

the DFT w.r.t. tm to the p-th system cycle of Ĝ (jωk, tm)STFT
(see Fig. 3.26-

3.27) delivers an estimate for the hFRFs

Ĝ
[p]
r (jωk)STFT = 1

NG

DFT{Ĝ[p] (jωk, tm)STFT}
= 1

NG

NG−1∑
m=0

Ĝ[p] (jωk, tm)STFT
e
−j2π rm

NG (3.86)

with STFT ∈ {DSA, ISA, DLPM, ILPM}. To have an idea of the variability

of the hFRFs over the Psys system cycles, an improved estimate (sample

mean over the system periods) and its sample variance are calculated

G̃r (jωk)STFT = 1

Psys

Psys∑
p=1

Ĝ
[p]
r (jωk)STFT

(3.87)

σ̂2
G̃r

(jωk)STFT = 1

Psys(Psys − 1) Psys∑
p=1

∣Ĝ[p]
r (jωk)STFT − G̃r (jωk)STFT∣2 .

(3.88)

Ultimately, the STFT hFRF-estimator (3.87) is verified on a biomedical

application in the next chapter.

3.11 Discussion of different FRF-estimators

3.11.1 Direct versus indirect FRF methods

As pointed out in Section 3.5, the difference between the direct (D) and the

indirect (I) identification methods relies on the prior knowledge/use of the

reference signal r(t) (3.4). Knowing r(t) enables to work under both open-

as well as closed-loop conditions, and the EIV case (noisy input, noisy

output) can easily be handled. As regards the I/D-SA FRF-estimator,

it only works when the reference/input consists of well-separated excited

lines to avoid the overlap of the input-output/output skirts. If not, the

iFRF and the hFRFs SA-estimator will be biased. Note that we have full
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control of the reference signal r(t) while we do not have any guarantee

for the spectral purity at the input u(t). Hence, by properly designing

r(t) the I-SA can be used for LTP systems in feedback. On the other

hand, skirt-overlap is allowed when multiple phase realizations are used in

the D-SA. However, care should be taken for the D-SA FRF-estimator in

closed-loop since it will be biased even when r(t) is free of skirts (see the

measurement results in Chapter 4). In general, when the input is subject

to noise, nonlinear and/or time-periodic distortions (the feedback loop is

nonlinear and/or time-periodic), it is desirable to use the indirect methods

(see Pintelon and Schoukens [2012] for NLTI systems). We refer to Table 3.2

for a brief summary between the different direct and indirect FRF methods

presented in this chapter.

3.11.2 SA versus LPM FRF-estimator

The I/D-LPM FRF-estimator starts from the “smoothness” assumption

of the hFRFs over the frequency, giving the possibility to estimate the

standard deviation of the iFRF due to nonlinear distortions σ̂Ĝ(jωk, t)NL

as well as due to noise σ̂Ĝ(jωk, t)n considering a single multisine realiza-

tion. Whereas for the I/D-SA FRF-estimator only the noise contribution

σĜ(jωk, t)n can be quantified from a single experiment. However, the D-

SA FRF-estimator does not use any smoothness assumption concerning the

dynamical behavior of the LTP system under test, while the I-SA makes a

zero/first-order approximation of the hFRFs (see (3.78)). Furthermore, the

I/D-SA and I-LPM FRF-estimator are valid for EIV problems, while the

D-LPM is biased for noisy inputs. Nonetheless, the I/D-LPM can handle

(very) fast varying systems. On the other hand, the I/D-SA is only practical

for intermediate/slowly varying systems (see Table 3.2 for an overview).
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3.12. Conclusions

3.11.3 LTP-based versus STFT-based approaches

Unlike the LTP-based identification approaches, the estimation of the in-

stantaneous frequency response behavior with the STFT methods provide

an intermediate result in the time-frequency domain, i.e. Ĝ(jωk, tm)STFT,

including noise and/or stochastic NL uncertainty bounds. However, the

temporal evolution of the FRF is only known at discrete time-instants

(nonparametric-in-the-time-variations), i.e. Ĝ(jωk, tm)STFT, while the LTP-

based approaches are parametric-in-the-time-variations, i.e. Ĝ(jωk, t)estim,
with “estim = I/D-SA or I/D-LPM” (see (3.45)). The major drawback of

the STFT framework, which the LTP methods do not have, is that certain

physical phenomena in the system might be lost due to the TI assumption

within a segment window. Another disadvantage is that it only applies to

(very) slowly varying LTP systems, while some LTP estimators (like the

I/D-LPM and the D-SA with multiple phase realizations) can handle fast

variations as well. In return, STFT-based identification tools are, in general,

easier to work with and, second, synchronization is not required between

the excitation and the periodic variations. Finally, the LTP estimators need

at least one system cycle to be measured, whereas the STFT-techniques can

be either computed on-the-fly or offline. Table 3.2 summarizes the pros and

cons of the LTP- and STFT-based identification schemes.

3.12 Conclusions

We have presented various direct and indirect identification schemes for

estimating nonparametrically the frequency response behavior of LTP sys-

tems using periodic excitations. The key relies in the fact that a SISO LTP

identification problem can be converted to either a SIMO LTI or a MISO

LTI one. By doing such a conversion, interesting properties from recently

developed MIMO LTI estimation methods are inherited. These include

the very good detection and quantification of the stochastic as well as the

modeling (bias) errors.

135



3. Measurement of the Instantaneous and Harmonic FRFs
Using Periodic Excitations

Besides, we have seen how we can construct noise and/or nonlinear

variance expressions for the estimated iFRF and the hFRFs, providing the

quantities with a quality label. Since in practice the number of hFRFs

Nh in the proposed model structure is unknown, a practical method has

been given to determine Nh for both the linear as well as for the nonlinear

case. It is based on the noise and/or the nonlinear variance analysis of

the estimated iFRF/hFRFs. Finally, the identification theory has been

supported by simulations and real measurements.

Appendix

3.A Properties of the stochastic NL

distortion term (3.2)

To show that the PSD of yNL(t) in (3.3) is time-periodic/cyclo-stationary,

SyNL
(jω, t) (3.3) is elaborated as follows. Starting from (3.2) and the defi-

nition of the nonstationary PSD one has

SyNL
(jω, t) ≜ Fτ {E{yNL(t)yNL(t − τ)}}

= Fτ

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
+Nh∑

k,r=−Nh

E

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩yNL[k](t) yNL[r](t − τ)01111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111113= stationary process

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ejkωsyste−jrωsys(t−τ)
⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

= +Nh∑
k,r=−Nh

Fτ

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
E{yNL[k](t) yNL[r](t − τ)}011111111111111111111111111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111111111111111111111113≜RyNL[k],[r]

(τ)
ejrωsysτ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
ej(k−r)ωsyst

= +Nh∑
k,r=−Nh

SyNL[k],[r]
(jω − j rωsys) ej(k−r)ωsyst (3.89)

with SyNL[k],[r]
(jω) ≜ Fτ {RyNL[k],[r]

(τ)}
which shows that SyNL

(jω, t+Tsys) = SyNL
(jω, t) is Tsys-periodic (Tsys = 2π

ωsys
).

Since the kth NL distortion term yNL[k](t) is time-invariant, it is not

hard to prove that the total NL distortion yNL(t) (3.2) has zero mean and
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is uncorrelated with the input, viz.

E{yNL(t)} = +Nh∑
k=−Nh

E{yNL[k](t)}011111111111111111111111111111121111111111111111111111111111113=0
ejkωsyst = 0 (3.90)

E{yNL(t)u(t)} = +Nh∑
k=−Nh

E{yNL[k](t)u(t)}0111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111113=0
ejkωsyst = 0 . (3.91)

3.B The noiseless DFT input-output

relationship under feedback conditions

 
 

 
  

 

 

 

 

Figure 3.28: Frequency domain equivalent of the closed-loop experimental
setup in Fig. 3.3 under a multisine reference excitation signal r(t)
(3.4) in transient regime. The shifted input-output DFT spectral
relationships of the different blocks are described by Wereley’s
HTF matrix (2.21)-(2.22) evaluated at s = jωk.

First, it can be observed that Wereley’s HTF matrix (2.22) for LTP

systems can be treated as being an LTI transfer function with multi-variate

inputs and outputs (2Nh+1 in number). Consequently, all the elaborations

that follows are analogous to the MIMO LTI case. One has for the input-

output DFT relationship of the plant G in Fig. 3.28 (with the notations

defined in Theorem 3.1)

Ỹ0(k) = G(jωk) Ũ0(k) +TG(jωk) (3.92)

where the structure of the matrix G ∈ C(2Nh+1)×(2Nh+1) and the vectors

Ỹ0, Ũ0,TG ∈ C(2Nh+1)×1 are shown in (2.22). Next, Computing the noiseless
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transient input DFT vector Ũ0(k) using the closed-loop setup in Fig. 3.28

we have for the input-reference relationship

Ũ0(k) = Gact(jωk)R(k) +Tact(jωk) −Gfb(jωk) Ỹ0(k) −Tfb(jωk) (3.93)

with Gact(jωk) being the actuator hFRF matrix, R(k) the multisine ref-

erence DFT vector, Tact(jωk) the actuator transient vector, Gfb(jωk) the

feedback hFRF matrix, Ỹ0(k) the noiseless transient output DFT vector

and Tfb(jωk) the feedback transient vector. Plugging (3.92) in (3.93) we

get after rearranging the terms

Ũ0(k) = U0(k)0111112111113
GRU0

(jωk)R(k)
+ TŨ0

(jωk)01111111111111111111211111111111111111113
input closed-loop
system transients

(3.94)

with GRU0(jωk) = (I2Nh+1 +Gfb(jωk)G(jωk))−1Gact(jωk) being the hFRF

matrix from the reference DFT vector R(k) to the noiseless steady state

input DFT vector U0(k), and where

TŨ0
(jωk) = (I2Nh+1 +Gfb(jωk)G(jωk))−1 ×(Tact(jωk) −Tfb(jωk) −Gfb(jωk)TG(jωk)) (3.95)

stands for the vector of the remaining input closed-loop system transients.

The input closed-loop transient term in (3.8) is then found by taking the

middle element (0th position) of the vector TŨ0
(jωk), i.e. TŨ0

(jωk) =(TŨ0
(jωk))[0] ∈ C1×1. For obtaining the output closed-loop system transient

term TỸ0
(jωk) in (3.8), (3.93) is first multiplied by the plant hFRF matrix

G(jωk), adding then the plant transients TG(jωk) and equalizing with

(3.92) we obtain for the output-reference relationship

Ỹ0(k) = G(jωk) (Gact(jωk)R(k) −Gfb(jωk) Ỹ0(k))+ G(jωk) (Tact(jωk) −Tfb(jωk)) +TG(jωk). (3.96)

Solving afterwards for Ỹ0(k) in the expression (3.96) we get

Ỹ0(k) = Y0(k)0111112111113
GRY0

(jωk)R(k)
+ TỸ0

(jωk)01111111111111111111211111111111111111113
output closed-loop
system transients

(3.97)
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over the frequency (3.69)

with GRY0(jωk) = G(jωk) (I2Nh+1 +Gfb(jωk)G(jωk))−1Gact(jωk) being

the hFRF matrix from the reference DFT vector R(k) to the noiseless

steady state output DFT vector Y0(k) (i.e. periodic part), and where the

following property

G(jωk) (I2Nh+1 +Gfb(jωk)G(jωk))−1 = (I2Nh+1 +G(jωk)Gfb(jωk))−1G(jωk)
for MIMO systems was used. Combining (3.94) and (3.97) shows that the

plant hFRF matrix equals

G(jωk) = GRY0(jωk) (GRU0(jωk))−1 . (3.98)

This is analogous to the indirect frequency response matrix relationship

in closed-loop MIMO LTI systems [Pintelon et al., 2011b; Pintelon and

Schoukens, 2012]. From (3.96)-(3.97) it follows that the remaining output

system transient in feedback is equal to

TỸ0
(jωk) = (I2Nh+1 +G(jωk)Gfb(jωk))−1 ×(G(jωk) (Tact(jωk) −Tfb(jωk)) +TG(jωk)) . (3.99)

Similarly, the output closed-loop system transient term TỸ0
(jωk) is found as

the middle element (0th position) of the output closed-loop system transient

vector, i.e. TỸ0
(jωk) = (TỸ0

(jωk))[0] ∈ C1×1 (see the vector structure in

(2.22)). Ultimately, extracting the middle row of, respectively, (3.97) &

(3.94) and stacking them on top of each other the closed-loop signal model

(3.8) & (3.10) is proven.

3.C Elaboration of the covariance of the

frequency-translated hFRFs over the

frequency (3.69)

Neglecting the bias term in (3.60) and combining equations (3.64)-(3.66)

and using the fact that the true shifted hFRF vector equals

H(jωkP ) = Θ(kP )[1 ∶2Nh+1]
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it can readily be proven that the following relation holds for the noisy part

of the shifted hFRF vector

ΔĤ(jωkP ) = Ĥ(jωkP ) −H(jωkP ) = V(kP )S(kP ) (3.100)

with S(kP ) = K(kP )H(K(kP )K(kP )H)−1(I2Nh+1 0)T . (3.101)

Since we have that the expected value equals the true value E{Ĥ(jωkP )} =
H(jωkP ) (E{ΔĤ(jωkP )} = 0 in (3.100)) and from the definition of the co-

variance cov{X̂, Ŷ} = E{ΔX̂
T
ΔŶ} (X, Y are row vectors and with X the

complex conjugate of X), we find that (3.69) is equal to

C
[r, i]
Ĥ

(kP ) = ST ((k + r)P )E{V((k + r)P )T V((k + i)P )} S((k + i)P ).
(3.102)

Using then the assumption that the total (noise + NL) distortion is uncor-

related over the frequency, it can easily be shown that

C
[r, i]
V (kP ) = E{V((k + r)P )T V((k + i)P )} (3.103)

in (3.102) is a (2nLPM + 1) × (2nLPM + 1) matrix with only zeros except on

the (r− i)th diagonal. Following the same methodology as in Pintelon et al.

[2010b], (3.103) can be simplified to

C
[r, i]
V (kP ) = σ̃

2, [r, i]
Ŷ

(kP ) Dr−i + O (nLPM/N) (3.104)

with Dr−i a (2nLPM + 1) × (2nLPM + 1) matrix with only zeros except on

the (r − i)th diagonal which is filled by ones (2nLPM + 1 − ∣r − i∣ elements).

The scalar σ̃
2, [r, i]
Ŷ

(kP ) in (3.104) stands for the averaged value along the(r − i)th diagonal of C
[r, i]
V (kP ) in (3.103), which is computed as

σ̃
2, [r, i]
Ŷ

(kP ) = 1

2nLPM + 1 − ∣r − i∣ nLPM+w(r−i)+i∑
l=−nLPM−w(r−i)+r

σ2
Ŷ
((k + l)P ) (3.105)

with w a boolean variable (being 1 if r − i ≤ 0, otherwise 0). Next, ignoring

the bias in (3.104) and combining the equations (3.102)-(3.105) we get

C
[r, i]
Ĥ

(kP ) = σ̃
2, [r i]
Ŷ

(kP ) (S((k + r)P )T Dr−i S((k + i)P )) . (3.106)
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3.C. Elaboration of the covariance of the frequency-translated hFRFs
over the frequency (3.69)

Lastly, CĜ(kP )DLPM = cov{Ĝ(jωkP )LPM} can be obtained from the co-

variance matrix C
[r, i]
Ĥ

(kP ) = cov{Ĥ(jω(k+r)P ), Ĥ(jω(k+i)P )} in (3.106) by

filling CĜ(kP )DLPM with the following entries

CĜ(kP )DLPM[Nh−r/Psys+1,Nh−i/Psys+1] = C
[r, i]
Ĥ

(kP )[Nh−r/Psys+1,Nh−i/Psys+1] (3.107)

with r, i = Psys(−Nh,−Nh + 1, ...,0, ...,Nh) and where X[i, j] denotes the el-

ement on the ith row and the jth column. Replacing σ2
Ŷ
in (3.105) by its

estimated value σ̂2
Ŷ
and using (3.106), an estimate is obtained for (3.107).
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Chapter 4

Application: in vivo Myocardial

Impedance Spectroscopy

Abstract

The bioimpedance measurement/identification of time-varying

biological systems Z(jω, t) by means of electrical impedance spec-

troscopy (EIS) is still a challenge today. This chapter presents mul-

tisine based measurement/identification approaches for time-variant

(bio-)impedance systems with a distinctive periodic character. The

identification schemes are experimentally validated through three

independent sets of in situ measurements of in vivo porcine my-

ocardium. First, it is shown that the time-variant myocardial impedance

Z(jω, t) is dominantly periodically time-varying (PTV), denoted as

ZPTV(jω, t). Next, from the temporal analysis of ZPTV(jω, t), we
demonstrate that it is possible to decompose ZPTV(jω, t) into a sum

of fundamental bioimpedance spectra, Zk(jω) with k ∈ Z, called

harmonic impedance spectra (HIS). Basically, the HIS Zk(jω) for

k ∈ Z/{0} summarize in the bi -frequency (ω, k)-domain all the tem-

poral in-cycle information about the periodic changes of Z(jω, t).
For the particular case k = 0, Z0(jω) reflects the mean in-cycle

behavior of the time-varying bioimpedance. Finally, the HIS are

directly identified, using simple as well as more sophisticated tech-

niques, from noisy current and voltage myocardium measurements.
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4. Application: in vivo Myocardial Impedance Spectroscopy

4.1 Introduction

The characterization of biological materials by means of electrical impedance

spectroscopy (EIS) provides relevant physiological information about the

properties of tissues, which is related at a macroscopic level to the physiolog-

ical states of tissues [Gersing, 1998]. In the case of the heart, the traditional

spectroscopy approach to determine the myocardial impedance spectrum

consists in applying a single frequency current stimulus. The bioimpedance

spectrum is then determined by performing a frequency sweep operation

(see Fig. 4.1 A). For many years, this frequency sweep approach has been

the most adopted EIS technique to study the myocardium through animal

in vivo and ex vivo post mortem tissue experiments.

The myocardial impedance was, for instance, carried out at a single

frequency in the 1 kHz → 10 kHz range [Fallert et al., 1993], or a fre-

quency sweep was performed in the 1 kHz → 1 MHz range [Schwan, 1984;

Gersing, 1998]. Examples of such in vivo single-frequency and multifre-

quency myocardium studies are reported in [Mellert et al., 2010] to de-

tect reversible myocardial ischemic injury through a percutaneous electro-

catheter. Whereas in [Warren et al., 2000] it is demonstrated how the detec-

tion of healed transmural myocardial infarction can be done. In [Giovinazzo

et al., 2011] transoesophageal measurements were made to detect human

heart graft rejection. Other studies, where the interest is to measure a

time-varying bioimpedance based on single frequency measurements, can

be found in impedance cardiography [Kubicek et al., 1966] or in impedance

pneumography [Koivumäki et al., 2012].

As may be observed in Fig. 4.1, the main drawback of the frequency

sweep EIS strategy is its total measuring time Tmeas to acquire a complete

spectrum, which can be much longer than the bioimpedance time-variations,

i.e. provoked by the cardiac or the respiratory activity [Brown et al., 1994;

Sanchez et al., 2013c]. In the end, the impedance’s accuracy depends on the

number of cycles measured at each excited frequency, which in turn puts

restrictions on the total measuring time. An example of frequency sweep

measuring times, for the measurement of in vivo time-varying myocardial
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Figure 4.1: Top: Representation of the frequency sweep EIS technique for the
measurement of time-varying bioimpedance Z(jωk, t) with ωk =
2πfk the excitation frequency. δti, Δti and Tmeas denote the single-
frequency measurement time, the time between two consecutive
measurement frequencies and the total measuring time respectively.
Bottom: Measured magnitude bioimpedance spectrum ∣Zmeas (fk) ∣.

impedance, can be found in [Steendijk et al., 1994] and [Warren et al., 2000].

[Steendijk et al., 1994] reported a Tmeas = 30 s in order to acquire a spectrum

at eight frequencies. Six years later, Warren and co-workers were able to

measure twenty-five frequencies in a time span of Tmeas = 20 s with δti < 0.1

s. Note that δti contains the response of a (bio-)system to a finite time-

length excitation signal applied at some time instant, i.e. a sinusoidal or a

broadband signal shown in Fig. 4.1−4.3, which consists of two terms in the

frequency domain, (i) the transient/leakage term (due to non-zero initial

and end conditions of an experiment) and (ii) the steady-state response

(see Chapter 2 and 3 for more technical details).

145



4. Application: in vivo Myocardial Impedance Spectroscopy

As a consequence of those large frequency sweep measuring times Tmeas,

the temporal variation of the bioimpedance spectrum might be under sam-

pled. The under sampled time-varying behavior of the (bio-)system behaves

as a noise disturbance (i.e. time-varying distortions) on the bioimpedance

spectrum (see Fig. 4.1 A). Indeed, it has been shown recently in [Lataire

et al., 2012] that time-varying distortions can be seen as a frequency cor-

related noise source acting on the measurements. One possibility to mit-

igate this loss of accuracy is to synchronize the impedance measurement

system with the varying (bio-)system so that each single-frequency mea-

surement starts at the same time instant w.r.t. the (bio-)system time-

variations (see the red dashed lines in Fig. 4.1 B). For example, [Bragos

et al., 2001] used the first derivative of the ventricular pressure as a trigger.

With this approach it is then feasible to get the evolution of the time-

varying bioimpedance only if a time sweep over the cycle is performed, i.e.

sweeping the relative instant t∗ within the cycle (see Fig. 4.1 B).

Importantly, the major limitation for the synchronized frequency sweep

technique in Fig. 4.1 (B) relies on the fact that each single frequency is mea-

sured at different time instants t1,⋯, tn. Therefore, it is only valid when no

significant changes in the (bio-)system were present from period to period

during the measuring time Tmeas. As a consequence, the non-synchronized

frequency sweep approach fails to contain any information about the time-

varying behavior of the (bio-)system (see Fig. 4.1 A). Nevertheless, it is

still possible for this non-synchronized frequency sweep technique to reduce

the uncertainty due to time-varying distortions on the mean bioimpedance

spectrum by averaging successive frequency sweep experiments as, for ex-

ample, done in [Bragos et al., 1996] (ten frequency sweeps were averaged).

To monitor the time-evolution of the bioimpedance spectrum, most EIS

approaches are based on simultaneous multifrequency measurements using

spread-spectrum excitations, such as binary Sun et al. [2007]; Yang et al.

[2011], chirp Min et al. [2011]; Trebbels et al. [2012] or multisine signals

Bragos et al. [2001]; Sanchez et al. [2011b, 2012b] – applied for human head

imaging in electrical impedance tomography Yerworth et al. [2003], in vivo

myocardium and lung tissue characterization Sanchez et al. [2011a, 2013c].
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Figure 4.2: Representation of the broadband EIS for the nonparametric-in-
time measurement of Z(jωk, t) with ωk = 2πfk being the excitation
frequency. Two possible approaches exist: the (bio-)system is either
excited (A) with a continuous reference broadband signal r(t) or
(B) with a non-continuous one.

Thanks to multiple frequencies that are being excited at the same time,

the total measuring time Tmeas to acquire a complete bioimpedance spec-

trum is drastically reduced. Compared with the frequency sweep EIS ap-

proach, the corresponding measuring times for the on-line multisine EIS

based method described in Sanchez et al. [2011a] are δti = 4 ms and Δti = 16

ms. As a result, the bioimpedance spectrum temporal resolution is 50 spec-

tra/second (26 quasi-log frequencies from 1 kHz → 1 MHz). By repeating

then the measurements over time, the time-evolution of the bioimpedance

spectrum can be reconstructed as reported in figure 8 in Sanchez et al.

[2013c]. By construction, this is a nonparametric-in-time measuring tech-

nique as the bioimpedance is determined at discrete time instants only (see

the solid circles in Figure 4.2). The reader is referred to Schoukens et al.

[2000] to get more insight into how the frequency sweep and the broadband

measuring times determine the accuracy of the bioimpedance frequency re-

sponse.

Similar to the frequency sweep EIS approach, the validity of the com-

monly used nonparametric-in-time measuring method is based on the fact
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4. Application: in vivo Myocardial Impedance Spectroscopy

that, during each measurement interval δti, it is inherently assumed that the

bioimpedance is time-invariant. Therefore, conventional signal processing

techniques meant for spectral analysis of LTI systems can be used Pintelon

et al. [2012]. If not, then it is impossible to reconstruct the bioimpedance

spectrum temporal evolution using LTI tools as the bioimpedance spectrum

considerably changes during the measurement interval δti. The major limi-

tations associated with this measurement technique, which is illustrated in

Figure 4.2, are detailed below.

• In those applications where it is not possible to continuously excite

the time-varying (bio-)system, the presence of transients in each mea-

surement compromises the impedance accuracy and complicates the

data processing (see Figure 4.2 B). The classical approach to over-

come the resulting leakage phenomenon in the frequency domain is

by spectral windows Harris [1978], or by more advanced frequency

domain tools Sanchez et al. [2011a]; Pintelon and Schoukens [2012].

• The bioimpedance spectrum is only known at discrete time instants,

say Z(jω, t0), Z(jω, t1), Z(jω, t2), ⋯ , Z(jω, tn) with ti+1−ti = Δti+δti
the (constant) time required between measurements to measure, store

and/or to process the current and voltage data. Hence, some useful

information (between the measurement intervals Δti) about certain

physiological phenomena in the biological system might be lost.

• The bioimpedance is assumed to be time-invariant during the mea-

surement intervals, i.e. Z(jω, ti) = Z(jω, ti + δti) with δti being the

measurement time of the ith record, which may not always be met

in practice. For example, monitoring the pulmonary ventilation is

less demanding in terms of temporal resolution than monitoring the

cardiac activity.

• The required time resolution Δti + δti and the measurement time in-

terval δti depend on the degree of time-variation in the measured

biological system, which in turn puts high requirements on the mea-

surement system and the signal processing techniques.
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Figure 4.3: Representation of the broadband EIS for the parametric-in-time
measurement of a periodically varying bioimpedance Z(jωk, t),
with ωk = 2πfk being the excitation (angular) frequency (see text
for further details).

The aim of this chapter is to present a third measurement and identifi-

cation methodology for measuring and characterizing the cyclo-stationary

behavior of varying bioimpedance systems. This novel measuring strategy

consists in collecting samples in a continuous way from the beginning to the

end of the periodicity of the (bio-)system, viz. t ∈ [t∗, t∗ + Pcc Tcc] with t∗
an arbitrary time instant, Tcc the periodicity of the bioimpedance and Pcc

the number of measured periods of the time-variation. For the case study

presented, i.e. in vivo myocardium, Pcc stands for the number of cardiac

periods and Tcc the length of the cardiac cycle.

This measurement strategy is defined as a parametric-in-time measur-

ing technique as it is possible to obtain directly a parametric-in-time model

(which can be either parametric- or nonparametric-in-frequency) from the

noisy current and voltage observations (see Chapters 3, 5 and 7). Fig-

ure 4.3 represents this measuring approach with δti = Tcc, Δti = 0 and

Tmeas = PccTcc. Contrary to the previously mentioned nonparametric-in-

time measurement method in Figure 4.2 (note the solid circles in Z(jωk, t)),
now the bioimpedance Z(jω, t) is known at any user-selected time instant

t, i.e. parametric-in-time, which is illustrated in Figure 4.3 through the

solid line evolution of Z(jωk, t).
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4. Application: in vivo Myocardial Impedance Spectroscopy

As the bioimpedance is assumed to be time-variant during the measure-

ment interval t ∈ [t∗, t∗+Pcc Tcc], the gathered measurements basically hin-

ders the traditional data processing methods. Hence, time-variant spectral

analysis tools, available from the system identification field, are required

to estimate the time-varying bioimpedance Zadeh [1950a]; Sandberg [1964];

Boer and Kenyon [1992]; Louarroudi et al. [2011, 2012b, 2014a].

Observe that the measuring complexity (experimental setup) remains

the same as for the other measuring approaches. Besides, it is supposed

that the (bio-)system can be excited continuously for at least one impedance

period. Finally, it should be mentioned that for all the above-mentioned

measuring approaches in Fig. 4.1-4.3, the maximum frequency that can be

excited is limited by the Nyquist frequency fmax < fnyq = fs
2 (fs being the

sampling frequency).

4.2 Materials

4.2.1 Measurement setup

In this section the setup for the in situ measurement of in vivo myocardial

impedance is briefly described. Figure 4.4 shows schematically how the

experiments were carried out. The measurements were conducted using a

4-electrode linear array consisting of platinum-iridium needles (5 mm long,

0.4 mm diameter, with a distance of 1.27 mm between the electrodes). The

interelectrode separation was small enough to ensure that the low resistivity

intracavitary blood did not affect the bioimpedance measurement. Addi-

tionally, it also reduces the electrode-tissue resultant interface impedance.

Drive buffers for the active electrode, current-to-voltage converters for the

drive electrodes and an instrumentation amplifier for the voltage drop were

implemented on a custom impedance front-end.

A custom multifrequency impedance analyzer built around a rugged

PC-platform, based on a PXI (PCI eXtensions for Instrumentation) sys-

tem from National Instruments, was used. The bioimpedance frequency

response measurement system includes an embedded controller PXIe-8130,
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Figure 4.4: Schematic of the experimental setup: relative position of the intra-
mural 4-electrode Platinum-Iridium (Pt-Ir) impedance probes for
the measurement of the in vivo time-variant myocardial impedance
Z(jω, t). r (t) [V] is a periodic multisine signal generated by the
AWG. i (t) [A] and v (t) [V] stand for, respectively, the current
through and the voltage drop across the myocardium. The mea-
sured input-output signals (u(t)& y(t)) have units of volt.

a 2-channel high-speed digitizer card PXIe-5122 (100 Ms/s, 64 MB/channel,

14 bits) and an Arbitrary Waveform Generator (AWG) card PXI-5422 (200

Ms/s, 32 MB, 16 bits). Using a Voltage Source (VS)-based analog front-

end (see Section 4.2.2), the 2-channel digitizer simultaneously acquires the

non-calibrated, band-limited voltage response y (t) [V] and the measure of

the current flow u (t) [V] which are both synchronized with the multisine

excitation r (t) [V] generated by the AWG in Fig. 4.4.

4.2.2 Voltage Source (VS)-based analog front-end

An electronic circuit (analog front-end) is needed in practice to measure

the current through i (t) and the voltage drop v (t) across Z (jω, t) when

a reference signal r (t) is applied, i.e. a current-to-voltage converter for

the drive electrode and an instrumentation amplifier for the voltage drop

between the high and low potentials terminals (see Fig. 4.4) Bragos et al.

[1994]; Denyer et al. [1994]; Ross et al. [2003]; Saulnier et al. [2006]; Hong

et al. [2009]. Therefore, we first study the implications of the VS analog

front-end topology in Fig. 4.4 on the identification of Z (jω, t).
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Figure 4.5: Setup (A), schematic (B) and block diagram (C) of a VS-based
measurement of Z (jω, t) operating in closed-loop. i (t) [A], v (t)
[V], r (t) [V], u0 (t) [V] and y0 (t) [V] are, respectively, the current
through and the voltage drop across Z (jω, t), the reference signal
and the noise-free input-output signals. nu (t) and ny (t) stand for
the (correlated) input-output measurement noise sources.

The details of the VS-based measurement setup from Fig. 4.4 is de-

picted in Fig. 4.5 (A) and consists of a resistor R connecting the reference

signal r (t) [V] (e.g. a sine wave or a broadband excitation) to the high

current terminal. From Fig. 4.5, it follows immediately that the relation-

ship between the measured input u (t) [V] - output y (t) [V] signals and the

current i (t) [A] - voltage v (t) [V] signals is given, respectively, by the gains

Kv [dimensionless] and Ki [V/A]. Kv and Ki stand for the voltage and the

current transfer functions of the differential and the transimpedance stages

respectively. Note that Kv and Ki are in general frequency dependent,

i.e. Kv (jω) and Ki (jω), but for clarity we omit the dependence on the

frequency variable in the notations below.
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4.2. Materials

Analyzing first the relationships among the variables in Fig. 4.5 (B), we

find the following set of equations⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
y0 (t) = Kv ⋅Z {i (t)}
r (t) = R ⋅ i (t) +Z {i (t)}
u0 (t) = Ki ⋅ i (t) , (4.1)

where Z {●} refers to a time-varying impedance operator that satisfies

v (t) = Z {i (t)} ≜ F−1 {Z (jω, t) I (jω)} = 1

2π ∫ +∞
−∞ Z (jω, t) I (jω) ejωt dω

(4.2)

with F−1 {●} being the inverse Fourier transform and I (jω) = F {i (t)}
being the spectrum of the current (see (2.5) with s = jω). Furthermore,

the noise-free input-output signals, u0 (t) and y0 (t), are assumed to be

measured with additive input-output noise disturbances in Fig. 4.5 (B),

nu (t) and ny (t) respectively. Finally, the equation relating the true input-

output signals, u0 (t) and y0 (t), to the reference r (t) can be found by

rearranging the expressions in (4.1), namely

u0 (t) = Ki

R
⋅ r (t) − 1

Kv

⋅ Ki

R
⋅ y0 (t) . (4.3)

The feedback law (4.3) gives rise to a closed-loop impedance measure-

ment setup, which is illustrated by the block diagram in Fig. 4.5 (C). This

figure shows that the true output signal y0 (t) is modulated by the (periodic)

nonstationary behavior of Z (jω, t). This means that the energy in the

frequency domain originating from Z (jω, t) shows (discrete) skirt-shaped

signals around the excited frequencies. These skirts are thus well-localized

and structured in the frequency domain (see Chapter 3). Regarding the

true input signal u0 (t) (4.3), the (discrete) input-skirts are entirely caused

by the feedback loop in Fig. 4.5 (C) as the reference signal r (t) is chosen

to be stationary and perfectly periodic (i.e. a random phase multisine).

Hence, one should take into account that both the input U (jω) and the

output spectra Y (jω) are not skirt-free around the excited frequencies,

which leads to a closed-loop identification framework. This identification

problem can still be tackled by the tools provided in Chapter 3 even in case

of skirt-overlap.
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4.3 Methods

4.3.1 Animal experimentation

Commercial female swines (40 kg to 50 kg) were sedated with azaperone (8

mg/kg intramuscular, Stressnil) and anesthetized with sodium thiopental

(10 mg/kg iv, Pentothal). After endotracheal intubation, anesthesia was

maintained with isofluorane inhalation (1.5−2.5 vol% in O2) and mechanical

ventilation (15 breaths/min). The thorax was opened through a midline

sternotomy and the pericardium was gently detached. Finally, the heart

was exposed by a pericardial cradle. Myocardial electrical impedance was

in situ measured with a four-electrode linear array, sutured parallel to the

left anterior descending coronary artery along the epicardial muscle fiber

orientation, which is estimated by visual inspection (see Figure 4.4). The

myocardial impedance was measured with the measurement setup described

in Section 4.2. The pigs were handled in accordance with the ethic rules

on animal research. The experimental studies were approved by the ethics

committee of the hospital1.

4.3.2 Data calibration

As the ratio of the measured voltage drop (y (t) [V]) and the measure of

the current flow (u (t) [V]) in Fig. 4.4 is not in Ω-units, the measured

bioimpedance should be calibrated to get a meaningful value (see Appendix

4.A). The experimental setup was calibrated by measuring a reference re-

sistor Rref with known value (Rref = 199Ω). The non-calibrated impedance

of the reference resistor, denoted as Ĝ0(jωk)ref in (4.15) in Appendix 4.A,

was measured at the Fexc = 26 excited frequencies (1 kHz → 1 MHz) using

the same measurement setup such that the effects of the cables and the am-

plifier response on the measurement error were compensated for. Fig. 4.6

depicts the FRF of the calibration process Ŷ cal(jωk) = Ĝ0(jωk)ref
Rref

. It can be

seen that the amplitude ∣Ŷ cal(jωk)∣ [Ω−1] and the phase ∠Ŷ cal(jωk) [deg]
1Cardiology Service, Hospital Santa Creu i Sant Pau (HSCSP), Universitat Au-

tonoma de Barcelona (UAB) IIb-Sant Pau, Barcelona E-08025, Spain
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in Fig. 4.6 drop as a function of the frequency. Unless stated otherwise, all

the FRF plots shown in this chapter are calibrated with Ω-units.
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Figure 4.6: Measured FRF of the calibration operation Ŷ cal(jωk) [Ω−1] at the
Fexc = 26 excited multisine frequencies in the band [1 kHz, 1 MHz].

4.4 Experimental results

Next, the results from the in situ measurements of in vivo time-varying

myocardial electrical bioimpedance are presented and discussed in detail.

The aspects related to the design of the multisine excitation (3.4) are thor-

oughly described in Sanchez et al. [2011b, 2012a]. The measuring electrode

was mechanically fixed to the wall of the myocardium such that no changes

or movement of the electrodes occurred during the measurements. The

electrode cell constant did not suffer any alteration during measurement

since the stiffness of the probes ensured no change of its geometry due to

the contraction and relaxation of the tissue. Thus, changes in the pre-

sented bioimpedance spectra are exclusively attributed to the phenomenon

of contraction and relaxation of the measured tissue.
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Figure 4.7: A measurement example of an in vivo myocardial impedance mea-
sured in situ using the nonparametric-in-time measuring tech-
nique. Dependencies of the modulus (A) and the phase (B) of the
bioimpedance as a function of the frequency and time; the modu-
lus (C) and the phase shift (D) of the bioimpedance at few selected
frequencies (fmin = 1 kHz, 11 kHz, 117 kHz, fmax = 939 kHz).

4.4.1 Nonparametric-in-time measuring strategy

To motivate the presence of strong periodic variations in the in vivo my-

ocardium, we first start by briefly presenting some sets of measurements

with the nonparametric-in-time measuring approach (see Fig. 4.2 (B)). We

have plotted the myocardial impedance spectrum of a living heart of a pig in

Fig. 4.7 to illustrate the ability of this nonparametric-in-time measurement

methodology. The data are retrieved by using the identification frame-

work in Sanchez et al. [2011a] (the STFT-ILPM FRF-estimator without

segment overlap from Section 3.10.3 in Chapter 3). As it can be observed,

the bioimpedance magnitude (Fig. 4.7 (A) and (C)) as well as the phase
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(Fig. 4.7 (B) and (D)) are time-varying during several cardiac cycles (ten

cardiac periods). A closer look at this figure shows that the porcine myocar-

dial impedance is indeed dominantly repetitive over time with an estimated

period Tcc = 0.946 s → 63 beats
min . It is actually this kind of time-periodic

features that draws our attention and will be examined in the sequel of

this chapter. Furthermore, it can also be observed that the quality of the

low-frequency data (1 kHz) is quite poor compared with that at the high

frequencies (117 kHz, 939 kHz). This phenomenon is attributed to the

significant influence of the contact impedance at low frequencies.

4.4.2 Parametric-in-time measuring approach

Experiments were also performed with the new measuring approach in

Fig. 4.3 on a living pig (not the same pig as in Section 4.4.1 and also

done on different days). As this novel measuring strategy, which is applied

to the measurement of in vivo myocardial impedance, is the main focus of

the work, more will be said below about the measurement settings used.

The in vivo time-varying myocardial impedance was measured from the

beginning to the end of the cardiac cycle with a random phase multisine

signal (2.49) from 1 kHz → 939 kHz at a sampling rate of fs = 2 MHz. The

multisine excitation signal had a quasi-logarithmic frequency distribution

consisting of Fexc = 26 measurement frequencies in the frequency band of

interest. The acquisition time lasted for Tmeas = 2 seconds (Pcc = 2 complete

cardiac cycles were measured), and the heart beat of the pig was monitored

and estimated from data: Tcc = 0.88 s → 68 beats/min. Additionally, the

multisine reference signal (3.4) had a periodicity of Texc = 1 ms such that

Pexc = Tmeas

Texc
= 2 ⋅ 103 periods were acquired. Leakage (transient) was mini-

mized by measuring an integer number of periods of the multisine reference

signal, Tcc

Texc
= 880 ∈ N, and by synchronizing the entire measurement setup

on the multisine excitation signal. The measure of the current u(t) [V] as

well as the voltage response y(t) [V] were passed through an anti-Alias filter

before sampling (see Fig. 4.4).
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4. Application: in vivo Myocardial Impedance Spectroscopy

The reason why only Pcc = 2 consecutive cardiac cycles were measured

is due to an on-board hardware acquisition memory limitation. In the

immediate future, data streaming to disk will be implemented, as is done

in [Sanchez et al., 2013a], to be able to measure more consecutive cardiac

cycles. The experiments were repeated three times (Pcc = 2 cardiac cycles

each), giving three independent sets of measurements (see Fig. 4.8).
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Figure 4.8: Measured input Û(k) and output Ŷ (k) DFT spectra at one excited
frequency from an in vivo myocardial tissue sample (averaged over
Pcc = 2 consecutive cardiac cycles in each experiment to reduce the
noise influence, see (4.5)). The figure shows the appearance and
similarity between the skirts due to the time-periodic behavior of
the in vivo myocardium.

As soon as we inject in the in vivo myocardium a sinusoidal current

i(t) = A sin(ωt), the voltage response v(t) does not only contain energy at

the measurement frequency ω but also at modulations of the cardiac fre-

quency {±ω + ωcc, ±ω − ωcc, ±ω + 2ωcc, ±ω − 2ωcc, ⋯}, giving skirt-like sig-

nals as found experimentally in Fig. 4.8. This figure depicts the DFT (1.1)

of the output y[n] and the input sequence u[n]
Y (k) = DFT{y[n]} = Ncc−1∑

n=0
y[n] e−j2π kn

Ncc , U(k) = DFT{u[n]} = Ncc−1∑
n=0

u[n] e−j2π kn
Ncc

(4.4)

in a limited frequency band around a particular excited frequency for three

independent experiments (Ts denotes the sampling period and Ncc = Tcc

Ts
the

number of data samples within a cardiac cycle). Ŷ (k) and Û(k) shown in

Fig. 4.8 are obtained by averaging over Pcc = 2 consecutive cardiac cycles to

reduce the impact of noise and to have an estimate of their uncertainties.
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Therefore, instead of using (4.4), the sample mean (over the periods) and

the standard deviation of the sample mean is used in Fig. 4.8, which is

computed as (see (3.17) and (3.18))

Ŷ (k) = 1

P

Pcc∑
p=1

Y [p](k), std{Ŷ (k)} = ?@@C 1

Pcc(Pcc − 1) Pcc∑
p=1

∣Y [p](k) − Ŷ (k)∣2
(4.5)

with Y [p](k) the DFT of the voltage response of the pth cardiac cycle (anal-

ogous for the input DFT spectrum U [p](k)).
Albeit small compared with the voltage skirts, skirt-like signals also

pop up in the input DFT spectrum Û(k) for the three experiments in

Fig. 4.8 (red signal), which has already been predicted by the identification

framework in Fig. 4.5. Hence, the input Û(k) is not free of skirts and will

complicate the signal processing (see Chapter 3). It can be observed in

the same figure too that the voltage-skirt components are about 30 dB to

50 dB higher than their measurement uncertainties. Since the arbitrary

time-variations differ from experiment to experiment and the voltage-skirts

have more or less the same shape for the three experiments conducted on

different time-instants, it corroborates again the fact that the periodic time-

variations dominate over the arbitrary ones. This periodically time-varying

(PTV) behavior will be analyzed in detail in the coming sections.

4.4.3 Harmonic Impedance Spectra (HIS)

The harmonic impedance spectra (HIS) of a PTV (bio-)impedance should

be understood similar as the harmonics of a periodic signal. In plain words,

a periodic signal can be decomposed into a sum of fundamental harmonics

by means of a Fourier series [Oppenheim et al., 1999]. Equivalently, a PTV

bioimpedance can be split into a sum of fundamental harmonic spectra as

well. Hence, a PTV bioimpedance, which is periodic in the time variable t

with periodicity Tcc, i.e. ZPTV(jω, t + Tcc) = ZPTV(jω, t), is expanded in a

Fourier series as [Oppenheim et al., 1999]

ZPTV (jω, t) = +Nh∑
k=−Nh

Zk (jω) ejkωcct (4.6)
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4. Application: in vivo Myocardial Impedance Spectroscopy

Zk (jω) = 1

Tcc

Tcc∫
0

ZPTV (jω, t) e−jkωcct dt (4.7)

with ωcc = 2π
Tcc

the base angular frequency of the cardiac cycle and where

Zk(jω) [Ω] is dubbed the kth harmonic impedance spectrum (HIS) (refer

to (2.7)-(2.8) in Chapter 2 for the general concept of ITF and HTFs). The

PTV bio-impedance (4.6) is confined to Nh harmonics since in practice the

level of significant measured skirt harmonics is masked by the noise floor

and the nonlinear distortions (see Fig. 4.8).

The 0th HIS Z0(jω) in (4.7) is called the mean bioimpedance spectrum

as it is the DC-component of ZPTV(jω, t) over one cardiac period. Moreover,

it shown in Chapter 6 that Z0(jω) can be interpreted as the best − in

mean square sense − LTI approximation of a PTV bioimpedance. Z0(jω)
is usually referred to in the literature as the bioimpedance spectrum Z(jω)
since the higher harmonics Zk(jω), k ∈ Z/{0} are not taken into account

for analysis.

4.4.4 Measurement of the HIS

To measure the HIS (4.7), different nonparametric-in-the-dynamics estima-

tors, summarized in Table 3.2 on page 134, are used and compared here

with each other. The non-calibrated HIS Ĝr(jωk), k ∈ Kexc [dimension-

less] r = −Nh,⋯,0,⋯,Nh (Nh = 5) are derived from the information of the

measured skirts present in the output DFT spectrum Ŷ (k) and the input

DFT spectrum Û(k) in Fig. 4.8. Using then the hFRF-estimators from

Sections 3.6.1, 3.7, 3.8, 3.9 and 3.10.4 yields the required non-calibrated

HIS estimates Ĝk(jω)estim with “estim = D-SA, D-LPM, I-SA, I-LPM and

STFT”. Before, presenting the identification results, the calibration of the

myocardial impedance is discussed.

4.4.5 Calibration of the HIS

Since the calibration operation can be seen as a time-invariant process

(the frequency response of the front-end electronics does not change as a
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function of time nor do the electrodes; see Section 4.3.2) and the bio-system

is slowly PTV, it is proven in Appendix 4.A that the calibration operation

can be applied directly to the sample mean of the non-calibrated PTV

bioimpedance Ĝ (jωk, t) [dimensionless], viz.
ẐPTV (jωk, t) = Ĝ (jωk, t)

Ŷ cal(jωk) = +Nh∑
r=−Nh

Ĝr (jωk)
Ŷ cal(jωk) ejrωcct = +Nh∑

r=−Nh

Ẑr(jωk) ejrωcct

(4.8)

with ẐPTV (jωk, t) [Ω] the calibrated sample mean of the PTV bioimpedance

and Ŷ cal(jωk) the measured FRF of the calibration process (see Fig. 4.6).

The new HIS results, originating from the three parametric-in-time in

vivo myocardium experiments in Fig. 4.8, are summarized in Fig. 4.9. Only

the first HIS (Zr(jωk) with r ∈ {−1,0,1}) together with their errors (stan-

dard deviations over the experiments) are shown in order to not overload

the figure (Nh = 5 are estimated). Importantly, it should be mentioned that

the three experiments start at different time instants within the cardiac

cycle (the three experiments are not synchronized w.r.t. the cardiac phase)

and, as a consequence, the phases of the HIS (for r ≠ 0) are different for the

three experiments. Indeed, one has that

Ẑ
[e]
PTV (jωk, t) = +Nh∑

r=−Nh

Ẑ
[e]
r (jωk) ejrωcc(t+t[e]0 ) = +Nh∑

r=−Nh

(Ẑ[e]
r (jωk) ejrφ[e]cc ) ejrωcct

(4.9)

with e ∈ {1,2,3} the experiment index, t
[e]
0 the considered starting time

within the cardiac cycle of the eth experiment and φ
[e]
cc = ωcct

[e]
0 the cardiac

phase lag of the eth experiment. Hence, due to the non-synchronization

of the three experiments (φ
[1]
cc ≠ φ

[2]
cc ≠ φ

[3]
cc ), the HIS of the three exper-

iments will have different cardiac phase lags φ
[e]
cc = ωcct

[e]
0 ; except for the

mean bioimpedance spectrum Z0(jωk) where the phases are theoretically

the same even without synchronization (see ∠Ẑ
[e]
0 (jωk) with e ∈ {1,2,3}

in Fig. 4.9 and in (4.9) with r = 0). This also follows immediately from

the definition of the mean bioimpedance Z0 in (4.7) (with k = 0) (the mean

value – amplitude and phase – is not affected by adding the starting time

instant t
[e]
0 in the upper and lower limit of the integral).
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4. Application: in vivo Myocardial Impedance Spectroscopy

To avoid this problem in future work, the experiments will be syn-

chronized on the electrocardiogram (ECG) signal such that the cardiac

phase lag φ
[e]
cc will be the same for all the experiments. Due to this non-

synchronization drawback at the moment, the amplitude and the phase of

the HIS are treated separately. Hence, the magnitude of the sample mean∣Ẑ[e]
r ∣ and its standard deviation over the Nexp = 3 experiments (in Ω) are

calculated, and it is given by

∣Z̃r(jωk)∣ = 1

Nexp

Nexp∑
e=1

∣Ẑ[e]
r (jωk)∣ (4.10)

std{∣Z̃r(jωk)∣} = ?@@C 1

Nexp(Nexp − 1) Nexp∑
e=1

(∣Ẑ[e]
r (jωk)∣ − ∣Z̃r(jωk)∣)2 (4.11)

with ∣Z̃r(jωk)∣ called the generalized sample mean (over the experiments)

of the magnitude of the HIS.

4.5 Discussion

4.5.1 Measurement of PTV bioimpedance

Compared with the frequency-sweep (see Fig. 4.1) and the nonparametric-

in-time broadband (see Fig. 4.2) measurement techniques, the alternative

parametric-in-time measurement strategy offers the following advantages to

the user:

1. Discretization of Z(jωk, t) in time is no longer required: a parametric-

in-time expression for Z(jωk, t) can be found from the sampled current-

voltage data by means of (4.6).

2. The time-invariant assumption during the measurement interval δti

is not needed anymore.

3. No restriction is put on the time resolution (Δti = 0).

162



4.5. Discussion

3 4 5 6

2

4

6
|Z1(jωk)|

m
a
g
n
it
u
d
e
(Ω

)

3 4 5 6
100

150

200

250

|Z0(jωk)|

m
a
g
n
it
u
d
e
(Ω

)

3 4 5 6

2

4

6
|Z

−1(jωk)|

log{frequency} (Hz)

m
a
g
n
it
u
d
e
(Ω

)

3 4 5 6

110

120

130

� Z1(jωk): experiment no. 3

(d
eg
re
es
)

3 4 5 6
−30

−20

−10

0

� Z0(jωk): experiment no. 1, 2, 3

(d
eg
re
es
)

3 4 5 6

−160

−140

−120
� Z

−1(jωk): experiment no. 3

(d
eg
re
es
)

log{frequency} (Hz)

Indirect SA
Indirect LPM
Direct LPM
STFT: In−/Direct SA
Direct SA

bias

bias

Figure 4.9: In vivo myocardium harmonic impedance spectra (HIS) estimation.
The magnitude of the sample mean and its standard deviation over
the three experiments, given by formula (4.10)-(4.11), are shown
together with the error bars (± 1 std) at the 26 excited frequencies.
The phases of the sample mean over the Pcc = 2 cardiac periods of

the mean bioimpedance for the three experiments ∠Ẑ[e]
0 , e = 1,2,3

are shown on the (2,2) position. Only the HIS phases of the third

experiment ∠Ẑ[3]±1 (sample mean over the Pcc = 2 cardiac periods)
are shown for simplicity since the cardiac phase lags are different

for the three experiments φ
[1]
cc ≠ φ[2]cc ≠ φ[3]cc (see (4.9)). 163
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4. The effect of the transient can just be ignored: the resulting leak-

age is negligible w.r.t. the amount of samples acquired, i.e. during[t∗, t∗ + Pcc Tcc]. This (negligible) transient can be accounted for by

the identification methods developed in Chapter 3 once an improve-

ment of the measurement quality is desired.

However, the price one has to pay for using this measuring approach is its

increased model complexity (a bi -frequency model is measured/estimated).

For instance the bioimpedance spectrum is simply calculated in the LTI

case as the division of the Fourier coefficients of the voltage and the cur-

rent signals, while for the HIS more sophisticated algorithms are needed

(see Section 4.4.4). In addition, this measuring/identification approach is

a batch process (at least one cardiac period (Pcc ≥ 1) should be measured)

and is thus an off-line algorithm (in the order of seconds) compared with

the nonparametric-in-time strategy (order of milliseconds).

4.5.2 Myocardial HIS analysis

The generalized sample mean of the HIS ∣Z̃cal
r (jωk)∣ (4.10) and their errors

std{∣Z̃cal
r (jωk)∣} (4.11) (standard deviations over Nexp = 3 experiments) are

plotted in Fig. 4.9 for the Fexc = 26 measured frequencies. The following

observations can be made from this figure:

• The HIS Z±1(jωk) are in amplitude much smaller than the mean bio-

impedance Z0(jωk) since it is a biosystem with weak time-variations( ∣Z̃±1(jωk)∣
∣Z̃0(jωk)∣ ≪ 1) (only the first HIS Z±1 are shown in order not to over-

load this figure).

• The number of observed skirt-harmonics Nh (i.e. number of HIS) will

depend on the SNR of the voltage (or current) signal measurement (up

to Nh = 5 or more harmonics can be observed in Fig. 4.8: Ŷ (k ± 1) →
Ŷ (k ±Nh)).
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• Note that the HIS Z±1 are exhibiting more or less the same behav-

ior (amplitude and phase) as the mean bioimpedance Z0 over the

frequency.

• All the temporal information about the periodic changes of the time-

varying bioimpedance Z(jω, t) is summarized under the form of HIS.

• For healthy myocardial tissue, the amplitude of the HIS are all mono-

tonically dropping as a function of the frequency for 104 → 106 Hz. In

addition, the phases of all the HIS show a minimum in the 105 → 106

Hz range.

• The phases of the mean bioimpedance of the different experiments∠Ẑ
[e]
0 are more or less the same (up to its uncertainty) since it is not

influenced by the cardiac phase lag of the different experiments, viz.

0 × φ
[e]
cc = 0, e ∈ {1,2,3} (see (4.9) for r = 0).

• We only show the phase of the HIS of the third experiment for conve-

nience, i.e. ∠Ẑ
[3]±1 (the others ∠Ẑ

[1]±1 and ∠Ẑ
[2]±1 have the same shape

but are shifted), since the cardiac phase lags are different φ
[1]
cc ≠ φ

[2]
cc ≠

φ
[3]
cc . Besides, we did verify that the phase differences of the HIS over

the experiments (∠Ẑ
[2]±1 −∠Ẑ

[1]±1 and ∠Ẑ
[3]±1 −∠Ẑ

[1]±1 ) had almost a

constant behavior over the frequency (at the chosen Fexc = 26 excited

frequencies).

• Although the statistically significance of the estimated errors is lim-

ited by the number of available datasets (three different experiments),

it can be seen that the myocardium is dominantly periodic as the es-

timated errors are lower than the HIS itself.

• As pointed out in Chapter 3, the difference between the direct and the

indirect identification methods is based on the prior knowledge/use of

the reference signal r(t) (see also the schematic in Fig. 4.5 C). Know-

ing r(t) enables to work in both open-loop and feedback. Hence,

it is possible to identify the HIS from time-varying impedance data

by using any LTI and PTV indirect estimator from Chapter 3. As

165



4. Application: in vivo Myocardial Impedance Spectroscopy

regards the PTV direct simple approach (D-SA) estimator in Sec-

tion 4.4.4), it only works when the input (measure of the current)

is not subject to time-varying distortions originating from the feed-

back loop. Therefore, this estimator should only be used when the

input DFT spectrum is practically skirt-free, otherwise, the HIS will

be biased (see the black arrows in Figure 4.9). In case of violation,

a current source front-end topology can provide a solution [Sanchez

et al., 2013a].

• Since the noise and impedance transient is not the main error source

in the results presented (the time-constant of the system is much

smaller than the measurement time), both the I/D-SA and the I/D-

LPM show comparable results in terms of accuracy. Finally, it can be

seen that the STFT-based HIS estimator coincides fairly well with the

different PTV estimators as the myocardium is slowly time-varying.

4.5.3 HIS identification under varying periodicity of

the time-varying bioimpedance

The tools presented apply directly to any (bio-)system that is quasi periodi-

cally varying, i.e. the system’s periodicity Tcc(t) ≈ Tcc is practically constant

over time. Nonetheless, in practice time-varying bio-systems might not pos-

sess an exact mathematical periodicity. Think of the changes of the myocar-

dial impedance periodicity over time due to heart rate variability (HRV).

Assuming then that Tcc(t) of the time-varying system under test is mon-

itored/measured (e.g. obtained from the electrocardiogram RR−interval),
the tools presented here can still handle (slowly) varying system periodic-

ities. A piece-wise constant assumption can then be made for the signal

Tcc(t), i.e. Tcc(t) = T
[p]
cc for t ∈ [(p − 1)T [p]

cc , pT
[p]
cc ) and p = 1,2,⋯, Pcc,

where Pcc is the integer number of cycles measured. If it turns out that

the HIS are the same (within the measurement uncertainty) for all the pro-

cessed blocks, then a pure heart rate variability process (pure expansion or

contraction of the bioimpedance waveform) was present.
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4.6 Conclusions

Unlike other previously published results of stationary myocardium charac-

terization [Steendijk et al. [1993]; Fallert et al. [1993]; Steendijk et al. [1994];

Bragos et al. [1996]; Cinca et al. [1997]; Gersing [1998]; Casas et al. [1999];

Gheorghiu and Gersing [1999]; Warren et al. [2000]; Bragos et al. [2001];

Salazar et al. [2004]; Mellert et al. [2010]], the introduced concept of HIS

can give a better understanding of time-periodic phenomena taking place

inside the myocardial tissue, not only from its mean frequency description

Z0(jω) but also considering the higher harmonics Zk(jω), k ∈ Z/{0}.
Summarizing, the major contributions presented in this chapter are:

• Establishing the relationship between a VS experiment and the impedance

identification framework (Section 4.2.2).

• Conducting in vivo myocardial impedance measurements in situ (Sec-

tion 4.4.1 and 4.4.2) using the measurements strategies shown schemat-

ically in Fig. 4.2 and Fig. 4.3.

• Data driven estimation (Section 4.4.4) and calibration (Section 4.4.5)

of the HIS under open/closed-loop conditions.

• Exhibiting the relevance of HIS for the analysis of PTV bioimpedance

properties (Section 4.5).

Recently it turned out that the HIS concept can be of relevance when

discriminating healthy and pathological tissues. For example, the Cole

impedance model Cole [1940] is widely used in the literature to analyze

tissue states from the mean bioimpedance spectrum Z0(jω). Since all the

experimental HIS turned out to have more or less the same behavior over the

frequency, each HIS of a time-varying bioimpedance system could be fitted

to a Cole impedance model as well to get a periodically time-varying Cole

model. This idea gives rise to a new concept, the harmonic Cole impedance

model, valid for varying bioimpedance with a time-periodic character, which

is shown in Fig. 4.10 and will be further studied in detail in the near future.
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ics ZCole,k(jω), k ∈ Z. ωcc is the base (angular) frequency cor-
responding to the periodicity Tcc of the PTV bioimpedance, i.e.
ωcc = 2π

Tcc
. In the case study presented, Tcc stands for the period

of the cardiac cycle. ZCole,k(jω) is not influenced when a “pure”

heart rate variability (ωcc(t) = 2π
Tcc(t)) is present.

Although we are just at the beginning of the way, increasing impedance

spectroscopy attention towards time-varying identification tools can help

to have a better understanding of real-life biological systems which are per

se dominantly PTV as, for example, cardiovascular and respiratory sys-

tems. Hopefully, this new measurement strategy will pave the way to new

interesting research ideas in the coming years. Not only in the area of

myocardial tissue bioimpedance, but also in other applications where the

measurement of PTV bioimpedance is of interest; for example, in segmental

body impedance analysis to study the influence of cardiac and respiration

activities in human thorax measurements, and electrical impedance tomog-

raphy to name a few.
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Appendix

4.A Myocardial impedance calibration

Designating the symbol G [dimensionless] for the non-calibrated myocardial

impedance (i.e. the input-output U &Y relationship in Fig. 4.5) and Z[Ω] the calibrated myocardial impedance (i.e. the current-voltage I&V

relationship in Fig. 4.5), one has, using Wereley’s HTF matrix form (2.22)

with ωsys = ωcc, the following relationships between respectively the shifted

input/current U(jω)/I(jω) and output/voltage Y(jω)/V(jω) spectra⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
V(jω) = Z(jω) I(jω)
Y(jω) = G(jω)U(jω)
Y(jω) = KV (jω)V(jω)
U(jω) = KI(jω) I(jω)

⇒
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Z(jω) = KV (jω)−1G(jω)KI(jω)⇓ middle column extraction (2.23)

Zr(jω) = KI(jω)
KV (jω+r jωcc) Gr(jω)

(4.12)

with Z(jω) [Ω], G(jω) [dimensionless] being the (non-)calibrated harmonic

impedance matrix containing the shifted (non-)calibrated HIS (see (2.22)

for the matrix structure). KI(jω) [V/A] and KV (jω) [dimensionless] stand

for the time-invariant frequency response characteristics of the input-output

channels respectively including the anti-Alias filters (see Fig. 4.4). Hence,

KI(jω) and KV (jω) are diagonal matrices.

Since the calibration FRF Y cal(jω) [Ω−1] is a smooth varying function

of the frequency (see Fig. 4.6), we have for the slowly varying myocardium

KV (jωk + r jωcc) ≈ KV (jωk) + r
dKV ( jω

ωexc
)

d ( ω
ωexc

)
hhhhhhhhhhhω=ωk

⋅ Texc

Tcc01111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111113
small bias since Texc

Tcc
≈ 1 ms

1 s
= 10−3 ≪ 1

(4.13)

with r ∈ {−Nh, . . . ,0, . . . ,Nh} (zero-order approximation). Therefore, a rel-

ative calibration operation

Y cal(jω) = KI(jω)
KV (jω) [Ω−1] (4.14)

for the HIS Zr(jω) in (4.12) is tolerable by measuring a known reference

resistor Rref . One has indeed from the measured LTI impedance of Rref

169



4. Application: in vivo Myocardial Impedance Spectroscopy

(designated as Ĝ0(jωk)ref [dimensionless]) at the excited frequencies k
Texc

∈
1

Texc
Kexc (see (4.12) with Z0(jω) = Rref [Ω] and Zr(jω) = 0, r ≠ 0) that

G0(jωk)ref = KV (jωk)
KI(jωk) Rref ⇒ Ŷ cal(jωk) = Ĝ0(jωk)ref

Rref

(4.15)

Gr(jωk)ref = 0 for r ≠ 0

where the calibration FRF Ŷ cal(jωk) is plotted in Fig. 4.6. Finally, one gets

from (4.12)-(4.15) that the measured HIS after calibration equals

Ẑr(jωk) = Ĝr(jωk)
Ŷ cal(jωk) [Ω] (4.16)

which proves the calibration operation in (4.8).

Notice that for rapidly varying (bio-)systems the zero order hold ap-

proximation KV (jω + r jωcc) ≈ KV (jω) does not hold and an absolute am-

plitude and phase calibration of the input-output channels is then required.

However, in case the input-output channels’ FRF have a flat amplitude

spectrum and a linear phase, i.e. K{I,V }(jω) = K0,{I,V } e−jω τ{I,V } , we get for

the non-calibrated harmonic impedance spectra (HIS) in (4.12)

Gk(jω) = (K0,V e−jω τV

K0,I e−jω τI
)Zk(jω) e−jkωcc τV . (4.17)

Applying then the Fourier expansion technique (4.6) to the HIS in (4.17)

G(jω, t) = (K0,V e−jω τV

K0,I e−jω τI
)∑

k

Zk(jω) ejkωcc (t−τV ) = (K0,V e−jω τV

K0,I e−jω τI
)ZPTV(jω, t−τV )

(4.18)

shows that a time-shifted version, G(jω, t) = ZPTV(jω, t − τy), is obtained

after a relative calibration operation is performed (K0,V e−jω τV

K0,I e
−jω τI

= 1). If the

starting time (i.e. the time-lag τV ) within the cardiac cycle is of importance

then an absolute phase calibration is needed for correcting the output de-

lay τV (see also Section 1.4 in Chapter 1). In the general case where the

input-output channel characteristics are not flat and the (bio-)system is

fast varying, then both an absolute amplitude as well as an absolute phase

calibration are mandatory.
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Chapter 5

Nonparametric Estimation of

System and Noise Models

under Arbitrary Excitations

Abstract

Different nonparametric estimation methods for (N)LTP systems

using periodic excitations were proposed in Chapter 3. Nonetheless,

under certain circumstances it might not be possible to impose the in-

put signal preferred by the user. Therefore, two known nonparamet-

ric identification schemes, the local polynomial method (LPM) and

the spectral analysis method (SAM), are generalized to handle band-

limited arbitrary inputs. Yet, we still make the important assump-

tion that an integer number of system cycles is processed/observed.

The price to be paid to relax the condition of periodic excitations to

arbitrary inputs is that we cannot discern the NL effects from the

noise disturbances anymore in case the time-periodic system behaves

nonlinearly. The suggested identification schemes are tested on sim-

ulation data and real measurements.
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5. Nonparametric Estimation of System and Noise Models
under Arbitrary Excitations

5.1 Problem formulation and related

assumptions

The nonparametric FRF and noise estimators proposed in Chapter 3 for

(N)LTP systems are restricted to the class of periodic excitation signals.

However, this might be a limitation for applications where periodic excita-

tions cannot be imposed. Therefore, this chapter is devoted to nonparametric

estimation problems excited by arbitrary inputs.

     y(t) 
 G(s,t) 

u(t) u(t)      y0(t) 
 

y0( )
     v(t) 
 

 

     e(t) 
 

Figure 5.1: The continuous-time LTP system G(s, t) is excited by a known
arbitrary input u(t) = u0(t), where its noiseless output y0(t) is
disturbed by additive noise v(t) with y0(t) = L−1 {G(s, t)L{u(t)}}
(see property (2.5) of the ITF G(s, t) on page 20). The output
noise v(t) is assumed to be stationary and is modeled as filtered
band-limited white noise e(t) [Aström, 1970].

As the estimation is performed in the frequency domain, the identifica-

tion problem, which is shown schematically in Fig. 5.1, is formulated in the

frequency domain starting from the assumptions listed below.

Assumption 5.1. The continuous-time LTP system operates in open loop.

Assumption 5.2. An integer number of system cycles is processed/observed

in the observation interval T , i.e. T = PsysTsys with Psys ∈ N.
Assumption 5.3. The input u(t) is considered as a realization of a band-

limited, stationary, ergodic stochastic process.
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5.1. Problem formulation and related assumptions

Assumption 5.4. The input is assumed to be known u(t) = u0(t) and

the measured output y(t) is disturbed by stationary, additive noise v(t),
i.e. y(t) = y0(t) + v(t). The noise v(t) is written as filtered band-limited

white noise e(t) with cross-PSD Sve(jω) = HV (jω)σ2
e/(2fBe) between v(t)

and e(t) (Sve(jω) = 0 for ∣ω∣ > 2πfBe), where σ2
e = var{e(t)} denotes the

variance of the driving band-limited white noise source e(t) and with fBe

the bandwidth of the PSD of e(t). Hence, a generalized OE framework is

followed here (see Fig. 5.1 for the schematic).

Remark 5.1 (“Noise” v(t) in NLTP systems). In case a random input is ap-

plied and the time-periodic (TP) system behaves nonlinearly (NL), one cannot

discriminate between the noise errors and the stochastic NL distortions using

only second order statistics of the data [Pintelon and Schoukens, 2012]. Conse-

quently, the “noise” term v(t) = ny(t)+yNL(t) consists then of a “pure” noisy

part ny(t) and a term modeling the stochastic NL distortions yNL(t). In the

particular case of linear TP systems one has that v(t) = ny(t) since yNL(t) = 0.

Under those conditions, the true-input noisy-output DFT relationship

of the generalized OE problem in Fig. 5.1 is given by

Y (k) = +Nh∑
r=−Nh

Hr(jωk)U(k − rPsys) +HV (jωk)E(k) + TG(jωk) + THV
(jωk)

= H(jωk)U(k)01111111111111111111111111111111211111111111111111111111111111113
exogenous part

+ V (k)n
noisy part

+ TY (jωk)011111111111112111111111111113
system + noise

transient

(5.1)

with Hr(jωk) = Gr (jωk−rPsys) (Psys = T
Tsys

) being the frequency-translated

hFRFs, which are written more compactly by the row vector

H (jωk) ≜ (H+Nh
(jωk) H+Nh−1 (jωk) ⋯ H0 (jωk) ⋯ H−Nh

(jωk)) .
(5.2)

U (k) denotes the input vector formed with the shifted input DFT spectra

U (k) ≜ (U (k −NhPsys) ⋯ U (k) ⋯ U (k +NhPsys))T (5.3)
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and where TY (jωk) represents the sum of the noise and system transient

(leakage) terms, which vanishes as an O(N−1/2) compared with the exoge-

nous and noisy part in (5.1). Proof: taking into account the noise Assump-

tion 5.4, evaluating the finite time Laplace domain model (2.20) on page 27

at s = jωk, and using the fact that Ts

√
N X(k) ≈ XT (s)∣s=jωk

, X = Y,U (see

footnote 1 on page 71) and TG(jωk) = 1

Ts

√
N
T (jωk) proves the input-output

DFT relationship (5.1). Although only continuous-time LTP systems are

handled here, it is worth to mention that the generalized OE framework in

(5.1) is also applicable to discrete-time LTP systems provided the simple

transformation j (ωk± rPsys) → e−j(ωk±rPsys)Ts is done.

This chapter is aiming at obtaining nonparametric estimates of the

hFRFs Gr(jωk), r ∈ {−Nh,−Nh + 1,⋯,0,⋯,+Nh}, the iFRF G(jωk, t) and

the power spectrum of the output noise σ2
V (k) = var{V (k)} from known

arbitrary input, noisy output DFT data. The output leakage, TY (jωk)
in (6.13), is suppressed during the nonparametric FRF estimation either

through the smoothness property of TY (jωk) – local polynomial method

(LPM), or via different windowing techniques – spectral analysis method

(SAM).

The structure of this chapter is as follows. First, the LPM for arbitrary

excitations is elaborated in Section 5.2 for measuring the hFRFs/iFRF,

their (co-)variance and the power spectrum of the output noise. Next, the

LPM FRF and noise estimator is demonstrated on simulation data and

real measurements in Section 5.3. Afterwards, Section 5.4 extends the clas-

sical SAM FRF and noise estimator in [Bendat and Piersol, 1980]. The

verification of the extended SAM algorithm on simulations and measure-

ments is postponed to the next chapter. Finally, Section 5.5 formulates the

conclusions.

5.2 LPM FRF and noise estimator

Since the LPM scheme for arbitrary excitations (see Assumption 5.3) re-

sembles the D-LPM algorithm for periodic inputs in Section 3.7, we only

stress the important differences between both identification schemes. The
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5.2. LPM FRF and noise estimator

technical details of the LPM algorithm for random excitations can be found

in Pintelon et al. [2010b].

Whereas the LPM for periodic excitations consists of two major steps:

• leakage suppression resulting in the so-called input-output sample

means over the signal periods (Section 3.4.2),

• FRF estimation from those sample means (Section 3.7);

the LPM for arbitrary inputs estimates simultaneously the shifted hFRFs

H(jωk) and the output leakage TY (jωk).
Being smooth, H(jωk) and TY (jωk) can be well-approximated locally by

a polynomial of degree L, viz.

H(jωk+m) = H(jωk) + L∑
l=1

hl(k)ml +O((m
N

)L+1) (5.4)

TY (jωk+m) = TY (jωk) + L∑
l=1

tyl(k)ml + 1√
N

O((m
N

)L+1) (5.5)

withm ∈ {−nLPM,−nLPM + 1, . . . ,0, . . . , nLPM} and 2nLPM+1 being the width
of the local frequency window. As the noise term V (k) = HV (jωk)E(k) in

(5.1) varies randomly over the DFT bin k, it cannot be captured locally by

the polynomial in (5.4)-(5.5). This is the key for separating the noise V (k)
from H(jωk) and TY (jωk) in the DFT model (5.1).

Disregarding first the remainder O((m/N)L+1) of the Taylor series ex-

pansion in (5.4)-(5.5), evaluating then the input-output DFT model (5.1) at

the local frequency lines k → k+m, and collecting afterwards the equations

for the DFT bins m ∈ {−nLPM,−nLPM + 1, . . . ,0, . . . , nLPM} the following

matrix relation is built

Y(k) = Θ(k)K(k) +V(k) ∈ C1×(2nLPM+1) (5.6)

with Θ(k) = (H(jωk) h1(k) ⋯ hL(k) TY (jωk) ty1(k) ⋯ tyL(k)) (5.7)

where Y(k), K(k) and V(k) are, respectively, 1 × (2nLPM + 1), (2Nh +
2)(L+ 1) × (2nLPM + 1) and 1× (2nLPM + 1) matrices with a common struc-

ture X(k) = (X (k − nLPM) X (k − nLPM + 1) ⋯ X (k) ⋯ X (k + nLPM))
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with X(k) = Y (k),K(k) or V (k). The columns of the input data matrix

K(k) are defined asK (k +m) = ((1 2 ⋯ mL) ⊗U (k +m)T (1 2 ⋯ mL))T ∈
C(2Nh+2)(L+1)×1 (see Section 3.7 and Pintelon et al. [2010b]). Eventually, the

LPM estimate of H(jωk) (5.2) and TY (jωk) in (5.1) are found by solving

(5.6) in least square sense, viz.

Θ̂(k)LPM = Y(k)K(k)H (K(k)K(k)H)−1 (5.8)

Ĥ(jωk)LPM = Θ̂(k)LPM[1,1∶2Nh+1] (5.9)

T̂Y (jωk)LPM = Θ̂(k)LPM[1, (2Nh+1)(L+1)+1] (5.10)

where X[1, k∶l] selects the first row and columns k to l of the matrix X. Note

that the matrix product K(k)K(k)H in (5.8) can be dodged trough the

SVD of K(k)H (see for example (3.27) on page 82).

Combining the definition of the shifted hFRFs (5.2), its LPM estimate

(5.9) and the conversion formula Gr(jωk) = Hr (jωk+rPsys), the LPM esti-

mate for the hFRFs Ĝr(jωk)LPM, r ∈ {−Nh,−Nh⋯,0,⋯,+Nh} is obtained.

For getting a nonparametric estimate of the iFRF Ĝ(jωk, t)LPM, the BET

formula (3.45) on page 95 is used.

Since Assumption 5.2 (processing an integer number of cycles) is still

adopted here, the uncertainty analysis for the hFRFs and the iFRF follows

exactly the same lines as for the periodic case in Section 3.7. To compute

those quantities, an estimate of the power spectrum of the output noise

v(t), which is retrieved from the residuals of the linear least squares fit

(5.8), is needed. Hence, one has from Pintelon et al. [2010b] an explicit

expression for the estimate of the output noise variance

σ̂2
V (k)LPM = 1

qLPM
V̂(k) V̂(k)H ∈ R1×1

= 1

qLPM
(Y(k) − Θ̂(jωk)LPMK(k)) (Y(k) − Θ̂(jωk)LPMK(k))H

(5.11)

where qLPM = (2nLPM + 1) − (2Nh + 2)(L + 1) is the number of degrees of

freedom of the residual V̂(k). Following then the same steps as in Pintelon

et al. [2010b] the covariance of Θ̂(jωk)LPM (5.8) can be derived from the
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output noise variance (5.11) as

CΘ̂(k)LPM ≜ cov {(Θ̂(k)LPM)T} ≈ (K(k)K(k)H)−1 σ̂2
V (k)LPM (5.12)

The covariance information in (5.12) is not sufficient to compute the covari-

ance matrix of the estimated hFRFs cov{Ĝ(jωk)LPM} (G(jωk) defined in

(3.41) on page 94) and the variance of the estimated iFRF var{Ĝ(jωk, t)LPM}.
The reason for this is that the variability of frequency translated quantities,

i.e. Ĝr(jωk)LPM = Ĥr (jωk+rPsys)LPM, are needed. Nevertheless, applying

formulas (3.69)- (3.70) on page 112 and keeping in mind that no distinction

can be made between the noise errors and the NL effects, an estimate of

cov{Ĝ(jωk)LPM} and var{Ĝ(jωk, t)LPM} can readily be derived from the

power spectrum of the output noise in (5.11).

5.3 Results of the LPM estimator

5.3.1 Simulation results

The LPM algorithm with arbitrary excitations (Section 5.2) has been veri-

fied on simulation data. The simulated system consisted of a constant unit

mass (m(t) = m = 1), a time-periodic dashpot, c(t + Tsys) = c(t), and a

time-periodic spring, k(t+Tsys) = k(t), with a pumping period of Tsys = 1 s.

This 2nd order LTP system, whose schematic is depicted in Fig. 5.2 (left),

is described by Newton’s law of motion

m
d2y0(t)
dt2

+ c(t)dy0(t)
dt

+ k(t)y0(t) = km u(t) (5.13)

where the scaling factor km = 1
Tsys ∫ Tsys

0 k(t)dt in (5.13) denotes the mean

value of the varying stiffness k(t). As shown in Fig. 5.2 (right), its corre-

sponding natural frequency fn(t) and damping ratio ξ(t)⎧⎪⎪⎪⎨⎪⎪⎪⎩
fn(t) = 1

2π

√
k(t)
m

ξ(t) = c(t)
2
√
k(t)m

(5.14)

were both time-periodic (distorted sine waves).

177



5. Nonparametric Estimation of System and Noise Models
under Arbitrary Excitations

 

 

 

 

 

  

0 0.5 1
280

320

360

400

f
n
(t
)
(H

z)

natural frequency vs time

0 0.5 1
4

5

6

time (s)

ξ
(t
)
(%

)

damping ratio vs time

Figure 5.2: Left: A mass-damper-spring system with periodically varying
damping c(t) and stiffness k(t). Right: Evolution of the corre-
sponding natural frequency fn(t) and damping ratio ξ(t) (5.14).

It can be noted that the 2nd order LTP system (5.13) had a slow time-

varying behavior since fsys = 1 Hz ≪ mean{fn(t)} = 340 Hz in Fig. 5.2

(right). Due to this slow behavior the change in the resonance frequency of

the true iFRF (gray) in Fig. 5.3 is clearly visible in the plot. We used the

technique in Appendix 2.E to compute the true iFRF G(s, t)∣s=jωk
from the

equation of motion (5.13).

The noiseless input u(t) = u0(t), which was sampled at fs = 3.2 kHz, was

chosen to be a random sequence drawn from a standard normal distributionN(0,1). The excitation signal was first low-pass filtered (passband-edge

frequency of 800 Hz) before being applied to the 2nd order LTP system

(5.13). On the other hand, the true output y0(t) in Fig. 5.2 (left) was

disturbed by stationary, band-limited colored noise with a time domain

SNR of 20 dB. Besides, Psys = 3 system cycles were observed and N = 9600

samples of the known input noisy output signal were gathered in the time

span T = PsysTsys = 3 s. The settings used for the LPM were a polynomial

order of L = 2 in (5.4)-(5.5), a half frequency width of nLPM = 37 and Nh = 8

significant hFRFs.

The simulation results are summarized in Fig. 5.3, which depicts the esti-

mated iFRF Ĝ(jωk, t)LPM for particular time instants. Comparing the true
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Figure 5.3: The true iFRF of the mass-damper-spring system (5.13) at some
time instants is given in dark gray, while the estimated one is shown
in black. The PAoT of the time-periodic uncertainty of the iFRF
(5.16) is given by the bold light gray line, while RMSĜ (5.15) is
depicted as black dots.

iFRF G(jωk, t) (dark gray) with the estimated one Ĝ(jωk, t)LPM (black),

it can be observed from the plot that Ĝ(jωk, t)LPM (dark gray) coincides

fairly well with the true value G(jωk, t) (black). Moreover, one can notice

that the resonance frequency as well as the damping are time-dependent.

To validate the estimated iFRF, the RMS error over time

RMSĜ = ?@@C 1

Nt

Nt−1∑
i=0

∣Ĝ(jωk, iδt)LPM −G(jωk, iδt)∣2 (5.15)

is first computed. Next, the RMSĜ (5.15) is compared with the PAoT (see

(2.45) on page 42) of σ̂2
Ĝ
(jωk, t)LPM = var{Ĝ(jωk, t)LPM}√

1

T ∫ Tsys

0
σ̂2
Ĝ
(jωk, t)LPM dt ≈ ?@@C 1

Nt

Nt−1∑
i=0

σ̂2
Ĝ
(jωk, iδt)LPM (5.16)

in Fig. 5.3, with Tsys = Ntδt and δt being the integration step. As both

quantities (light gray line and black dots in the plot) are in good agreement

with each other, the uncertainty analysis is validated.
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5.3.2 Illustration on a measurement example

The iFRF of the parameter varying electronic circuit in Fig. 3.10 (left) on

page 99 was estimated from non-periodic input-output data. The dynami-

cal behavior of the circuit was made time-periodic by changing periodically

the gate voltage of the transistor (sched. signal in Fig. 3.10, left). To do

so, we designed a multisine signal, which consisted of 5 harmonics, for the

trajectory of the gate voltage (see Fig. 5.4, left). One can see from Fig. 5.4

(left) that the base frequency of the cyclic variation fsys was set on 5 Hz.

The measurement time T has been chosen to be equal to one system cycle(Psys = 1), i.e. T = PsysTsys = Tsys = 0.2 s.

0 0.1 0.2

−1.8

−1.4

−1

−0.6

−0.2

time (s)

vo
lt
a
g
e
(V

)

scheduling signal

Figure 5.4: Left: The gate voltage of the transistor in Fig. 3.10 (left) with a
periodicity of Tsys = 0.2 s. Right: Zoom of the time-frequency plot
of Ĝ(jωk, t)LPM around the circuit’s resonance frequency.

The input voltage of the circuit was a low-pass filtered noise sequence

drawn from a normal distribution (passband-edge frequency of 25 kHz) with

an RMS value of 125 mV. Anti-alias filters were used to avoid aliasing in the

measured input-output spectra. The sample frequency was fs = 625 kHz.

Both the input u(t) and the output y(t) were measured atN = Tfs = 125⋅103
time instants. Although the input signal of the circuit was not exactly

known, the input SNR was sufficiently high to adopt the generalized OE

framework in Assumption 5.4. The frequency band of interest of the time-

periodic circuit has been selected to be the band [0.5, 25] kHz.
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Figure 5.5: Measurement results: The estimated circuit’s iFRF Ĝ(jωk, t)LPM(Nh = 12) at particular time instants (black). The PAoT of the
uncertainty of Ĝ(jωk, t)LPM in (5.16) is shown in bold gray.

The identification results in Fig. 5.4-5.5 were obtained using the following

settings in the LTP algorithm: a polynomial approximation of degree L = 2

for the leakage term (5.5) and the shifted hFRFs (5.4), nLPM = 54 DFT bins

for the half width of the LPM window and 2Nh + 1 = 25 significant hFRFs

(25 branches in Fig. 3.17 (top) on page 107). First, one can observe from

Fig. 5.4 (right) that the time-frequency representation of the circuit’s esti-

mated iFRF provides a nice evolution of the circuit’s resonance frequency.

The shape of the latter (right) resembles very well the evolution of the

scheduling that was imposed (left). It is clear that the resonance frequency

is varying in the range 6 kHz ↔ 10 kHz. This change is also visible in the

2D view of the circuit’s estimated iFRF (see Fig. 5.5). Its averaged uncer-

tainty (5.16) is also plotted for having an idea of the noise variability. The

latter lies on average 40 dB lower than the FRF itself in the vicinity of the

resonance frequency, which shows that the iFRF estimate Ĝ(jωk, t)LPM is

of reasonable good quality.
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5.4 SAM FRF and noise estimator

As pointed out in the introduction of Chapter 3, any MISO LTI FRF-

estimator in the literature can be utilized for measuring the hFRFs of the

parallel structure model in Fig. 3.17 (top) on page 107. In what follows, the

SAM from [Bendat and Piersol, 1980] (also known as theH1 FRF-estimator)

is briefly discussed for estimating the H−model in Fig. 3.17 (bottom) un-

der the Assumptions 5.1-5.4. Once estimated, a conversion to the hFRFs

(G−model) is carried out, i.e.

Ĝr(jωk)SAM = Ĥr (jωk+rPsys)SAM
with Psys = T

Tsys

. (5.17)

The SAM starts from the calculation of the shifted hFRFs H(jωk) (5.2)
and the output noise variance var{V (k)} in (5.1) through the cross- and

auto-power PSDs of the input-output signals (see Bendat and Piersol [1980];

Pintelon and Schoukens [2012]), viz.

H(jωk) = Syu(jωk)S−1
uu(jωk) (5.18)

σ2
V (k) ≜ var{V (k)} = Syy(jωk) − Syu(jωk)S−1

uu(jωk) (Syu(jωk))H (5.19)

with y(t) ∈ R1×1 being the noisy output and where the input vector signal

u(t) = (u[+Nh](t) u[+Nh−1](t) ⋯ u[0](t) ⋯ u[−Nh](t))T ∈ C(2Nh+1)×1 with

u[r] = u(t) ejrωsyst collects the 2Nh + 1 inputs of the H−model in Fig. 3.17

(bottom) on page 107.

For practical purposes, the true cross- and auto-power PSDs in (5.18)-

(5.19) are replaced by sample estimates of the cross and auto-power spectra.

This is achieved by splitting the input-output records (N samples each) into

M non-overlapping segments of length N/M . Consequently, the frequency

resolution of the SAM, i.e. Mfs/N , is thus M times smaller than that of

the LPM in Section 5.2. Whereas the LPM estimator suppresses the output

leakage, TY (jωk) in (5.1), via the smoothness property of TY (jωk) (5.5), the
SAM diminishes it by applying a window function w(t) to the time domain
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5.4. SAM FRF and noise estimator

input-output signals. As such, the SAM estimate of (5.18) becomes

Ĥ(jωk)SAM = ŜYwUw(k) Ŝ−1
UwUw

(k)
= ( 1

M

M∑
m=1

Y
[m]
w (k) (U[m]

w (k))H)( 1

M

M∑
m=1

U[m]
w (k) (U[m]

w (k))H)−1
(5.20)

with X
[m]
w (k) = 1√

N/M DFT{x[m] (nTs) w(nTs)}, n = 0,1, ⋯ ,N/M − 1, m =
1,2, ⋯ ,M , x[m](nTs) = x ((n + (m − 1)N/M)Ts) andX

[m]
w = Y

[m]
w ,U[m]

w be-

ing the input-output DFT spectra of themth weighted segment. The entries

ofU[m]
w (k) can be computed time-efficiently via 1√

N/M DFT{u[m]
[r] (nTs)w(nTs)}(u[m]

[r] (nTs) = u[m](nTs) ejrωsysnTs) with r = −Nh,−Nh + 1, . . . ,0, . . . ,+Nh.

Different window functions w(t) from Harris [1978] have been inves-

tigated through simulations. It turned out that the half sine window

w(nTs) = sin(πnM/N) yields promising results. This is in agreement with

the work done in Antoni and Schoukens [2007], where it is reported that the

half sine window is optimal for suppressing the stochastic and systematic

leakage errors in classical FRF measurements. Therefore, we used in the

next chapter the half sine window in (5.20) for the simulation (Section 6.6)

and measurement (Section 6.5) examples. In Antoni and Schoukens [2007]

it is also shown that the uncertainty of the FRF-estimator (5.20) can be

decreased even further by using overlapping segments. This issue is not

addressed here and can be an interesting topic for future investigation.

The reader may notice that Assumption 5.2 evades the additional leak-

age when a non-integer number of system cycles are processed, while the

leakage error, TY (jωk) in (5.1), is exclusively due to the finite length of

the noise and input-output signals. These two leakage sources have thus

a different origin (refer to Chapter 6). As a consequence, the number of

segments M and the number of samples N are selected in such a way that

Assumption 5.2 remains valid.
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First, from Eq. (28) in Pintelon et al. [2010b] the SAM estimate of the

output noise variance in (5.19) is given by the expression

σ̂2
V (k)SAM = αw

M

qSAM

(ŜYwYw(k) − ŜYwUw(k) Ŝ−1
UwUw

(k) (ŜYwUw(k))H)
(5.21)

with αw = N/M
∑N/M−1

n ∣w(nTs)∣2 a scaling factor depending on the window used and

qSAM = M − (2Nh + 1) being the degrees of freedom (dof) in the residual

ŜYwYw(k) − ŜYwUw(k) Ŝ−1
UwUw

(k) (ŜYwUw(k))H .

Second, combining the definition of H(jωk) (5.2) and the SAM FRF-estimator

(5.20), the estimated hFRFs Ĝr(jωk)SAM is retrieved. Its variance can be

approximated as follows

var{Ĝr(jωk)SAM} = CĤ[r, r]
(jωk+rPsys)SAM

(5.22)

CĤ(jωk)SAM ≜ cov {vec (Ĥ(jωk)SAM)} ≈ σ̂2
V (k)SAM

αwM
Ŝ−1
UwUw

(k) (5.23)

with X[i, j] being the (i, j) position in the matrix X and where vec (X) stacks
the columns of X on top of each other (vec (H) is a column vector). The

proof of the uncertainty expression (5.23) can be found in Appendix K of

Pintelon et al. [2010b]. The SAM FRF-estimator for LTP systems proposed

by Siddiqui [1999]; Shin et al. [2005] does not provide the hFRFs (5.17) nei-

ther their uncertainties (5.22) (only the frequency-translated hFRFs (5.20)

is computed in Siddiqui [1999]; Shin et al. [2005]). This work fills this im-

portant gap. Lastly, applying the BET (3.45) on page 95 the estimated

iFRF Ĝ(jωk, t)SAM is obtained.

Note that at this stage we are not able to compute var{Ĝ(jωk, t)SAM}
(3.46) in Theorem 3.2 as the full covariance matrix of the vector of the esti-

mated hFRFs, i.e. cov{Ĝ(jωk)SAM} ∈ C(2Nh+1)×(2Nh+1), is required in (3.46).

The information in (5.23) is not sufficient as the covariance matrix over the

frequency (non-diagonal elements of cov{Ĝ(jωk)SAM}) is mandatory. Al-

though cov{Ĝ(jωk)SAM} is not elaborated here, the idea is to combine the

reasonings done in Appendix 3.C and AppendixK of Pintelon et al. [2010b].

We keep the implementation of cov{Ĝ(jωk)SAM} and var{Ĝ(jωk, t)SAM} for
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future work. For the illustration of the SAM and its comparison with the

LPM on simulations and measurements, we postpone it until the notion

of the best LTI (BLTI) approximation of an LTP system is introduced in

Chapter 6.

5.5 Conclusions

Two known nonparametric FRF and noise estimators, the local polynomial

method (LPM) and the spectral analysis method (SAM), have been pre-

sented. Both methods rely on the MISO LTI equivalent of a SISO LTP

system (G−model ↔ H−model). Whereas the LPM algorithm is based on

the fact that the output leakage and the hFRFs are both smooth functions

of the frequency, the SAM suppresses the FRF leakage using windowing

techniques. The identification algorithms also properly account for the un-

certainty introduced by the disturbing output noise. Successful illustration

of the theory was provided through a numerical and a real measurement

example.
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Chapter 6

The Best LTI approximation of

time-periodic systems

Abstract

Time-periodic (TP) phenomena occurring, for instance, in wind

turbines, helicopters and cardiovascular/respiratory systems, are of-

ten not addressed when classical FRF measurements are performed.

As the traditional FRF concept is based on the LTI system theory,

it is only approximately valid for systems with varying dynamics.

Accordingly, the quantification of any deviation from this ideal LTI

framework is more than welcome. The “measure of deviation” allows

us to define the notion of the best LTI (BLTI) approximation, which

yields the best – in mean square sense – LTI description of an LTP

system. By taking into consideration the TP effects, it is shown that

the variability of the BLTI measurement can be reduced significantly

compared with that of classical FRF estimators. From a single ex-

periment, the proposed identification methods can handle (N)LTP

systems in open-loop with a quantification of (i) the noise and/or

the NL distortions, (ii) the TP distortions and (iii) the leakage er-

rors. Besides, a geometrical interpretation of the BLTI approxima-

tion is provided, leading to a framework called vector FRF analysis.

The theory presented is supported by numerical simulations and real

measurements mimicking the mechanical Mathieu oscillator.
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6.1 Introduction

Many systems from different engineering fields exhibit a (quasi) cyclic be-

havior over time. Think of blade-to-blade manufacturing defects and peri-

odic loads in wind turbines [Allen et al., 2011; Seiler and Ozdemir, 2013],

twisted-actuated helicopter rotor blades during forward flight [Shin et al.,

2005], anisotropic shaft-bearing systems in rotating machinery [Lee et al.,

2007], the cylindric pressure in combustion engines [Antoni et al., 2002],

(periodic) moving mass distribution [Spiridonakos et al., 2010], electrical

impedance measurements of a living heart for cardiovascular monitoring

[Sanchez et al., 2013b] or even NLTI systems being linearized around a

periodically varying operation point [Sracic and Allen, 2011; Mollerstedt

and Bernhardsson, 2000] to name a few. Those (quasi) time-periodic (TP)

observations are often not taken into account when traditional FRF mea-

surements are conducted [Fallert et al., 1993; Schwartzman et al., 1999].

FRF measurements are known to be a very valuable and simple tool for

characterizing the dynamical behavior of systems. They can be found in all

kinds of engineering disciplines (bio-medical, mechanical, acoustical, civil,

electronic, electro-chemical, heat transfer, ...) for getting quick insight into

the dynamics of the complex system under test Bendat and Piersol [1980];

Wernholt and Gunnarsson [2008]; Breugelmans et al. [2010]; Pintelon and

Schoukens [2012]; Lee et al. [2013]; Monteyne et al. [2013]; Mao and Todd

[2013]; Sanchez et al. [2013b]. FRF measurements also often used as a

validation test tool in parametric estimation problems (see Chapter 7 and

Pintelon and Schoukens [2012]).

As the classical concept of an FRF G(jω) = G(s)∣s=jω is associated with

an LTI transfer function G(s), it should be justified in practice whether the

time-invariance (TI) and linearity assumption, which is inherent to G(s),
are really met by the system under test. While the impact of nonlinear (NL)

distortions on FRF measurements has thoroughly been investigated during

the last decade Pintelon and Schoukens [2002]; Enqvist and Ljung [2005];

Makila [2006]; Wernholt and Gunnarsson [2008]; Pintelon and Schoukens

[2012], the influence of time-variant effects on FRF measurements has only
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been examined recently for slowly arbitrarily time-variant systems Lataire

et al. [2012]; Pintelon et al. [2012, 2013a,b].

This chapter focuses on a particular class of time-variant systems, namely

LTP systems, where we attempt to find answers to the following questions:

(i) Does it make sense to approximate the description of the dynamics of

LTP systems by an LTI model? (ii) How large is the error one makes using

such an approximation? (iii) Can simple tools be set up to visualize in an

easy way the errors due to this approximation?

 
 

 
 

 

 LTP 
system 

 
  

Figure 6.1: Best – in mean square error sense – LTI (BLTI) approximation
GBLTI(s) of an LTP system with input u(t) and output y(t). The
time-periodic (TP) distortions yTP(t) are that part of the actual
output y(t) that cannot be explained by the BLTI model.

To this end, the LTP system is decomposed into an LTI part, which will

be denoted as the best LTI (BLTI) approximation, the output of which is

disturbed by an additive error term caused by the TP part of the system (see

Fig. 6.1). In that frame of mind, the BLTI framework is useful to assess the

validity of LTI models used, for instance, in applications where prediction,

control or physical interpretation are of interest. It turns out that, when

FRF measurements are made, a stochastic “noise” error is introduced due

to the time-variation. Depending on the degree of the time-variation, the

error can be surprisingly significant, which is often wrongly attributed to

noise Lataire et al. [2012]. Therefore, it is desirable to know the order

of magnitude of the error due to time-variation, to noise and/or to NL

distortions such that appropriate actions can be taken by the user. As an

example, if the predictive power of the BLTI model for control is accurate

enough, then the LTI control theory might be sufficient instead of relying

on more difficult (N)LTP/(N)LTV control strategies Chen and Qiu [1997].
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Two nonparametric identification methods, the SAM FRF-estimator in

Chapter 5 (arbitrary excitations) and the LPM FRF-estimators from Chap-

ter 3 (periodic inputs) and Chapter 5 (arbitrary inputs), for measuring the

BLTI approximation are presented and compared with each other. It is

shown that the BLTI approximation can be measured with a reduced un-

certainty compared with that of traditional FRF estimators. Moreover, in

case a synchronized periodic excitation is applied (Chapter 3) a clear dis-

tinction can be made between the noise, the leakage (transient) errors, the

TP distortions and other disturbances such as NL distortions, unmodeled

time-variations and bias errors. The drawback of using a non-periodic stim-

ulus (Chapter 5) is that one cannot discriminate between the noise and the

NL distortions Pintelon and Schoukens [2012]; Louarroudi et al. [2014a].

The main difference with the recent contributions reported in [Lataire

et al., 2012; Pintelon et al., 2012, 2013a,b] is that now we explicitly make

use of the cyclic property in LTP systems. That is, by making use of

the periodicity condition in LTP systems the computation of the numeri-

cal derivative over the frequency in Pintelon et al. [2012, 2013a] is avoided

when estimating GBLTI(s). Besides, the framework developed in Lataire

et al. [2012]; Pintelon et al. [2012, 2013a,b] is only meant for slowly, arbi-

trarily time-variant systems. This chapter handles LTP systems with fast

variations as well.

Supposing that the (fast varying) LTP system under test can be excited

with user-defined signal (e.g. the multisine signal (2.49) on page 48), the

impact of TP distortions on FRF measurements is comprehensively studied

here. This investigation yields the following major contributions:

• A detailed explanation of the relationship between the BLTI approx-

imation of an LTP system and classical FRF estimators.

• Quantification of the TP distortions, the disturbing noise and/or the

NL distortions, and the leakage (transient) errors in FRF measure-

ments from a single experiment.

• A geometrical interpretation of the BLTI approximation is given, lead-

ing to a framework dubbed vector FRF analysis of LTP systems.
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This chapter is organized as follows. Section 6.2 defines the concept

of the BLTI approximation of an LTP system. Its properties are listed in

Section 6.3. Next, a geometrical definition of the BLTI approximation is

given in Section 6.4. Using a generalized OE framework in Section 6.5, the

LPM and the SAM FRF-estimator are used for measuring the BLTI ap-

proximation and for quantifying the noise and/or the NL disturbances, the

TP distortions and the leakage errors. Furthermore, the discussed concepts

are demonstrated on the Mathieu oscillator via numerical simulations in

Section 6.6 and on real measurements in Section 6.5. Finally, Section 6.8

draws some important conclusions.

6.2 Best Linear Time-Invariant (BLTI)

approximation of an LTP system

The BLTI approximation GBLTI(s) of an LTP system G(s, t) is defined as

the best LTI description in the frequency domain (s = jω) that minimizes in

mean square error sense the difference between the actual output y(t) of the
LTP system and the output predicted by any LTI model yLTI(t) = (g∗u)(t)
over a system cycle Tsys (with “ ∗ ” the convolution product), viz.

GBLTI(jω) = F● {arg min
g(●) ∈G

1

Tsys
∫ Tsys

0
E{(y(t) − (g ∗ u)(t))2} dt} (6.1)

where the expected value operator E{●} is taken w.r.t. the randomness

of the input signal u(t). If the input signal u(t) is assumed to satisfy the

following additional condition:

Assumption 6.1. The input u(t) is considered as a realization of a band-

limited, stationary, ergodic stochastic process.

Then, it is shown in Appendix 6.A that the BLTI approximation FRF (6.1)

can be written in terms of the PSDs of the input-output data as

GBLTI(jω) = Syu(jω)
Suu(jω) = 1

Tsys ∫ Tsys

0 Syu(jω, t)dt
Suu(jω) (6.2)
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with Syu(jω, t) ≜ Fτ {E{y(t)u(t − τ)}} and Suu(jω) ≜ Fτ {E{u(t)u(t − τ)}}.
Combining then (6.2) and (6.47) (with k = 0) in Appendix 6.B shows that

the BLTI approximation FRF GBLTI(jω) equals the mean FRF G0(jω).
Relationship (6.2) is a particular case of a more general definition of

cross- and auto-PSDs for LTP systems, which can be extended to the hFRFs

Gk(jω), k ∈ Z as well. Indeed, it follows from the proof in Appendix 6.B

that Gk(jω) can be written in terms of cross- and auto-PSDs as

Gk(jω) = Sy[k]u(jω)
Suu(jω) = 1

Tsys ∫ Tsys

0 Syu(jω, t) e−jkωsyst dt

Suu(jω)
= 1

Tsys ∫ Tsys

0 Fτ {E{y(t)u(t − τ)}} e−jkωsyst dt

Suu(jω) (6.3)

with Sy[k]u(jω) ≜ Fτ {E{y[k](t)u(t − τ)}} being the cross-PSD between

u(t) and the output of the kth hFRF y[k](t) (see Fig. 2.2 on page 22).

Under Assumption 6.1, it is then feasible to compute the hFRFs (6.3) as a

time average lim
T→∞

1
T ∫ T /2

−T /2 (●) dt instead of an ensemble average E{●}. Based
on the ergodicity property in [Pomé, 1969] for nonstationary random signals

lim
T→∞

1

T ∫ T /2
−T /2 E{x(t)} dt = lim

T→∞
1

T ∫ T /2
−T /2 x(t)dt. (6.4)

where T = PsysTsys → ∞ (Tsys = O (T 0)), we get for the hFRFs (6.3)

Gk(jω) = Fτ { lim
T→∞

1
T ∫ T /2

−T /2 (y(t) e−jkωsyst) u(t − τ)dt}
Fτ { lim

T→∞
1
T ∫ T /2

−T /2 u(t)u(t − τ)dt} (6.5)

as pointed out by Pomé [1969] in the sixties. At the end of the eighties, the

time domain counterpart of (6.5) was proposed by Sams and Marmarelis

[1988] considering white noise excitations (Suu(jω) = σ2
u/(2fBu) with fBu

being the bandwidth of the white noise) for getting a nonparametric esti-

mate of the harmonic IRF gk(τm) = F−1 {Gk(jω)}∣τ=τm . It is worth noting

that, by plugging k = 0 in (6.5) and using the fact that GBLTI(jω) = G0(jω),
GBLTI(jω) (6.2) can be computed from a single realization as

GBLTI(jω) = Syu(jω)
Suu(jω) = Fτ { lim

T→∞
1
T ∫ T /2

−T /2 y(t)u(t − τ)dt}
Fτ { lim

T→∞
1
T ∫ T /2

−T /2 u(t)u(t − τ)dt} . (6.6)

192



6.3. The properties of the BLTI approximation of an LTP system

First, the different properties of GBLTI(jω) are discussed. Next, the tech-

nique of vector FRF analysis is introduced leading to a geometrical defini-

tion and interpretation ofGBLTI(jω). Finally, data driven tools are provided

for measuring GBLTI(jω) in the frequency band of interest with an optimal

noise, TP distortion and leakage suppression.

6.3 The properties of the BLTI

approximation of an LTP system

Because the BLTI approximation GBLTI(s) (6.1) equals the 0th order HTF

G0(s), GBLTI(s) can alternatively be defined as the time average of the ITF

G(s, t) (see (2.4) on page 20) over a system cycle, viz.

GBLTI(s) = G0(s) = 1

Tsys
∫ t0+Tsys

t0
G(s, t)dt (6.7)

= 1

Tsys
∫ Tsys

0
G(s, t)dt (6.8)

which is independent of the selected starting time t0 (proof: compute both

integrals (6.7)-(6.8) using the BET (2.7) on page 21). As a result, the value

t0 = 0 can be chosen in (6.7) without loss of generality. Hence, GBLTI(s) is

valid on the complete time axis t ∈ (−∞, +∞). This is the main difference

with the BLTI definition for arbitrarily time-variant systems in Lataire

et al. [2012]; Pintelon et al. [2012, 2013a], where GBLTI(s) is only available

in the measurement time window t ∈ [0, T ] and, thus, depends on T , i.e.

GBLTI(s, T ), with T being the observation time interval.

Starting from GBLTI(s) = G0(s) in (6.7), it follows that the output y(t)
of an LTP system in Fig. 2.2 can be split into two parts:

• a TI part yBLTI(t) = y[0](t) modeling the BLTI contribution, and

• a TP part modeling the TP distortions yTP(t) = +∞∑
k=−∞
k≠0

y[k](t) ejkωsyst
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y(t) = y[0](t) + +∞∑
k=−∞
k≠0

y[k](t) ejkωsyst (6.9)

= L−1 {GBLTI(s)U(s)}011111111111111111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111113
yBLTI(t)=y[0](t)

+ +∞∑
k=−∞
k≠0

L−1 {Gk(s)U(s)}011111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111113=y[k](t)
ejkωsyst

0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113=TP distortions, yTP(t)

(6.10)

where one can notice that, if the excitation signal u(t) is a wide-sense

stationary stochastic process, the expected value E{yTP(t)} – w.r.t. the

randomness of the input – of the steady state response has zero mean value

over a system cycle, i.e. 1
Tsys ∫ Tsys

0 E{yTP(t)} dt = 0. Note also that yTP(t)
is in general aperiodic and, moreover, it depends linearly on the input, i.e.

αu(t) → αyTP(t) for α ∈ C. Yet, its nonstationary PSD, SyTP
(jω, t) ≜Fτ {yTP(t)yTP(t − τ)}, is still Tsys−periodic (proof: use the same reasoning

as in Appendix 3.A). The reader can also note that the decomposition in

(6.9) can be performed at the level of the PSDs as well. Multiplying (6.9)

with u(t − τ) and applying afterwards the operator Fτ {E{●}} we indeed

have via formula (6.45) in Appendix 6.B that

Syu(jω, t) = Sy[0]u(jω)01111111111111111111211111111111111111113
BLTI part

+ +∞∑
k=−∞
k≠0

Sy[k]u(jω) ejkωsyst

01111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111113
TP part

= SyBLTIu(jω) + SyTPu(jω, t).
(6.11)

The output decomposition (6.9)-(6.10) is illustrated through the block

schematic given in Fig. 6.1. For instance, when a sine wave with a fixed

frequency ω is applied to the LTP system, the output of the BLTI model

during steady state, yBLTI(t) = ∣GBLTI(jω)∣ sin (ωt +∠GBLTI(jω)), is also a

sine wave of the same frequency ω but with a different amplitude and phase

shift. Consequently, yTP(t) contains the TP distortions (i.e. modulations)

that cannot be described by a sine wave of the same input frequency ω.

Although the BLTI model cannot explain the TP effects (see Fig. 6.1

and the decomposition formula (6.9)), it will be clear further on that (the

power spectrum of) yTP(t) contains information about the higher order

Floquet resonances (n ≠ 0 in Gk(s, θ) (2.32) on page 32) that can pop up in
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6.3. The properties of the BLTI approximation of an LTP system

LTP systems. Those TP distortions yTP(t) act as a cyclo-stationary “noise”

error source when performing classical FRF estimations.

To establish the relationship between GBLTI(s) (6.7) and the classical

H1 FRF-estimator in Bendat and Piersol [1980], we adopt the following

assumptions.

Assumption 6.2. The LTP system G(s, t) operates in open loop.

Assumption 6.3. The HTFs Gk(s), k ∈ Z operate under steady state con-

ditions.

Assumption 6.4. An integer number of system cycles is processed/observed,

i.e. T = PsysTsys with Psys ∈ N.
Assumption 6.5. The LTP system is excited by a random phase multisine

signal u(t) (2.49) on page 48 (or periodic noise).

Assumption 6.6. An integer number of periods of the excitation u(t) is

measured/processed, i.e. T = PexcTexc with Pexc ∈ N.
Under those conditions the FRF obtained from cross- and auto-power

spectra in Bendat and Piersol [1980] equals the BLTI approximation (6.7)

at the DFT frequencies s = jωk = j k 2π
T

GBLTI(jωk) = SY U(jωk)
SUU(jωk) = E{Y (k)U(k)}

E{∣U(k)∣2} (6.12)

where the expected value operator E{●} is taken w.r.t. the random nature

of the input signal u(t) (proof: both leakage errors in (6.52) of Appendix

6.C are exactly zero under Assumptions 6.2–6.6).

As a result, expression (6.51) in Appendix 6.C (with Psys = βsysN =O (N) and TG(jωk) = 0) shows that the output DFT spectrum, Y (k) in

(6.12), can be written as a BLTI part YBLTI(k) plus a residual YTP(k)
Y (k) = GBLTI(jωk)U(k)01111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111113

YBLTI(k)≜DFT{yBLTI(nTs)}
+ +∞∑

r=−∞
r≠0

Gr(jωk−rPsys)U(k − rPsys)
0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113

YTP(k)≜DFT{yTP(nTs)}

(6.13)
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6. The Best LTI approximation of time-periodic systems

where YTP(k) is uncorrelated with – but not independent of – the input

DFT spectrum U(k), i.e E{YTP(k)U(k)} = 0 since E{U(k)U(r)} = 0 for

k ≠ r by Assumptions 6.5–6.6. In addition, the output residual YTP(k) has

zero mean, i.e. E{YTP(k)} = 0, and its power spectrum is a smooth function

of the excited frequencies

var{YTP(k)} = +∞∑
r=−∞
r≠0

∣Gr(jωk−rPsys)∣2E{∣U(k − rPsys)∣2} . (6.14)

Furthermore, it is worth mentioning that YTP(k) in (6.13) equals the zeroth

order (r = 0) harmonic distortion (HD) term in (3.49) on page 97, i.e.

YTP(k) = YHD,[0](k). Finally, its time domain counterpart, yTP(t) in (6.9),

is periodic and cyclo-stationary.

In case Assumptions 6.3 – 6.6 are violated (e.g. using a filtered white

noise excitation instead of a multisine), we assume that Assumption 6.1

holds. In that case, we prove in Appendix 6.C that the classical FRF

estimator (6.12) equals the BLTI approximation (s = jωk in (6.7)) within

an O(N−1) bias error, viz.

GBLTI(jωk) = E{Y (k)U(k)}
E{∣U(k)∣2} + O(N−1). (6.15)

As a consequence, if more and more data are gathered (i.e. N = T /Ts → ∞),

the BLTI approximation (6.15) boils down to (6.2) for random excitations.

6.4 Geometrical interpretation of the BLTI

approximation: vector FRF analysis

The BLTI approximation (6.2) makes use of the input u(t) in the definition

(6.1) as (6.1) is a measure of discrepancy in terms of the output signal

y(t). In what follows, we show that it is still possible to set up a distance

measure at the FRF’s level without making any use of the type of input

used. Inspired by the Hilbert-Schmidt norm defined in Chen and Qiu [1997]

for discrete-time LTP systems, we propose the following distance measure
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Figure 6.2: Left: Geometrical interpretation for GBLTI(jωk) (black) of an LTP
system G(jωk, t) (red): GBLTI(jωk) (black) can be viewed as the
“best” static vector in the complex plane that minimizes – in mean
square sense – the length of the rotating vector GTP(jωk, t) (blue)
over time. Right: Block schematic of the decomposition (6.10).

for continuous-time LTP systems at the level of the FRF:

d2G(jω) = 1

Tsys
∫ Tsys

0
∣G(jω, t) − G(jω)∣2 dt. (6.16)

It is then shown in Appendix 6.D that

GBLTI(jω) = arg min
G(jω) ∈G d2G(jω). (6.17)

Hence, both BLTI definitions (6.1) and (6.17) yield the same result such

that, under the Assumptions 6.2 – 6.6, the traditional FRF estimator (6.12)

is equal to (6.17) at the DFT frequencies jω = jωk for finite number of data

N . As a result, the BLTI approximation GBLTI(s) can also be seen as the

best – in mean square error sense – LTI model that minimizes the distance

between the ITF G(s, t) of the LTP system and any other possible LTI

models G(s) lying in the set of LTI systems G.
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6. The Best LTI approximation of time-periodic systems

The BLTI definition (6.17) at a particular frequency jωk leads to a

geometrical interpretation of GBLTI(jωk), which is depicted in Fig. 6.2. It

can be seen from this phasor plot that GBLTI(jωk) can be interpreted as

the “best” static vector in the complex plane that minimizes the distance

between the dynamic vector G(jωk, t) (i.e. the ITF) and any other static

vectors G(jωk). The squared length of the TP distortion vector

GTP(jωk, t) = lim
Nh→∞

+Nh∑
k=−Nh
k≠0

Gk(s) ej kωsyst (6.18)

which is rotating at an angular speed of ωsys, is thus minimized over time.

Therefore, a kind of dispersion measure of the time-variation in the LTP sys-

tem is given by the scalar quantity (it has the same dimension as GBLTI(jω))
ΔGTP(jωk) ≜ √

1

Tsys
∫ Tsys

0
∣G(jωk, t) −GBLTI(jωk)∣2 dt

= √
1

Tsys
∫ Tsys

0
∣GTP(jωk, t)∣2 dt = ?@@@C +∞∑

r=−∞
r≠0

∣Gr(jωk)∣2 (6.19)

and can be measured once the hFRFsGr(jωk) in (6.19) are known/estimated

(see Appendix 6.E for the proof). We call this analysis technique

{GBLTI(jωk), GTP(jωk, t), ΔGTP(jωk)}
vector FRF analysis. The methodology is demonstrated at the Floquet

resonances of the simulated Mathieu oscillator in Section 6.6 and on real

measurements emulating the Mathieu oscillator in Section 6.5.

It is worth noting that the BLTI approximation (6.17) is a good choice

from a dynamical point of view. Other LTI approximations of LTP systems

can be set up as is, for example, done by Seiler and Ozdemir [2013] for

wind turbine applications. The “optimal LTI approximations” in Seiler

and Ozdemir [2013] are directly performed at the level of the TP state

space matrices (see (2.24) on page 29) of the state space model [G]
[G] ≜ ⎡⎢⎢⎢⎢⎣ A(t) B(t)

C(t) D(t)
⎤⎥⎥⎥⎥⎦ . (6.20)
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6.5. Measurement of the BLTI approximation and the TP distortions

If, for instance, the l2 norm is used, then Seiler and Ozdemir [2013] have

shown that the “optimal” LTI approximation of the LTP model [G] (6.20)
is equal to the LTI model

[G]optl2
= 1

Tsys
∫ Tsys

0
[G] dt = ⎡⎢⎢⎢⎢⎣

1
Tsys ∫ Tsys

0 A(t)dt 1
Tsys ∫ Tsys

0 B(t)dt
1

Tsys ∫ Tsys

0 C(t)dt 1
Tsys ∫ Tsys

0 D(t)dt
⎤⎥⎥⎥⎥⎦

(6.21)

which is obtained by taking the time average of the TP state space ma-

trices in (6.20). Seiler and Ozdemir [2013] admit that the LTI approxima-

tion in (6.21) can be “suboptimal” from a dynamical perspective. As an

illustration, we have indeed that the LTI approximation [G]optl2
(6.21) of

the Mathieu oscillator in Fig. 2.6 on page 33 consists of one TI resonance(nearly fn = 1
2π

√
k0
m in (2.33)) with no anti-resonances, while the Floquet

theory (2.32) on page 32 predicts that both multiple (harmonic) resonances

and anti-resonances can occur in GBLTI(s) = G0(s) (compare the shape of

the BLTI approximation G0(jω) (red) in Fig. 2.6 on page 33 with that of

the LTI approximation (6.21) Gopt
l2

(jω) = 1/(ms2 + cs + k0)∣s=jω).
6.5 Measurement of the BLTI

approximation and the TP distortions

To quantify the error introduced by the BLTI framework, the quantities

GBLTI(jωk), GTP(jωk, t), ΔGTP(jωk) and var{YTP(k)} are measured using

the LPM and the SAM algorithms from Chapters 3 and 5. Despite the

fact that the SAM and the LPM estimators presented here are restricted

to SISO LTP systems only, the identification methodologies can readily be

expanded to the multi-variate case. Before clarifying the details of those

estimation techniques, an indispensable assumption on the additive noise

v(t) is given below.

Assumption 6.7. The excitation u(t) = u0(t) is free of noise, and the true

output of the LTP system y0(t) is disturbed by additive noise v(t), i.e.

y(t) = y0(t) + v(t) (see the generalized OE setting in Fig. 5.1 on page 172).
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6. The Best LTI approximation of time-periodic systems

6.5.1 The Spectral Analysis Method (SAM)

Reading the lines of the SAM algorithm from Section 5.4, in particular

formulas (5.17), (5.21) and (5.22), one gets an estimate of the BLTI FRF

(s = jωk in (6.7))

ĜBLTI(jωk)SAM = Ĥ0(jωk)SAM (6.22)

the hFRFs (6.3) for r ∈ {−Nh,−Nh + 1,⋯,0,⋯,+Nh}
Ĝr(jωk)SAM = Ĥr (jωk+rPsys)SAM

(6.23)

the dispersion measure of the time-variation (6.19)

Δ̂GTP(jωk)SAM = ?@@@C +Nh∑
r=−Nh
r≠0

∣Ĝr(jωk)SAM∣2 = ?@@@C +Nh∑
r=−Nh
r≠0

∣Ĥr (jωk+rPsys)SAM∣2
(6.24)

the output TP distortion in (6.13)

ŶTP(k)SAM = +Nh∑
r=−Nh
r≠0

Ĥr(jωk)SAMUw (k − rPsys) (6.25)

and its variance (6.14)

v̂ar{YTP(k)}SAM = +Nh∑
r=−Nh
r≠0

∣Ĥ−r(jωk)SAM∣2 ŜUwUw(k)[r, r] (6.26)

where the matrix ŜUwUw(k) is given in (5.20) on page 183 (X[0,0] corre-

sponds to the middle position of the matrix X). Finally, the variability of

the BLTI approximation (r = 0) and the higher order hFRFs (r ≠ 0) due

to the total distortions V (k) in (5.1)

v̂ar{Ĝr(jωk)}SAM

tot
= ĈĤ[r, r]

(jωk+rPsys)SAM

tot
. (6.27)

As such, the errors incurred by the BLTI framework are entirely quantified.

6.5.2 The Local Polynomial Method (LPM)

6.5.2.1 Arbitrary excitations

The LPM under arbitrary excitation (Section 5.2) has the following ad-

vantages: (i) it estimates at a higher frequency resolution than the SAM
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6.5. Measurement of the BLTI approximation and the TP distortions

in Section 6.5.1 (M times larger); (ii) it suppresses the output leakage,

TY (jωk) in (5.1), via the smoothness property of TY (jωk) (5.5), while the

SAM in Section 6.5.1 diminishes it via windowing techniques. This has

as a consequence that the LPM can provide an explicit expression for the

output leakage estimate, see T̂Y (jωk)LPM in (5.10). However, similar as for

the SAM in Section 6.5.1, no discrimination can be made between the noise

NY (k) and the total distortions V (k), such as NL effects and unmodeled

time-variations.

Making use of expressions (5.2) and (5.9)-(5.12) in the LPM scheme, we

obtain an estimate for the BLTI approximation (6.7) ĜBLTI(jωk)LPM, the
hFRFs (6.3) Ĝr(jωk)LPM, their total uncertainties v̂ar{Gr(k)}LPMtot due to

V (k) in (5.1), the output leakage in (5.1) T̂Y (jωk)LPM, the dispersion mea-

sure of the time-variation (6.19) Δ̂GTP(jωk)LPM, the output TP distortion

in (6.13) ŶTP(k)LPM, and finally its variance (6.14) v̂ar{YTP(k)}LPM.
6.5.2.2 Periodic excitations

The identification algorithm for arbitrary excitations in Section 6.5.2.1 is

modified when a full random phase multisine (Pexc = 1 in Assumption 6.6,

see for e.g. Fig. 3.5 on page 80) is imposed as excitation signal. This method

consists of two major steps, which are listed below.

• Nonparametric estimation of the output leakage (transient) and the

noise variance using the non-excited frequencies (Section 3.4.2).

• Nonparametric estimation of the hFRFs/iFRF and the total variance

using the transient-suppressed input-output data (Section 3.7).

Given then the Assumptions 6.2–6.6 one has that the noiseless steady

state (ss) output signal y0,ss(t) becomes T−periodic, i.e. y0,ss(t) = y0,ss(t+T ).
Therefore, we adopt the following additional assumption:

Assumption 6.8. P ≥ 2 transient periods of the output (and input) signal

are measured, i.e. Tmeas = PT = PNTs, {P,N} ∈ N, with Tmeas being the

total measurement time and T being now the periodicity of the true steady

state (ss) output signal, i.e. y0,ss(t + T ) = y0,ss(t).
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6. The Best LTI approximation of time-periodic systems

At the price of a decrease by a factor P of the frequency resolution

w.r.t. the arbitrary case, i.e. fs/(PN) → fs/N , we are able to discrimi-

nate between the noise and the sum of all other possible stochastic error

sources which depend on the randomness of the periodic input U(k) cho-

sen, such as the remaining stochastic modeling errors (ME) and the NL

distortions. Since the output leakage, TY (jωk) in (5.1), is assumed to be

already suppressed in a preprocessing step, the output distortion, V (k) in

(5.1), can be split into two contributions at the excited bins k = rP with

r = 1,2, . . . ,N/2 − 1:

V (rP ) = N̂Y (rP ) +W (rP ) (6.28)

W (rP ) = YNL(rP ) + YME(rP ) (6.29)

which consists of

• a pure transient-suppressed noisy part N̂Y (rP ) = NY (rP )−T̂Y (jωrP )LPM,
• a stochastic error term W (rP ) = YNL(rP ) + YME(rP ) with the same

periodicity as U(rP ) that takes into account the unmodeled cyclic

variations YME(rP ) = +∞∑
i=−∞

i ∉ {−Nh,...,0,...,+Nh}
Hi(jωrP )U ((r − iPsys)P ) and

the output NL effects YNL(rP ).
Next, the total distortion V (rP ) = N̂Y (rP ) +W (rP ) is assumed to be

uncorrelated over the frequency in the local frequency band

KLPM
r = [(r − nLPM)P, ⋯ (r − 1)P, rP, (r + 1)P ⋯ (r + nLPM)P ] (6.30)

with 2nLPM + 1 being the width of the LPM window used. Although this

assumption is valid for N̂Y & YNL in (6.28)-(6.29) (Pintelon and Schoukens

[2012] have shown that YNL is asymptotically (N → ∞) uncorrelated over

the frequency), the unmodeled time-variations YME(rP ) are in general cor-

related over the excited DFT bins k = rP . Nevertheless, the LPM still

correctly quantifies the mean square error of W (rP ). For fast varying sys-

tems (Psys ≫ 1), YME(rP ) in (6.29) is uncorrelated in the local frequency

band KLPM
r (6.30) when nLPM < Psys

2 (even for Nh → ∞).
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6.5. Measurement of the BLTI approximation and the TP distortions

Furthermore, the time domain counterpart of the total distortions, i.e.

v(t) = ny(t)+w(t), contains a stochastic error term w(t) = 1√
PN

iDFT{W (k)}
that is T -periodic (w(t + T ) = w(t)), and a “pure” non-periodic noise pro-

cess ny(t) = 1√
PN

iDFT{NY (k)}. This difference in behavior allows us to

discriminate between the aperiodic noise ny(t) and the sum of the unmod-

eled cyclic variations yME(t) = 1√
PN

iDFT{YME(k)} and the stochastic NL

effects yNL(t) = 1√
PN

iDFT{YNL(k)} in w(t).
Finally, assuming that the input is free of noise (see Assumption 6.7)

and following the lines of the LPM algorithm in Section 3.7, we find an

estimate at the excited bins k = rP , r = 1,2, . . . ,N/2 − 1 for the BLTI

approximation (6.7)

ĜBLTI(jωrP )LPM = Ĥ0(jωrP )LPM (6.31)

the hFRFs (6.3) for i ∈ {−Nh,−Nh + 1,⋯,0,⋯,+Nh}
Ĝi(jωrP )LPM = Ĥi (jω(r+iPsys)P )LPM (6.32)

their noise variances due to N̂Y (rP ) in (6.28)

v̂ar{Ĝi(jωrP )}LPMnoise
= ĈĤ[i, i]

(jω(r+iPsys)P )LPMnoise
(6.33)

their total variances due to V (rP ) (6.28)

v̂ar{Ĝi(jωrP )}LPMtot
= ĈĤ[i, i]

(jω(r+iPsys)P )LPMtot
(6.34)

the dispersion measure of the time-variation (6.19)

Δ̂GTP(jωrP )LPM = ?@@@@C +Nh∑
i=−Nh
i≠0

∣Ĝi(jωrP )LPM∣2 = ?@@@@C +Nh∑
i=−Nh
i≠0

∣Ĥi (jω(r+iPsys)P )LPM∣2
(6.35)

the output TP distortion in (6.13)

ŶTP(rP )LPM = +Nh∑
i=−Nh
i≠0

Ĥi(jωrP )LPMU ((r − iPsys)P ) (6.36)

and ultimately its variance (6.14)

v̂ar{YTP(rP )}LPM = +Nh∑
i=−Nh
i≠0

∣Ĥi(jωrP )LPM∣2 ∣U ((r − iPsys)P )∣2 . (6.37)
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6. The Best LTI approximation of time-periodic systems

6.6 Simulation example: the Mathieu

oscillator

The nonparametric identification schemes (Section 6.5) and the vector FRF

analysis technique (Section 6.4) are illustrated first on the Mathieu oscillator

in Fig. 2.6 on page 33 before applying it to real measurements in Section 6.5.

6.6.1 Simulated input-output behavior
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Figure 6.3: Left: (Top) Normalized histogram of the full multisine force signal
u(t) (2.49) in the Mathieu oscillator (2.33) with a Gaussian pdf fit.
(Bottom) Normalized histogram of the true displacement y0(t) in
(2.33), histogram of the estimated TP distortions ŷTP(t) and the
histogram of the true output noise ny(t) all with a Gaussian pdf
fit. Right: zoom around a strong displacement y0(t) in the time
domain (ŷTP(t) coincide with yTP(t)). The histograms have been
produced using one period of the excitation signal u(t) (2.49).

The force signal u(t), sampled at a rate of fs = 15 Hz, is chosen to be a

full multisine signal (see (2.49) on page 48 with Pexc = T
Texc

= 1 in Assumption

6.6) with N = 30.103 time domain samples in T . The multisine consists of

F = 104 excited frequencies in the frequency band (0, 5] Hz. One can see

from Fig. 6.3 (top, left) that the normalized histogram of the force signal
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6.6. Simulation example: the Mathieu oscillator

u(t) resembles very well a Normal distribution N(0, σu) due to the random

phases in (2.49).
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Figure 6.4: Top: Zoom in the time interval [0, 25] s of the noiseless transient

response y0,tr(t) = y
[P ]
0 (t) − y[P−1]0 (t) (P = 2 consecutive periods

simulated, see Assumption 6.8). Bottom: Its DFT representing
the true plant leakage, TG(jωk) in (5.1), (black) and the estimated
noise + system leakage T̂Y (jωk)LPM (gray).

Next, repeating twice the multisine signal u(t) (P = 2 in Assump-

tion 6.8) the equation of motion is integrated with the ODE45 solver in

MATLAB R○ (relative accuracy of 10−9) using the initial conditions y0(t) = 1

and dy0(t)/dt = 0. As a result, P = 2 transient periods of the true output

y0(t) are produced (see Assumption 6.8) giving a total of PN = Tmeas fs

time domain samples. A zoom of the true transient response y0,tr(t) =
y
[2]
0 (t) − y

[1]
0 (t) in the time interval [0, 25] s, which is the difference be-

tween the steady state part (2nd period) and the first period of the true

response, is depicted in Fig. 6.4 (top). This confirms that the system under

test is a rapidly varying LTP system (Tsys ≪ memory length). It can also

be seen from the plot in Fig. 6.3 (bottom, left) that, due to the Gaussian

nature of u(t), the normalized histogram of the true displacement y0(t) also
resembles nicely a Gaussian probability density function (pdf) N(0, σy0).
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6. The Best LTI approximation of time-periodic systems

6.6.2 Simulated amount of noise and TP distortions

In order to mimic a real situation the true output y0(t) is disturbed by

a stationary, band-limited filtered white noise process v(t) = ny(t) (see

Assumption 6.7 and with w(t) = 0 in Section 6.5.2.2) with a time domain

SNR of 15 dB, i.e. std{y0(t)} ≈ 5.6 std{ny(t)}. The dynamics of the

discrete-time noise filter being simulated is shown in black in Fig. 6.5. As

expected, the disturbing noise ny(t) also follows a Gaussian pdf, which is

depicted in Fig. 6.3 (bottom, left). The true TP distortion, yTP(t) in (6.9),

originating from the Mathieu oscillator (2.33) is computed, and it turns out

that we have a signal-to-TP distortion ratio of 4.5 dB, i.e. std{y0(t)} ≈
1.7 std{yTP(t)}. A zoom of the time domain signals y0(t), ny(t) and yTP(t)
around a strong displacement y0(t) is displayed in Fig. 6.3 (right). One can

notice that yTP(t) is the dominant error source if one would have considered

the Mathieu oscillator to be an LTI system.

6.6.3 Outline of the discussion

The goal of this simple simulation example is to show, on the one hand, the

close relationship between the BLTI approximation (6.7) of an LTP system

and traditional FRF estimators from Section 6.5 and, on the other hand,

that care should be taken when FRF measurements are conducted on fast

varying LTP systems.

Using the known input u(t) = u0(t), noisy output y(t) = y0(t)+ v(t) the

following quantities – the BLTI approximation (6.7), the hFRFs (6.3), their

corresponding uncertainties, the dispersion measure of the cyclic variations

(6.19), the transient-suppressed output spectrum in (5.1), the TP distor-

tions in (6.13) and the power spectrum of the transient-free disturbing noise

var{N̂(k)} and/or the total distortions var{V (k)} (see (6.28)) – are esti-

mated via respectively the SAM of arbitrary signals in Section 6.5.1 and the

LPM of periodic signals in Section 6.5.2.2. Again, the SAM suppresses the

leakage via windowing techniques and, thus, does not provide any estimate

of the output leakage (transient), while the LPM definitely does.
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Figure 6.5: Using the LPM of Section 6.5.2.2 the following quantities are com-
puted. Transient-suppressed output spectrum (red), estimated TP
distortion (6.36) (blue), its estimated std (6.37) (pink), estimated
std of the transient-free output noise (green) and the true noise
model (black). (The results for the SAM estimator in Section 6.5.1
are similar.)

First, we explain the identification results at the level of the output.

Next, the reasoning is done for GBLTI(jωk). Then, the hFRFs Gr(jωk)
are discussed. Finally, the geometrical interpretation of the BLTI approx-

imation, leading to the vector FRF analysis technique in Section 6.4, is

demonstrated at the Floquet resonances in Fig. 2.6 (right) on page 33.

6.6.4 Output spectrum analysis

In Fig. 6.5 the results at the level of the output spectrum are presented

by using the LPM of Section 6.5.2.2 with Nh = 3 significant harmonics, a

polynomial order of R = 2 and a dof of qLPM = 16. The measured out-

put spectrum with transient suppression (red) clearly displays the expected

Floquet resonances at (±1 ± r 0.4) Hz. It can also be seen that the esti-
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6. The Best LTI approximation of time-periodic systems

mated output TP distortion (blue) is scattered around its estimated std

(pink). In the time domain plot in Fig. 6.3 it is confirmed that the estimate

ŷTP(t) (pink) predicts very well the true value yTP(t) (blue). Note that this
stochastic TP error source is of high importance at the Floquet resonances

(compare the blue/pink with the red signal in Fig. 6.5). Under the mul-

tisine excitation (2.49) it shows that the underlying statistical behavior of

ŷTP(t) follows a Normal distribution N(0, σŷTP
) as well (see Fig. 6.3 (bot-

tom, left)). In addition, the std of the transient-free output noise (green)

tracks quite well the true noise model (black).

On top of that, the output leakage TY (jωk) is estimated nonparametri-

cally with the first step in Section 6.5.2.2 (using P = 2 signal periods, see

Assumption 6.8), where the outcome is depicted in Fig. 6.4 (bottom). One

can observe that the estimated output leakage T̂Y (jωk)LPM (gray) is of the

same order of magnitude as the noise disturbance (green) in Fig. 6.5, which

also lies in the vicinity of the true system leakage TG(jωk) in (5.1) (= DFT

of the noiseless transient response y0,tr(t) in Fig. 6.4 (top); the noise tran-

sient THV
(jωk) w.r.t. the system transient TG(jωk) in (5.1) can be ignored

at the resonances).

6.6.5 Estimation of the BLTI approximation and the

hFRFs

Proceeding with the estimation of the BLTI approximation GBLTI (6.7), we

first present the SAM and the LPM results for Nh = 3 significant hFRFs,

and discuss then the case Nh = 0 (classical FRF estimation). In order to

make a fair comparison between the SAM and the LPM estimators, the

same amount of time domain samples, i.e. PN in number, is used for

the identification. Additionally, to avoid leakage introduced by the time-

variation, the dof of the SAM qSAM = 18 is chosen as close as possible to that

of the LPM qLPM = 16 such that Assumption 6.4 is still obeyed. Since Nh = 3

significant harmonics can be detected (see further on), the frequency band

of interest is selected to be (0, 3.5] Hz giving F = 7000 excited harmonics,

conform the clarification in Remark 3.3 on page 108.
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Figure 6.6: BLTI approximation (6.7) with Nh = 3 significant harmonics using
the SAM in Section 6.5.1 and the LPM in Section 6.5.2.2. True
value GBLTI(jωk) (red), ĜBLTI(jωk) (6.22) and (6.31) (black), dif-
ference ĜBLTI(jωk) − GBLTI(jωk) (gray), true dispersion measure
(6.19) with Nh = 500 (pink), estimated dispersion measure (6.24)
and (6.35) with Nh = 3 (blue), total std of ĜBLTI(jωk) (6.27) and
(6.34) (light blue) and noise std of ĜBLTI(jωk) (6.33) (green).
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Figure 6.7: Estimated hFRFs with Nh = 3 using the SAM in Section 6.5.1 and
the LPM in Section 6.5.2.2. True hFRF Gr(jωk) (red), Ĝr(jωk)
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std of Ĝr(jωk) (6.27) and (6.34) (light blue).
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6.6. Simulation example: the Mathieu oscillator

The results with the following settings, Nh = 3, qLPM = 16, qSAM = 18

(M = 25 non-overlapping segments), are depicted in Fig. 6.6. A first look at

this figure shows that both estimators have more or less the same accuracy

(compare both gray and light blue signals in the top and the bottom plot).

It can be seen that GBLTI(jωk) − ĜBLTI(jωk) (gray) is scattered around its

std (light blue), which confirms the quality of the estimates.

Since the periodic nature of the excitation is not exploited in the SAM,

no discrimination can be made between the noise (green) and the total

distortion (light blue). Besides, the LPM has the advantage that it esti-

mates at a higher frequency resolution, i.e. fs/N , than that of the SAM, i.e.

Mfs/(PN), since M = 25 ≫ P = 2. Because the noise (green) and the total

distortion (light blue) fully overlap in the picture of the LPM, it is an in-

dication that simulated system (2.33) is LTP (no significant NL distortions

and unmodeled time-variation, W (k) ≈ 0 in (6.29), can be detected).

Note that relying only onGBLTI, the higher order Floquet resonances can

be underestimated (compare Fig. 6.5 with Fig. 6.6) or even not detectable

(see measurement example in Section 6.7). However, having an estimate of

the dispersion measure (6.19) (blue), the higher order Floquet resonances

can be very well predicted. Moreover, the quality of the dispersion measure

estimate (blue) is satisfactory if we compare it with the “true” value (pink)

using Nh = 500 hFRFs.

To complete the whole picture, the estimation of the first two (posi-

tive and negative) hFRFs together with their uncertainties are presented

in Fig. 6.7 for the LPM and the SAM (the third hFRF is omitted for con-

venience). One can see that both estimators (black) have more or less the

same accuracy (light blue), and that the difference between the true and

estimated values (gray) is in agreement with their total stds (light blue).

6.6.6 Classical FRF estimation

The picture is totally different in terms of accuracy when traditional FRF

measurements (Nh = 0) are carried out. Indeed, from the plot in Fig. 6.8

it follows that the FRF uncertainty (light blue) is much higher than for
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Figure 6.8: Classical FRF estimation: ĜBLTI(jωk) with Nh = 0 hFRFs using
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6.6. Simulation example: the Mathieu oscillator

the case Nh = 3 in Fig. 6.6 due to the unmodeled TP effects (pink arrows).

Hence, the TP distortions cause a large variability in the FRF. Also here,

both estimators with qLPM = 16 and qSAM = 15 (M = 15) show almost the

same FRF accuracy (light blue), where it can be seen that the difference

between the true value and the estimated one is scattered around its total

std.

The advantage of using the LPM with periodic excitation from Sec-

tion 6.5.2.2 is that we simultaneously have an estimate of the noise std

(green) as well as for the total std (light blue). The discrepancy between

both gives a nice indication of the TP distortions (pink arrows) acting on

the FRF measurements even for Nh = 0.

6.6.7 Vector FRF analysis

Instead of drawing the FRFs at all the frequencies of interest at once, we

treat GBLTI(jωk) (s = jωk in (6.7)) and the TP distortions GTP(jωk, t) in

(6.18) as vectors in the complex plane at certain important frequencies,

such as the Floquet resonances and the pumping frequency (see Chapter 2

for the Floquet theory).

The simulation results are summarized in Fig. 6.9 at the first two Floquet

resonances using both true values (Nh = 500) as well as estimated ones

(Nh = 3) coming from the LPM in Section 6.5.2.2 (the SAM, which is not

shown here, gives comparable results). As already anticipated from the FRF

plots in Fig. 6.6, it can be seen that GBLTI(jωk) (red vector) is dominant

w.r.t. GTP(jωk, t) (blue vector) at the natural frequency of 1 Hz, while

at the Floquet resonance of 1.4 Hz the opposite is true. We can conclude

again that it can be dangerous to rely only on the BLTI approximation

(red) for predicting correctly the higher order Floquet resonances (blue) in

fast varying LTP systems.

Although not circular in general, one can see that the scalar ΔGTP(jωk)
(black) represents a nice measure for the TP effects GTP(jωk, t) (blue). If

the LTP system under test is LTI dominant at a particular frequency, then

the ratio ΔGTP(jωk)/ ∣GBLTI(jωk)∣ is significantly lower than 1. In the
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Figure 6.9: Dynamic phasor plot of the simulated Mathieu oscillator (2.33) on
page 33. The red vector stands for GBLTI(jωk) (6.7), while the
instantaneous direction of GTP(jωk, t) (6.18) is given by the blue
vector. The value of GTP(jωk, t) (6.18) is depicted as a blue dot
and the dispersion measure of the time-variation ΔGTP(jωk) (a
real scalar, see (6.19)) is shown in black. ΔGTP(jωk) is revolved
around the end point of the vector GBLTI(jωk) for clarity. Top:
true values. Bottom: estimated ones using the LPM in Section
6.5.2.2. (The SAM from Section 6.5.1 is not shown here in order
not to overload the figure).
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6.7. Measurements on an electronic circuit simulating the Mathieu
Oscillator

opposite case ΔGTP(jωk)/ ∣GBLTI(jωk)∣ ≫ 1 it is desirable to have a richer

description than just a simple LTI model. Hence, the higher order hFRFs

are required to adequately explain the measurements at that particular

frequency.

Finally, one can observe that the accuracy of the phasor plot is satisfac-

tory even with a low number of harmonics Nh = 3 (compare the top pane

(true values with Nh = 500) and the bottom pane (estimated values with

Nh = 3) in Fig. 6.9).

6.7 Measurements on an electronic circuit

simulating the Mathieu Oscillator

The SAM and the LPM estimator from Section 6.5 are also applied to

real measurements on a parameter varying electronic circuit mimicking

the Mathieu oscillator from Section 6.6. The electronic circuit shown in

Fig. 3.10 (left) on page 99 is a 2nd order bandpass filter where one of the

resistors in Fig. 3.10 (left) is made variable. The variable resistor has been

implemented in practice as a transistor giving a weakly NL behavior. By

controlling the gate voltage of the transistor (denoted “sched.” in Fig. 3.10,

left) the resonance frequency of the circuit can be tuned.

We provoke Floquet resonances, such as in Fig. 2.6 on page 33, by

imposing a very fast varying sine wave as scheduling signal with a base

frequency of fsys = 10 kHz and an underlying natural frequency around 5

kHz. Hence, Floquet resonances are foreseen at ±fn ± r fsys ≈ (±5 ± r 10)
kHz (see Fig. 6.10).

We opt for a periodic excitation signal such that we can distinguish

between the noise disturbances and the NL effects introduced by the tran-

sistor. Therefore, the electronic circuit in Fig. 3.10 (left) on page 99 is

excited with a full multisine signal having a flat amplitude spectrum (equal

amplitudes ∣Ak∣ in (2.49) on page (2.5)) and a fundamental frequency of

fexc = 5 Hz, which was sampled at the rate fs = 625 kHz in the frequency

band (0.25, 150] kHz. The frequency band of interest is selected to be
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Figure 6.10: Measured transient-suppressed output spectrum (black), esti-
mated TP distortion (6.36) (blue), its estimated std (6.37) (pink),
estimated std total output distortions (light blue) and estimated
std transient-free output noise (green). (The SAM from Section
6.5.1 gave comparable results).

(0.25, 40] kHz which consists of F = 8000 excited lines, and is thus smaller

than the excited frequency band (see Remark 3.3 on page 108). Besides,

P = 2 periods of the output and input signal are measured (see Assumption

6.8). A total of PN = 2×125.103 input-output samples are acquired using a

band-limited measurement setup, where u(t) and y(t) are lowpass filtered

before sampling.

6.7.1 Analysis output spectrum

Figure 6.10 shows the corresponding output spectrum under a random

phase multisine excitation. The results presented here are based on the

LPM with periodic excitations from Section 6.5.2.2, where Nh = 6 hFRFs,

a polynomial order of R = 2 and a dof of qLPM = 16 have been chosen as

settings in the LPM algorithm.
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Oscillator

The measured output spectrum in Fig. 6.10 with transient suppression

(black) clearly reveals the expected Floquet resonances at ±fn ± r fsys ≈(±5 ± r 10) kHz , r ∈ Z. One can see that the estimated output TP dis-

tortion (blue) is scattered around its estimated std (pink). Observe that

this stochastic TP error source (blue/pink) is of high importance at the

Floquet resonances of the measured output spectrum (black). The drop in

the output TP distortions around the pumping frequency of fsys = 10 kHz

(blue/pink) can be explained by the fact that no signal energy was injected

in the band [−0.25, 0.25] kHz. The peaks at exactly an integer multiples of

fsys (pink signal @ r10 kHz, r = 0,1,2⋯) is due to the modulations of the

generated DC energy. Note that a significant difference occurs between the

estimated output noise std (green) and the std of the total (noise + NL)

distortions (light blue) due to the weakly NL nature of the circuit.

6.7.2 Estimation of the BLTI approximation and the

hFRFs

We first discuss the SAM and the LPM results for measuring the BLTI

approximation GBLTI(jωk) with Nh = 6 harmonics. Afterwards, we move

to the case Nh = 0 (classical FRF estimation). The SAM and the LPM

scheme use the same amount of time domain samples (i.e. PN each) in

the estimation process. The dof of the SAM qSAM = 12 (M = 25 segments)

is chosen as close as possible to that of the LPM qLPM = 16 such that

Assumption 6.4 is still valid.

The results with Nh = 6 significant hFRFs can be found in Fig. 6.11.

It indicates that the LPM estimator has a bit lower uncertainty than the

SAM because qLPM > qSAM. Since we make no explicit use of the periodic

nature of the excitation in the SAM no distinction can be made between

the noise floor (green) and the total distortion (light blue). Again, the

LPM estimates have a higher frequency resolution, fs/N , than the SAM,

Mfs/(PN), as M ≫ P . A considerable difference between the noise (green)

and the total distortion (light blue) can be observed, indicating that the

electronic circuit in Fig. 6.10 exhibits a weakly NL behavior.
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Figure 6.11: BLTI approximation (6.7) with Nh = 6 significant hFRFs using
the SAM in Section 6.5.1 and the LPM in Section 6.5.2.2. Mea-
sured ĜBLTI(jωk) (6.22) and (6.31) (black), estimated dispersion
measure (6.24) and (6.35) (blue), total std of ĜBLTI(jωk) (6.27)
and (6.34) (light blue) and noise std of ĜBLTI(jωk) (6.33) (green).
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Ĝr(jωk)
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Figure 6.12: Estimated hFRFs with Nh = 6 harmonics using the SAM in
Section 6.5.1 and the LPM in Section 6.5.2.2. Measured hFRF
Ĝr(jωk) (6.23) and (6.32) (black), total distortion std of Ĝr(jωk)
(6.27) and (6.34) (blue), and noise std of Ĝr(jωk) (6.33) (green).
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6. The Best LTI approximation of time-periodic systems

Comparing Fig. 6.11 with Fig. 6.12 one can see that the first Floquet

resonance, n = ±1 in (2.32) on page 32, cannot be detected. The reason

for this is that the harmonic mode shapes in (2.32) can cancel out each

other and thus possibly creating an anti-resonance. Nevertheless, making

use of the information present in the dispersion measure (6.19) (blue), the

higher order Floquet resonances can be very well predicted. For measuring

the dispersion measure (6.19) (blue) an estimate of the hFRFs is required.

Therefore, the first two (positive and negative) estimated hFRFs, together

with their uncertainties, are shown in Fig. 6.12 for the LPM and the SAM

(the other hFRFs are not shown in order not to overload the figure). Con-

sidering the higher hFRFs, the Floquet resonances can be well-traced; while

this was not the case for the BLTI approximation in Fig. 6.11. It can also

be seen here that the SAM estimator (black) has a higher uncertainty (light

blue) than the LPM. This is partly due to the fact that the LPM suppresses

much better the leakage at sharp resonances Pintelon and Schoukens [2012]

(see the uncertainties in Fig. 6.12 at the resonances).

6.7.3 Classical FRF estimation

If traditional FRF measurements (Nh = 0 instead of Nh = 6) are made,

the TP distortions will considerably increase the uncertainty of the FRF.

Actually, from the plot in Fig. 6.13 it can be confirmed that the FRF TP

distortions are the dominant error source in the 2nd order circuit and not

the NL distortions when performing classical FRF measurements (compare

the light blue signals in Fig. 6.11 and 6.13).

Also here we have that both estimators with qLPM = 16 and qSAM = 19

(M = 20) show more or less the same FRF variability (compare the light blue

signals in the top and bottom plot). The LPM with periodic excitation from

Section 6.5.2.2 has the advantage that we simultaneously get an estimate

for the noise std (green) as well as for the total std (light blue). This figure

also illustrates nicely the high variability at the first Floquet pole (15 kHz)

thanks to the resonances present in the hFRFs in Fig. 6.12, where normally

an anti-resonance is taking place in the BLTI approximation (see Fig. 6.11).
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Figure 6.13: Classical FRF estimation: ĜBLTI(jωk) with Nh = 0 harmon-
ics using the SAM in Section 6.5.1 and the LPM in Section
6.5.2.2. Measured ĜBLTI(jωk) (6.22) and (6.31) (black), total
std of GBLTI(jωk) (6.27) and (6.34) (light blue) and noise std of
ĜBLTI(jωk) (6.33) (green).
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Figure 6.14: Dynamic phasor plot of the electronic circuit. Estimated quan-
tities with Nh = 6 using the LPM in Section 6.5.2.2. (The SAM
from Section 6.5.1 is not shown here in order not to overload the
figure). The red vector stands for ĜBLTI(jωk) (6.31), while an
estimate of the instantaneous direction of GTP(jωk, t) (6.18) is
given by the blue vector. An estimate of the value of GTP(jωk, t)
(6.18) is depicted as a blue dot and the dispersion measure of the
time-variation ΔĜTP(jωk) (a real scalar see (6.35)) is shown in
black. ΔĜTP(jωk) is revolved around the end point of the vector
ĜBLTI(jωk) for clarity.

6.7.4 Vector FRF analysis

Completing the entire story, the vector FRF analysis technique from Sec-

tion 6.4 is demonstrated on the 2nd order circuit in Fig. 3.10 (left) on page

99 at the Floquet resonances and the pumping frequency.

The measurement results are given in Fig. 6.14, where we used the LPM

algorithm in Section 6.5.2.2 with Nh = 6 hFRFs (the SAM, which is not

shown here, gives comparable results). One can observe that ĜBLTI(jωk)
(red vector) is as big as ĜTP(jωk, t) (blue vector) at the natural frequency

of 5 kHz, while at the Floquet resonance of 15 kHz the FRF TP distortions

(blue) dominate over the underlying LTI character (red). At the pumping

frequency fsys = 10 kHz the converse is true. These observations were al-
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ready noticed at the level of the BLTI approximation in Fig. 6.11 (compare

the level of the blue and black signal at 10 kHz). Furthermore, it can be

seen that the dispersion measure of the time-variation ΔĜTP(jωk) (black)

in the phasor plot of Fig. 6.14 represents a good indication for the existing

TP effects ĜTP(jωk, t) (blue). Finally, we again can conclude that it can

jeopardize the interpretation if we count only on the BLTI approximation

(red) for predicting the true systems’ behavior (blue) in the fast varying

LTP system under test.

6.8 Conclusions

This chapter related the BLTI approximation of an LTP system to classical

FRF measurements conducted on fast varying LTP systems. We developed

a method to estimate the BLTI approximation by adapting the SAM and

LPM FRF-estimators for MISO LTI systems. The identification methods

rely on the MISO LTI equivalent of a SISO LTP system.

By cleverly taking into account the TP distortions, we have shown that

the uncertainty on the BLTI approximation can be reduced considerably

compared with classical FRF estimations. These TP distortions are the

dominant error sources in rapidly varying LTP systems and determine the

upper bound on the prediction ability of the BLTI model. Besides, the

methodology proposed also quantifies the disturbing output noise, (the

power spectrum of) the output TP distortions and the output leakage,

all from a single experiment. If periodic excitations can be imposed it is

even feasible to discriminate between the noise and other stochastic error

sources, such as NL distortions and unmodeled cyclic variations.

On top of that, we developed an analysis technique, called vector FRF

analysis in this chapter, yielding a geometrical interpretation of the BLTI

approximation. According to this geometrical interpretation, the LTP sys-

tem was shown to be decomposable into two parts, the first part being the

BLTI approximation, and the second, contains the FRF TP distortions.

We have seen that care should be taken when fast varying LTP systems

are handled. It can namely jeopardize the interpretation when counting
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6. The Best LTI approximation of time-periodic systems

only on the BLTI approximation as important resonances can be missed.

Therefore, the dispersion measure of the TP distortion at the FRF level is

provided such that the higher order Floquet resonances can still be detected

even within an LTI description.

Ultimately, all the discussed theoretical concepts have been successfully

demonstrated on a numerical simulation example, exactly satisfying the

assumptions, and on real measurements emulating the Mathieu oscillator.

Appendix

6.A Proof of the BLTI approximation (6.2)

Under Assumption 6.1, the optimal – in mean square error sense – time-

domain solution of (6.1) is obtained by solving the following equation:

∂ ( 1
Tsys ∫ Tsys

0 E{(y(t) − (g ∗ u) (t))2} dt)
∂g(τ)

hhhhhhhhhhhhhhg(τ)=gBLTI(τ)
= 0 (6.38)

⇔ 1

Tsys
∫ Tsys

0

∂ (E{(y(t) − (g ∗ u)(t))2})
∂g(τ) hhhhhhhhhhhg(τ)=gBLTI(τ)

dt = 0. (6.39)

Since the impulse response g(τ) in (6.39) is LTI, the quadratic term within

the finite-time integral in (6.39) reduces to the well-known Wiener-Hopf

relation for random excitations u(t) Bendat and Piersol [1980], viz.

1

Tsys
∫ Tsys

0
(Ryu(t, τ) − (gBLTI ∗Ruu) (τ)) dt = 0 (6.40)

⇔ 1

Tsys
∫ Tsys

0
Ryu(t, τ)dt = (gBLTI ∗Ruu) (τ). (6.41)

where Ryu(t, τ) ≜ E{y(t)u(t − τ)} and Ruu(τ) ≜ E{u(t)u(t − τ)} stand,

respectively, for the TP cross-correlation and the TI auto-correlation. Note

that Ryu(t, τ) depends on the time instant t as the output y(t) of an LTP

system is nonstationary. The relationship in (6.2) is then proven by taking
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6.B. Harmonic FRFs in terms of cross- and auto-PSDs

the Fourier transform w.r.t. τ of both sides of (6.41)

GBLTI(jω) = Fτ {gBLTI(τ)} = 1
Tsys ∫ Tsys

0 Syu(jω, t)dt
Suu(jω) ≜ Syu(jω)

Suu(jω) (6.42)

with Syu(jω, t) ≜ Fτ {Ryu(t, τ)} being the TP cross-PSD, Syu(jω) the mean

value of Syu(jω, t) w.r.t. t and Suu(jω) ≜ Fτ {Ruu(τ)} the TI input-PSD.

6.B Harmonic FRFs in terms of cross- and

auto-PSDs

Using the BET at the output’s level (2.13) on page 23 (with lim
Nh→∞yNh

(t) =
y(t) in (2.13))

y(t) = +∞∑
k=−∞

y[k](t) ejkωsyst (6.43)

and defining the TP cross correlation function as

Ryu(t, τ) ≜ E{y(t)u(t − τ)} = +∞∑
k=−∞

E{y[k](t)u(t − τ)} ejkωsyst (6.44)

shows that the TP cross-PSD, Syu(jω, t) ≜ Fτ {Ryu(t, τ)}, can be written

as a Fourier series of time-invariant cross-PSDs Sy[k]u(jω)
Syu(jω, t) = +∞∑

k=−∞
Sy[k]u(jω) ejkωsyst (6.45)

with Sy[k]u(jω) ≜ Fτ {E{y[k](t)u(t − τ)}}. Hence, the Fourier coefficients

Sy[k]u(jω) in (6.45) are obtained as

Sy[k]u(jω) = 1

Tsys
∫ Tsys

0
Syu(jω, t) e−jkωsyst dt. (6.46)

Since the hFRFs Gk(jω) in Fig. 2.2 on page 22 are LTI filters, we know

from Bendat and Piersol [1980]’s work and from (6.46) that

Gk(jω) = Sy[k]u(jω)
Suu(jω) = 1

Tsys ∫ Tsys

0 Syu(jω, t) e−jkωsyst dt

Suu(jω) (6.47)
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6. The Best LTI approximation of time-periodic systems

which proves (6.3).

Combining equations (6.45), (6.47) and the BET (2.7) on page 21 gives

an extension of the Wiener-Hopf relation for LTP systems under stationary

excitations in the time-frequency domain, viz.

LTP → Syu(jω, t) = G(jω, t)Suu(jω) (6.48)

LTI → Syu(jω) = G(jω)Suu(jω). (6.49)

6.C Proof of the O(N−1) bias error in the

classical FRF-estimator (6.12) for

random excitations

Starting from the extended frequency domain input-output relationship for

LTP systems (s = jω in (2.20) on page 27) we have

YT (jω) = +Nh∑
r=−Nh

Gr(jω − jrωsys)UT (jω − jrωsys) + T (jω). (6.50)

where T (jω) denotes the system transient. Evaluating afterwards the fre-

quency domain, input-output model (6.50) at the DFT frequencies jωk =
j k 2π

T = j k 2π
NTs

, and using the fact that for band-limited signals the DFT

(1.1) on page 11 Ts

√
N X(k) ≈ XT (jω)∣jω=jωk

(see footnote 1 on page 71),

one obtains in case Assumptions 6.3–6.6 are violated (with GBLTI = G0)

Y (k) = GBLTI(jωk)U(k)01111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111113=YBLTI(k)
+ 1√

N

+Nh∑
r=−Nh
r≠0

Gr(jωk − jrωsys)DFT{u[n] ej2πβsysrn}
01111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113=YTP(k) + TG(jωk)

(6.51)

with u[n] ≜ u(nTs) the sampled input signal, βsys = fsys
fs

= O (N0) (indepen-

dent of the number of samples N) and TG(jωk) = 1

Ts

√
N
T (jωk) = O (N−1/2)

the plant transient (leakage).
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for random excitations

Computing then the classical FRF-estimator (6.12) using (6.51) one has

E{Y (k)U(k)}
E{∣U(k)∣2} = GBLTI(jωk) + E{YTP(k)U(k)}

E{∣U(k)∣2}011111111111111111111111111111111111111111111111121111111111111111111111111111111111111111111111113
“leakage” due to the violation

of Assumption 6.4

+ E{TG(k)U(k)}
E{∣U(k)∣2}0111111111111111111111111111111111111111111112111111111111111111111111111111111111111111113

“leakage” incurred by the non-periodicity
of the input-output signals

(6.52)

with YTP(k) = 1√
N

+Nh∑
r=−Nh
r≠0

Gr(jωk − jrωsys) DFT{u[n] ej2πβsysrn} . (6.53)

Note that for periodic inputs (e.g., multisines (2.49) on page 48) exactly

satisfying Assumptions 6.2–6.6, the two leakage sources in (6.52) are exactly

zero (see (6.12)).

We now prove that when Assumptions 6.3–6.6 are violated, both leakage

errors decrease as an O(N−1). Since it is already shown in Appendix C of

Pintelon et al. [2010b] that the term on the far right in (6.52) is an O(N−1),
it only remains to be shown that for filtered white noise excitations (see

Assumption 6.1) the second term in (6.52) is an O(N−1) as well.

To this end, making use of (6.53) and the definition of the DFT (1.1) on

page 11 the numerator of the second term on the right hand side in (6.52)

becomes

E{YTP(k)U(k)} = 1

N

+Nh∑
k=−Nh
k≠0

Gr(jωk − jrωsys) E{DFT{u[n] ej2πβsysrn} DFT{u[n]}}
= +Nh∑

r=−Nh
r≠0

Gr(jωk − jrωsys) ⎛⎜⎜⎝ 1

N

N−1∑
n=0

N−1∑
m=0

E{u[n]u[m]}011111111111111111111111111111111111121111111111111111111111111111111111113≜Ruu[n−m]
ej2π

k(n−m)
N ej2πβsysrn

⎞⎟⎟⎠
(6.54)

with Ruu[n−m] the stationary auto-correlation function at lag n−m of the

sampled input signal.
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6. The Best LTI approximation of time-periodic systems

We now investigate the term between the parentheses in (6.54) for r ≠ 0.

By performing the shift of variables, p = n − m and q = m, and taking

properly into account the summation limits, the double sum in (6.54) can

be reduced to a single sum as follows

1

N

⎧⎪⎪⎨⎪⎪⎩
N−1∑
p=0

N−1∑
q=p

Ruu[p] ej2π kp
N ej2πβsysrq + −1∑

p=−(N−1)
p+N−1∑
q=0

Ruu[p] ej2π kp
N ej2πβsysrq

⎫⎪⎪⎬⎪⎪⎭
(6.55)

= 1

N
{N−1∑

p=0
Ruu[p] ej2π kp

N (N−1∑
q=p

(ej2πβsysr)q)
+ N−1∑

p′=1
Ruu[−p′]0111111111111112111111111111113=Ruu[p′]

e−j2π kp′

N (N−1−p′∑
q=0

(ej2πβsysr)q)⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (6.56)

The sum w.r.t. the variable q in (6.56) can be computed via the formula of

the power series
b∑

q=a
xq = b∑

q=0
xq − a−1∑

q=0
xq = xa − xb+1

1 − x
. (6.57)

Next, using (6.57) the first term in (6.56) can be bounded above as

1

N

hhhhhhhhhhh
N−1∑
p=0

Ruu[p] ej2π kp
N (ej2πβsysrp − ej2πβsysrN)

1 − ej2πβsysr

hhhhhhhhhhh ≤ 1

N

N−1∑
p=0

2 ∣Ruu[p]∣∣1 − ej2πβsysr∣
≤ 1

N

2γ∣1 − ej2πβsysr∣ N−1∑
p=0

e−αp0111111111112111111111113
= 1−e−αN

1−e−α , use (6.57)

≤ C

N
= O (N−1) (6.58)

where we have used the fact that for filtered white noise excitations Ruu[p]
consists of the sum of complex damped exponentials, which in turn can be

bounded as ∣Ruu[p]∣ ≤ γe−αp with α > 0 (see Appendix C.1 in Pintelon et al.

[2010b]).

The second term in (6.56) follows exactly the same lines. Hence, one

can conclude that E{YTP(k)U(k)} = O (N−1) in (6.54). As E{∣U(k)∣2} in

(6.52) is an O(N0) (proof: use (6.56) with r = 0), it follows that the total

leakage error on the traditional FRF-estimator is an O(N−1), which proves

the statement made here.
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Finally, it is worth mentioning that the leakage error due to the process-

ing of a non-integer number of system cycles (second term in (6.52)) cannot

be decreased with windowing methods (it remains an O(N−1) irrespective

of the window used), while the leakage incurred by the non-periodicity of

the input-output signal (far right term in (6.52)) can be diminished via

windowing techniques.

6.D Proof of the geometrical definition of

the BLTI approximation (6.19)

Elaborating the distance measure (6.17), using the BET (2.7) and the or-

thonormality of the Fourier basis, 1/Tsys ∫ Tsys

0 ejrωsyst ejlωsyst dt = δrl, we get

1

Tsys
∫ Tsys

0
∣ +∞∑
k=−∞

Gk(s) ejkωsyst −G(s)∣2 dt
= 1

Tsys
∫ Tsys

0
∣G0(s) −G(s)∣2 dt + 1

Tsys
∫ Tsys

0

hhhhhhhhhhhhhh
+∞∑

k=−∞
k≠0

Gk(s) ejkωsyst

hhhhhhhhhhhhhh
2

dt

+ 2

Tsys
∫ Tsys

0
Re

⎧⎪⎪⎪⎨⎪⎪⎪⎩(G0(s) −G(s)) +∞∑
k=−∞
k≠0

Gk(s) ejkωsyst

⎫⎪⎪⎪⎬⎪⎪⎪⎭ dt

0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113= 0= 1

Tsys
∫ Tsys

0
∣G0(s) −G(s)∣2 dt + +∞∑

k=−∞
k≠0

∣Gk(s)∣2

which is minimal in G(s) = G0(s) = GBLTI(s).
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6. The Best LTI approximation of time-periodic systems

6.E Dispersion measure (6.19) for the TP

distortions

From the orthonormality property of the Fourier basis 1
Tsys ∫ Tsys

0 ej(r−l)ωsyst dt =
δrl and GBLTI(jωk) = G0(jωk) we have that

ΔGTP(jωk) ≜ √
1

Tsys
∫ Tsys

0
∣G(jωk, t) −GBLTI(jωk)∣2 dt

= ?@@@C 1

Tsys
∫ Tsys

0

+∞∑
r, l=−∞
r, l≠0

Gr(jωk)Gl(jωk) ej(r−l)ωsyst dt

= ?@@@C +∞∑
r=−∞
r≠0

∣Gr(jωk)∣2
which proves the dispersion measure (6.19).
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Chapter 7

Parametric Identification of

Weakly NLTP Systems

Abstract

Starting from noisy input-output observations, a weighted non-

linear least squares (WNLS) estimator for weakly NLTP systems is

constructed. Different global minimizers are proposed to initialize

the WNLS estimator. The identification schemes assume that the

system can be excited by a periodic signal and that the periodicity

of the input can be synchronized with that of the cyclic variations.

That is, the system’s states follow a periodic orbit when operating

in steady state. The linear model considered is an ODE whose coef-

ficients vary as multisines in time. Once these ODE coefficients have

been estimated, a frozen approach is adopted to easily visualize and

asses the quality of the estimated ODE model. Besides, we provide

uncertainty bounds on the ODE model-related quantities, such as

on the ODE parameters, on the FTF and on the frozen modal pa-

rameters. As the frozen approach does not describe (accurately) the

instantaneous dynamics of LTP systems with fast and strong vari-

ations, the ITF are also extracted from the estimated ODE model.

The user decides which transfer function definition suits best its

purpose in practice. The WNLS estimator is applied on a numerical

example and on real data originating from an extendable robot arm.
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7.1 Introduction

This chapter handles the parametric identification of weakly NLTP systems,

where one assumes that the weakly NLTP system can be well-described by

an ODE with time-periodic parameters. From the simple ODE model it

is then possible to readily derive frozen quantities (such as the FTF, the

frozen modal parameters, ...) by freezing the ODE coefficients in time.

However, in order to handle fast and strong cyclic variations, the ITF/HTF

concept, which is closely related to the Floquet theory (see Chapter 2), is

often used [Wereley and Hall, 1990; Sandberg et al., 2005; Allen, 2009; Allen

et al., 2011; Louarroudi et al., 2014b]. Therefore, the framework presented

here extracts both LTP transfer functions (FTF and ITF/HTF) from the

estimated ODE model. The difference between them, called “the error of

variation”, determines the degree of the time-variations, and it is illustrated

on simulations (Section 7.6.1) as well as on measurements (Section 7.6.2).

Many identification methods that have been developed for LTP systems

(such as the ones mentioned below) start from a control perspective: the

input is known and the output is disturbed by (colored) noise – this is

known as the (generalized) output-error framework [Ljung, 1999; Pintelon

and Schoukens, 2012]. Here, the more general case is followed where both

the input and the output are noisy (errors-in-variables setting) [Söderström

and Stoica, 1989; Pintelon and Schoukens, 2012].

Numerous parametric identification methods for LTP systems in differ-

ent fields of engineering have been described in the literature. Different

parametric (discrete-time) time domain methods exist for identifying ar-

bitrarily and periodically time-varying dynamics of structures/systems, on

the one hand, from experiments with an exogenous input [Niedzwiecki,

2000; Poulimenos and Fassois, 2005], and on the other hand, from output-

only data [Fassois and Poulimenos, 2006; Poulimenos and Fassois, 2009;

Spiridonakos et al., 2010]. These methods are applied mostly on struc-

tures/systems with slow dynamic variations (such as moving mass distri-

butions). Based on wavelets, an identification method is proposed by [Xu

et al., 2012] to estimate the time-varying A(t)-matrix of the state space
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model and the corresponding frozen modal parameters.

Furthermore, [Allen, 2008, 2009] presented the frequency domain lifting

and Fourier series expansion technique to extract the Floquet modal pa-

rameters from the free response of mechanical systems. Whereas [Jhinaoui

et al., 2013] tackled the Floquet exponents estimation in the time domain

using output-only stochastic subspace identification. In the digital process-

ing world (e.g. multirate filter banks), discrete-time LTP models are more

suited [Mehr and Chen, 2000, 2002; Yin and Mehr, 2009, 2010, 2011].

As LTV systems, in particular LTP systems, are often considered as

being a realization of LPV systems, the identification methods of the latter

can also be utilized as long as the scheduling is measurable; if not, time

is considered as a scheduling parameter. Several identification methods

are published for LPV systems [Fujimori and Ljung, 2005; De Caigny et al.,

2009; Bamieh and Giarre, 2002; Felici et al., 2007; Laurain et al., 2010; Tóth

et al., 2012] to name a few. Two approaches exist for the LPV framework.

• Local approach: a set of LTI models are created by estimating an LTI

model at fixed values of the scheduling parameter (discrete points in

the scheduling parameter space). The LPV model is then obtained

via an interpolation scheme [Fujimori and Ljung, 2005; De Caigny

et al., 2009].

• Global approach: the model is directly parameterized in the schedul-

ing parameter yielding a parameter depending model [Bamieh and

Giarre, 2002; Felici et al., 2007; Laurain et al., 2010; Tóth et al.,

2012].

The remainder of this chapter is structured as follows. First, the con-

sidered model class and the noise assumptions are discussed in Section 7.2.

Next, a family of total least squares (TLS) estimators are proposed in Sec-

tion 7.3. Further, the maximum likelihood (ML) estimator is explained in

Section 7.4. The one-step TLS estimators are meant to serve as initial val-

ues for the approximate ML estimators in Section 7.5. The methodology

is illustrated on a numerical example in Section 7.6.1 and on real data in

Section 7.6.2. Finally, Section 7.7 draws the conclusions.
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7.2 Problem formulation

7.2.1 Intermezzo

As profoundly discussed in Chapter 2, different model types (ODE, state

space and impulse response approach) can be used to rigorously represent

LTP systems. In particular, we have shown in Theorem 2.2 that all those

model representations are equivalent at the level of the HTFs. However,

from an identification point of view, i.e. dealing with noisy data, one model

structure can be preferred over the other.

Although, for instance, the Floquet pole-residue model in Theorem 2.2

is the natural choice to make in LTP modal analysis [Allen, 2009; Allen

et al., 2011], pole-residue representations are known to be heavy nonlinear

in the modal parameters (see [Pintelon et al., 2007] for LTI systems). As

such, high quality initial estimates are required for the Floquet modal pa-

rameters. Additionally, it does not give the user the freedom to select the

order of the zeros nb for proper systems, only the number of Floquet poles

na can be tuned in the pole-residue model (2.32) on page 32. Whereas it

is straightforward for the ODE model (2.34)-(2.35) on page 36 to select

the model orders na and nb independently from each other. It is also not

that laborious to initialize the ODE identification scheme using one-step

minimizers (see Section 7.3). Moreover, the uncertainty of the ODE model

parameters and their derived quantities can readily be extracted from the

Jacobian of the model, as explained in detail in Section 7.5.4.

For slow and weak dynamic variations (see Table 2.1 on page 44), the

concept of frozen modal parameters describes quite well the vibration re-

sponse of the structure/system under test. Hence, Section 7.5.4.4 briefly ad-

dresses the uncertainty calculation of the frozen modal parameter from the

covariance matrix of the estimated ODE coefficients. Nevertheless, for fast

and strong variations the difference might be large w.r.t the true Floquet

modal parameters in (2.32) [Eriten and Dankowicz, 2009]. Consequently,

the parametric estimation of the Floquet pole-residue model (2.32), i.e. the

parametric extraction of the Floquet poles and the harmonic mode shapes
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7.2. Problem formulation

from the estimated ODE coefficients, is an interesting topic for future re-

search (refer to Section 8.2.6).

7.2.2 Time domain model

The linear model considered for the parametric identification of Weakly

NLTP systems is an ODE whose parameters vary as band-limitedmultisines

in time (see (2.34)-(2.35) on page 36), viz.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

na∑
r=0ar(t) dry0(t)

dtr = nb∑
r=0 br(t) dru0(t)

dtr

ar(t) = nha∑
i=−nha

A[r, i] ej
2π i
Tsys

t

br(t) = nhb∑
i=−nhb

B[r, i] ej
2π i
Tsys

t

(7.1)

where {u0(t)& y0(t)} ∈ R stand for, respectively, the noise-free input and

output signals. The elements in the matrices A & B are, respectively, the

complex Fourier coefficients of ar(t) & br(t). We emphasize once more that

the model orders na and nb in the model equation (7.1) are not time-varying.

7.2.3 Steady state frequency domain model

Going back to Chapter 2, one has shown in Section 2.6 that under the

condition that the multisine excitation (2.49) is synchronized with that of

the cyclic variations (see Assumptions 2.1 and 2.2), the steady state ODE

model at the DFT frequencies ωk = 2πk
T is given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+nha∑
i=−nha

Ai(jωk, θai)Y0(k − iPsys) = +nhb∑
i=−nhb

Bi(jωk, θbi)U0(k − iPsys)
Ai(jωk, θai) ≜ na∑

r=0A[r, i] (j 2π
T (k − iPsys))r

Bi(jωk, θbi) ≜ nb∑
r=0B[r, i] (j 2π

T (k − iPsys))r
(7.2)

with U0 & Y0 the true input-output DFT spectra (Psys = T
Tsys

∈ N, see

Assumption 2.1). The parameter vectors θxi
≜ (X[0, i] X[1, i] . . . X[nx, i])T ∈

C(nx+1)×1 with i = −nhx ,−nhx + 1,⋯,+nhx and x/X = a/A, b/B contain the
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(unknown) time-invariant complex Fourier coefficients. The aim of this

chapter is then to estimate θai & θbi from noisy input-output DFT data in

such a way that the residuals, which are the differences between the left and

the right hand sides of the ODE model (7.2) at all frequencies of interest,

is as close as possible in least square sense to zero.

7.2.4 Noise assumptions: errors-in-variables setting

Assumptions on the disturbing noise are required before establishing the

parametric estimators in Sections 7.3-7.5. Working within an EIV setting,

the input-output noise errors are supposed to be stationary and additive,

namely⎧⎪⎪⎨⎪⎪⎩ U(k) = U0(k) + NU(k)
Y (k) = Y0(k) + NY (k) with

⎧⎪⎪⎨⎪⎪⎩ NU(k) = HU(jωk)EU(k) + TNU
(jωk)

NY (k) = HY (jωk)EY (k) + TNY
(jωk)
(7.3)

where the noise disturbances NU(k) & NY (k) are written as filtered band-

limited white noise processes EX(k), X ∈ {U,Y } (see (3.11)-(3.12) on pages

73-74). The noise transient (leakage) terms TNX
(jωk) = O ( 1√

T
) are rational

(smooth) forms in jωk, whilst the noise termsHX(jωk)EX(k) = O (T 0) vary
randomly over the frequency.

As the noise leakage diminishes in amplitude for increasing observation

time T , it will be ignored from now on. Should the noise leakage be sig-

nificant, a method is provided in Section 3.4.2 that eliminates the noise

leakage nonparametrically, resulting in the so-called input-output sample

mean over the signal periods (see (3.29) on page 83). This method is based

on a local polynomial approximation of the noise leakage.

Remark 7.1 (Non-steady state conditions). The DFT ODE model (7.2) as-

sumes that the LTP system is operating in steady state. For transient conditions

an additional transient term is required to model the influence of the begin and

end conditions of the experiment (see (2.40)-(2.41) on page 40). Fortunately,

this system transient term can hardly be distinguished from the noise transients.

As such, the nonparametric method in Section 3.4.2 can be used to get rid of

the total (noise + system) transient term in the measured spectra.
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Remark 7.2 (Extensions to arbitrary inputs). In case a transient (leakage)

elimination is made, the framework presented here is applicable to arbitrary

inputs as well. Assuming that (i) the LTP system is operating in open-loop,

(ii) an integer number of system cycles is observed, and (iii) the input is free

of noise (NU(k) = 0 in (7.3)), the nonparametric methods from Chapter 5 can

be exploited to account for the output transient term in (5.1) on page 173. To

do that in a sound way, the concept of generalized output sample mean over

the frequency should be used, as suggested by [Pintelon et al., 2010c].

7.3 Total least squares approach

7.3.1 Introduction

The estimators discussed in the following subsections are all from the total

least squares (TLS) family (see Section 9.10 of [Pintelon and Schoukens,

2012]’s work for LTI systems). The TLS estimators are constructed in such

a way that their corresponding cost functions can be minimized in a single

step. Hence, it avoids that the optimization scheme “linger” in a local

minimum.

As the measurements are always to some extent corrupted by noise

errors (7.3), the difference between the left- and the right-hand sides of the

frequency domain ODE model (7.2) is never zero. Henceforth, residuals are

introduced

eN(k, θ) = +nha∑
i=−nha

Ai(jωk, θai)Y (k − iPsys) − +nhb∑
i=−nhb

Bi(jωk, θbi)U(k − iPsys)
(7.4)

with θ ≜ (θTa−nh
⋯ θTa0⋯ θTa+nh

θTb−nh
⋯ θTb0⋯ θTb+nh

)T the unknown parameter

vector in eN(k, θ) ∈ C1×1. Since (7.4) is linear-in-the-parameters θ, it can

be written as a matrix equality

eN(θ) = JN θ ≈ 0 (7.5)

with eN(θ)[k] = eN(k, θ) being the kth element of the vector of residuals

eN ∈ CN×1 (N data points) and where (7.5) is obtained by evaluating (7.4)
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along the entire DFT axis (from the negative Nyquist −fs
2 till the positive

one +fs
2 , see (2.53) on page 50). The rectangular matrix JN = ∂eN (θ)

∂θ ∈ CN×nθ

is known as the Jacobian of the residuals eN(θ).
From an application point of view, we are not interested in the whole

DFT axis (N data points). Yet, only a (small) portion of the frequency

band draws our attention (F ≪ N data points). Therefore, the vector of

residuals (7.5) have to be left multiplied by a selection matrix SF ∈ RF×N
filled by zeros and ones. SF is formed by the identity matrix IN ∈ RN×N ,
where the rows that do not correspond with the frequency indexes in the

frequency band of interest are eliminated. The band of interest is defined as

the band 1
T F = ⎡⎢⎢⎢⎢⎢⎢⎣min{Kexc}fexc0111111111111111111111111111111111112111111111111111111111111111111111113

fmin

, max{Kexc}fexc01111111111111111111111111111111111111211111111111111111111111111111111111113
fmax

⎤⎥⎥⎥⎥⎥⎥⎦ Hz, where min{Kexc} and

max{Kexc} denote respectively the minimum and maximum index value in

the discrete set of excited bins Kexc in (2.49). Hence, the vector of residuals

(7.5) becomes in the frequency band of interest

e(θ) = SF JN θ = J θ ≈ 0 (7.6)

with e(θ) ∈ CF×1 and J ∈ CF×nθ .

Contrary to the LTI case, the entries of θ are complex variables oc-

curring in conjugate pairs (e.g., A[r,+i] = A[r,−i] ∈ C1×1). This information

is incorporated in (7.6) via a constraint matrix C, and it will lead to a

modified Jacobian JC . How this is done is explained in the next section.

7.3.2 Constraints on the model parameters θ

The complex Fourier coefficients of the model parameters in (7.1) are not

independent of each other. As a consequence, constraints have to be im-

posed on the complex Fourier coefficients A[r, i]&B[r, i] ∈ C in (7.1) by virtue

of a complex constraint matrix C. This is needed to guarantee the realness

of the varying ODE coefficients in (7.1) once the parametric estimation has

been carried out.
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7.3. Total least squares approach

For that reason, the following linear constraints⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Re{A[r,+i]} = Re{A[r,−i]}
Im{A[r,+i]} = −Im{A[r,−i]}
Im{A[r,0]} = 0

for r ∈ {0,1,⋯, na}
for i ∈ {0,1,⋯, nha}

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Re{B[r,+i]} = Re{B[r,−i]}
Im{B[r,+i]} = −Im{B[r,−i]}
Im{B[r,0]} = 0

for r ∈ {0,1,⋯, nb}
for i ∈ {0,1,⋯, nhb

}
(7.7)

are enforced on the complex, band-limited Fourier coefficients A[r, i] and

B[r, i] (Re{X} and Im{X} designate the real and imaginary parts of X

respectively). To introduce the constraint matrix C, θ ≜ (θTa θTb )T ∈ Cnθ×1
ought to be first molded in its real version

θre = ⎛⎝ Re{θ}
Im{θ} ⎞⎠ ∈ R2nθ×1. (7.8)

Because constraints (7.7) are linear-in-the-parameters, (7.8) can be formu-

lated as a matrix relation

θre = Γ θΓ (7.9)

with Γ ∈ R2nθ×nθΓ a sparse matrix consisting of {0,1,−1} and θΓ ∈ RnθΓ
×1

the real independent parameter vector (shorter in size than that of θre).

The subscript “Γ” in θΓ indicates that θΓ is based on the constraint matrix

Γ in (7.9). The last step is to turn θre (7.9) back to the complex model

parameters θ

θ = E θre = EΓ θΓ = C θΓ (7.10)

with C ≜ EΓ ∈ Cnθ×nθΓ , E = (Inθ
j Inθ

) ∈ Cnθ×2nθ and Inθ
∈ Rnθ×nθ being

the identity matrix. Thus, the complex residuals (7.6) can be written in

terms of the constrained complex Jacobian JC ≜ JC ∈ CF×nθΓ

e(θΓ) = JC θΓ = JC θΓ ≈ 0. (7.11)

As the true input-output relationship in (7.2) is not affected when mul-

tiplying θΓ in (7.10) by a non-zero constant, an additional constraint on θΓ

is required to make the ODE model (7.2) identifiable. Here, we opt for the

2−norm constraint ∥θΓ∥2 = 1 where all the entries in θΓ are left free to move

in the parameter space. This has the advantage that the user does not have

to make the difficult choice which parameter in θΓ should be kept fixed.
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7.3.3 Weighted Total Least Squares (WTLS)

estimator

7.3.3.1 Context

Introducing a right WR and a left WL weighting matrix in the residuals

(7.11), the set of equations (7.11) is adapted to

e(θΓ) = (WL JC W −1
R ) (WR θΓ) (7.12)

with WL ∈ CF×F and WR ∈ RnθΓ
×nθΓ regular matrices. The weighting

matrixWL is used to affect (iteratively) each row of the Jacobian separately.

That is, providing a frequency-dependent weighting of the residuals e(θ).
Whereas WR is applied to influence (iteratively) the noise characteristics of

the modified Jacobian JC .

Stacking first the real and imaginary part of the vector of residuals (7.12)

on top of each other, the real version of (7.12) becomes

ere(θΓ) = ((WL)RE (JC)reW −1
R ) (WR θΓ) (7.13)

with XRE ≜ (X)RE =⎛⎝ Re{X} − Im{X}
Im{X} Re{X} ⎞⎠ and Xre ≜ (X)re = ⎛⎝ Re{X}

Im{X} ⎞⎠
(7.14)

with ere(θΓ) ∈ R2F×1, and where we made use of the following property(AX)re = AREXre from Section 15.8 in [Pintelon and Schoukens, 2012].

Next, using the fact that C = EΓ in (7.10) and the property (AX)re = AreX,(JC)re in (7.13) can be elaborated as

(JC)re = (JEΓ)re = JREEreΓ = JREΓ (7.15)

as Ere = I2nθ
is equal to the identity matrix. Finally, plugging (7.15) in

(7.13) one has for the real residuals (7.13)

ere(θΓ) = (WLRE
JREΓW −1

R ) (WR θΓ)= (WLRE
JΓW

−1
R ) (WR θΓ) (7.16)

with JΓ = JREΓ ∈ R2F×nθΓ the constrained real Jacobian.
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7.3.3.2 WTLS solution

Making use of Lemma 9.23 in [Pintelon and Schoukens, 2012], the weighted

total least squares (WTLS) solution is found to be the minimizer

θ̂Γ,WTLS = argmin
θΓ

∥WLRE
JΓ θΓ∥22 subject to ∥WRθΓ∥22 = 1

= argmin
θΓ

∥WLRE
JΓ θΓ∥22∥WRθΓ∥22 . (7.17)

The practical implementation of (7.17) is done through the generalized sin-

gular value decomposition (GSVD) of the matrix pair {WLRE
JΓ, WR}. The

WTLS solution, θ̂Γ,WTLS in (7.17), is then computed as the generalized right

singular vector corresponding to the smallest generalized singular value of{WLRE
JΓ, WR}. The obtain the complex parameter vector θ ∈ Cnθ×1, the

transformation (7.10) is used, i.e. θ̂WTLS = C θ̂Γ,WTLS. In case no right

weighting is used (WR = InθΓ
), then θ̂WTLS is calculated in a similar fashion

via the SVD of the weighted constrained Jacobian WLRE
JΓ.

7.3.4 Total Least Squares (TLS) estimator

Making the particular choice WLRE
= I2F and WR = InθΓ

for respectively

the left and the right weighting matrices in the WTLS approach (7.16), the

TLS estimator (7.17) is constructed. The TLS solution θ̂Γ,TLS is given as

the right singular vector corresponding to the smallest singular value of JΓ(θ̂TLS = C θ̂Γ,TLS). One of the drawbacks of the TLS estimator is that, in

general, θ̂TLS is inconsistent (θ̂TLS does not converge to the true parameter

vector θ0 when the number of data N → ∞). Note that consistency is well-

defined for LTP systems as the cycle length Tsys = O (T 0) is assumed to be

of a finite duration. The inconsistency of the TLS estimator is due to the

fact that the column covariance matrix

CJΓ ≜ E{(ΔJΓ)T ΔJΓ} (7.18)

ΔJΓ being the noisy part of JΓ

of the constrained real Jacobian JΓ in (7.16) is in general not proportional to

the identity matrix InθΓ
(the noise in JΓ is not independent and identically
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distributed, see Section 9.10.2 of [Pintelon and Schoukens, 2012]). To make

the TLS approach consistent, the generalized TLS (GTLS) estimator is

proposed in the next section.

7.3.5 Generalized Total Least Squares (GTLS)

estimator

The GTLS estimator θ̂Γ,GTLS (7.17) is obtained by taking WLRE
= I2F as left

weighting in (7.16) and the square root of the column covariance matrix of

the constrained real Jacobian (7.18)

WR = C
1/2
JΓ

such that W T
R WR = CJΓ (7.19)

as right weighting in (7.16). Due to this special choice of weighting in (7.16)

the GTLS estimator is shown to be consistent in Section 9.10.3 of [Pintelon

and Schoukens, 2012].

Note that C
1/2
JΓ

(7.19) already takes into account the constraints Γ on

the Fourier coefficients (7.7). To ease the computation of C
1/2
JΓ

, we show in

the sequel of this paragraph that CJΓ (7.18) can be derived from the column

covariance matrix

CJ ≜ E{(ΔJ)H ΔJ} (7.20)

of the complex Jacobian J in (7.6) before using the constraints (7.7). In-

deed, combining (7.16), (7.18) and (7.20) one gets

CJΓ = ΓTE{(ΔJRE)T ΔJRE}Γ = ΓTCJRE
Γ (7.21)

with CJRE
≜ E{(ΔJRE)T ΔJRE} and ΔJRE = (ΔJ)RE (see (7.14)). It is then

proven in Appendix 7.A that the following holds

CJRE
= (CJ)RE . (7.22)

As the complex Jacobian J in (7.6) depends linearly on the noise errors

NU(k) and NY (k) in (7.3) (combine expressions (7.3)-(7.6)), CJ in (7.20)

and (7.22) requires the knowledge of the (co-)variances of the input-output
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7.4. Maximum Likelihood (ML) estimator

noise. This information can be acquired using the noise estimation methods

presented in Section 3.4 of Chapter 3.

Since the GTLS solution is a particular case of the WTLS estimator

(Section 7.3.3.2), the GTLS estimator θ̂Γ,GTLS can be computed as the gen-

eralized right singular vector corresponding to the smallest generalized sin-

gular value of the matrix pair {JΓ, C1/2
JΓ

}. The complex GTLS parameter

vector θ̂GTLS is finally found through (7.10), i.e. θ̂GTLS = C θ̂Γ,GTLS.

Although being consistent, similar as in the TLS (Section 7.3.4), the

GTLS estimator overemphasizes the high frequency errors due to the pow-

ers of jωk in the plant polynomials Ai(jωk, θai) (see (7.2)) [Pintelon and

Schoukens, 2012]. Hence, the noise suppression can be sub-optimal. To

avoid this issue, an appropriate (iterative) weighting WL of the residuals

(7.12) is used. Using specific weighting functions for WL and WR, the itera-

tive quadratic maximum likelihood (Section 7.5.1) and the bootstrapped

TLS (Section 7.5.2) are provided. These estimators are used as initial

guesses in the weighted nonlinear least squares identification scheme from

Section 7.5.3, which is a simplified version of the more efficient maximum

likelihood estimator (Section 7.4).

7.4 Maximum Likelihood (ML) estimator

To set up the maximum likelihood (ML) estimator, the noisy steady state

DFT model (7.2)-(7.3) is first evaluated at all the DFT bins (see (2.53)-

(2.54) on page 50), giving the following noisy DFT ODE model

A(θa)Y ≈ B(θb)U (7.23)

with

⎧⎪⎪⎨⎪⎪⎩ U = U0 + NU

Y = Y0 + NY

(7.24)

where X = 1√
N
DFT{x} ∈ CN×1, x = (x[0], x[1], x[2], ⋯ , x[N − 1])T ∈ RN×1

with x/x/X ∈ {u0/u0/U0, y0/y0/Y0, u/u/U, y/y/Y, nu/nu/NU , ny/ny/NY }.
The ODE matrices A(θa) ∈ CN×N and B(θb) ∈ CN×N are band structured

matrices with, respectively, 2nha +1 and 2nhb
+1 non-zero diagonals (spaced

by Psys = T
Tsys

diagonals).
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Because the noisy DFT ODE model (7.23)-(7.24) is linear in the mea-

sured input-output spectra

eN(θ) =M(θ) Z = ( A(θa) −B(θb) )⎛⎝ Y

U

⎞⎠ ≈ 0 with eN(θ) ∈ CN×1

(7.25)

and the noise errors in (7.24) are assumed to be time-invariant, all the

results of the Markov estimator derived in Chapter 19 of [Pintelon and

Schoukens, 2012] apply here. As a result, the ML estimator can be shown

to be consistent and efficient.

Applying then the selection matrix SF in (7.6) to (7.25), the vector of

residuals becomes in the band of interest

e(θ) = SF eN(θ) = SFM(θ)Z (7.26)

with e(θ) ∈ CF×1, such that the ML estimate is given by the minimizer

θ̂ML = argmin
θ

VML(θ,Z) = argmin
θ

e(θ)H C−1
e (θ)e(θ) subject to ⎧⎪⎪⎨⎪⎪⎩ ∥θΓ∥2 = 1

θ = C θΓ
(7.27)

where θΓ ∈ RnθΓ
×1 contains the real independent model parameters, and

with C = EΓ ∈ Cnθ×nθΓ being the complex constraint matrix in (7.10).

The matrix Ce ≜ cov{e} ∈ CF×F stands for the covariance matrix of the

vector of residuals, which can be computed by means of (7.23)-(7.26)

CeN (θ) =A(θa)CY A(θa)H+B(θb)CU B(θb)H−2Herm{A(θa)CY U B(θb)H}
(7.28)

Ce(θ) = SF CeN (θ)ST
F (7.29)

with CX , X ∈ {Y,U,Y U} the (cross)-covariance matrix of the DFT noise

vectors in (7.24). These covariances are diagonal matrices due to the

noise assumptions in (7.3). The Hermitian-operator in (7.28) is defined

as Herm{X} = X+XH

2 (XH is the complex conjugate transpose of X). It is

worth noting that even when the noise sources are stationary the vector of

residuals e(θ) is correlated over the frequency (i.e. Ce(θ) is not diagonal).
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The ML estimator has “healthy” properties due to the adequate weight-

ing of the noise in the ML cost function (7.27). It is asymptotically con-

sistent, practically efficient (not too low input-output SNR) and normally

distributed. The interested reader is referred to Chapter 19 of [Pintelon and

Schoukens, 2012] for the technical details and the proofs of the Markov/ML

estimator.

7.5 Approximate ML approach

7.5.1 Iterative Quadratic ML (IQML) estimator

Other estimators can be constructed by combining the healthy properties of

the ML estimator in Section 7.4 and the global minimization approach of the

WTLS estimator in Section 7.3.3. Combining the weighted residuals (7.12)

with the ones in the ML costfunction (7.27) yields the following “optimal”

choice of the weighting matrices WL (θΓ) = Ce (θΓ)−1/2 & WR = InθΓ
in

the WTLS solution (7.17). Since the parameter vector θΓ is unknown, it

is built iteratively as WL (θ̂(i−1)Γ,WTLS) = (Ce (θ̂(i−1)Γ,WTLS))−1/2. This iterative

WTLS estimator is termed the iterative quadratic ML (IQML) estimator

as it mimics the ML estimator in (7.27) (see Section 9.12.2 of [Pintelon

and Schoukens, 2012] for LTI systems). Accordingly, the IQML estimator

minimizes the following cost

θ̂
(i)
Γ,IQML = argmin

θ̂
(i)
Γ,IQML

e (θ̂(i)Γ,IQML)H (Ce (θ̂(i−1)Γ,IQML))−1 e (θ̂(i)Γ,IQML) . (7.30)

Should the off-diagonals of Ce (θ̂(i−1)Γ,IQML) be negligible w.r.t. the main diago-

nal (i.e. for LTP systems with weak time-variations), then the computation

time can be accelerated even more by inverting only the main diagonal el-

ements in Ce (θ̂(i−1)Γ,IQML) and where the rest of the matrix elements is put

to zero. The IQML solution is obtained as the right singular vector of the

weighted constrained real Jacobian WLRE
JΓ (θ̂IQML = C θ̂Γ,IQML).

Similar as in the LTI case, [Pintelon and Schoukens, 2012] have shown

that when the IQML estimator converges θ̂(i−1) → θ̂(i) for i → ∞, the IQML
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cost function (7.30) tends to the ML cost (7.27). Nonetheless, one has in

general that their minimizers are not equal, i.e. θ̂
(∞)
IQML ≠ θ̂ML. Moreover,

it is also reported in Section 9.12.2 of [Pintelon and Schoukens, 2012] that

the IQML is inconsistent even when the initial guess θ̂
(0)
IQML was consistent.

This is due to the inadequate weighting of WR = InθΓ
in (7.16).

7.5.2 Bootstrapped TLS (BTLS) estimator

To make the previous approach still consistent, the bootstrapped TLS

(BTLS) estimator is introduced (see Section 9.12.2 of [Pintelon and Schoukens,

2012] for LTI models). This is done by the following choice for the weight-

ing matrices in the WTLS estimator (7.17) (the arguments are omitted

to facilitate the notations): WLRE
= (C−1/2

e )
RE

and WR = C
−1/2
WLRE

JΓ
s.t.

W T
R WR = CWLRE

JΓ , where CWLRE
JΓ is the column covariance of the weighted

constrained real Jacobian WLRE
JΓ in (7.16)

CWLRE
JΓ = ΓTCWLRE

JRE
Γ = ΓTC(WLJ)RE

Γ = ΓT (CWLJ)RE Γ (7.31)

with CWLJ ≜ E{(WLΔJ)H (WLΔJ)} . (7.32)

Proof: perform the following symbolic substitution J → WLJ in the GTLS

estimator of Section 7.3.5 (see in particular Appendix 7.A).

The BTLS approach is computed as the generalized right singular vector

corresponding to the smallest generalized singular value of the matrix pair{WLRE
JΓ, C

1/2
WLRE

JΓ
} (θ̂BTLS = C θ̂Γ,BTLS). Following the same lines as in Sec-

tion 9.12.2 of [Pintelon and Schoukens, 2012], consistency of the BTLS esti-

mator can be proven even though the initial guess θ̂
(0)
Γ,BTLS was inconsistent.

However, similar as for the IQML estimator, the BLTS estimator does not

coincide with the ML one, i.e. θ̂
(∞)
BTLS ≠ θ̂ML. Therefore, in the next section

a simplified version of the ML estimator is constructed, where the proposed

estimator practically coincides with the ML one for LTP systems with weak

time-variations.
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7.5.3 Weighted Non-Linear Least Squares (WNLS)

estimator

7.5.3.1 Cost function and consistency

As the covariance matrix Ce(θ) ∈ CF×F , F = O(N) in (7.27) has to be

inverted during the minimization process and, furthermore, it is expected

that the off-diagonals of Ce(θ) are in amplitude (much) smaller than the el-

ements on the main diagonal (i.e. for LTP systems with weak/intermediate

time-variations, see Table 2.1 on page 44), the following weighted nonlinear

least square (WNLS) estimator is suggested

θ̂WNLS = argmin
θ

e(θ)H diag{Ce(θ)}−1e(θ) subject to

⎧⎪⎪⎨⎪⎪⎩ ∥θΓ∥2 = 1

θ = C θΓ
(7.33)

with diag{X} being a diagonal matrix made of only the main diagonal

elements of X and where e(θ) is given in (7.26).

It is obvious that, since we neglect the off-diagonals in Ce(θ), some

efficiency will be lost. When the system is weakly time-varying, the contri-

butions of the off-diagonals are not that important (in the case of LTI no

off-diagonals in Ce(θ) are present under the noise assumptions (7.3)) and

we expect a (very) small efficiency loss. Ignoring the off-diagonals in Ce(θ)
will only affect the efficiency property. The consistency is preserved as it

is proved further on. The efficiency loss depends on the relative amplitude

of the Fourier coefficients in (7.1)
∣A[r,i]∣
∣A[r,0]∣ &

∣B[r,i]∣
∣B[r,0]∣ with i ≠ 0. Should one

of the relative amplitudes be significant (compared to 1), then the WNLS

estimator will be inferior to the ML estimator in terms of efficiency. The

WNLS approach (7.33) is preferred over the ML because it avoids inverting

the (band) square matrix Ce ∈ CF×F in (7.27), which grows with the amount

of frequency domain data. However, as Ce ∈ CF×F is a matrix with “few”

diagonals, its inverse can still be calculated time-efficiently.

In order to prove consistency, the WNLS cost in (7.33) is rewritten as

VWNLS(θ,Z) = e(θ)H diag{Ce(θ)}−1 e(θ) = ∑
k

∣e(k, θ)∣2
σ2
e(k, θ) = ∑

k

∣ε(k, θ)∣2
(7.34)
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with ε(k, θ) ≜ e(k, θ)/σe(k, θ), e(k, θ) = e(θ)[k], σ2
e(k, θ) = diag{Ce(θ)}[k,k]

and where the summation index k is running over the whole frequency band

of interest. The key property in the consistency proof is that the residuals

are weighted with their variances. Writing down the normalized residuals

ε(k, θ) as a sum of a noiseless part and a noisy part

ε(k, θ) = ε0(k, θ) + Δε(k, θ) (7.35)

one obtains for the expected value of the WNLS cost function (7.34)

E{VWNLS(θ,Z)} = ∑
k

E{∣ε0(k, θ)∣2} + ∑
k

E{∣Δε(k, θ)∣2}01111111111111111111111111111111111111111111111111211111111111111111111111111111111111111111111111113=F+ ∑
k

E{2Re{ε0(k, θ)Δε(k, θ)}}0111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111112111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111113=0

(7.36)

where the last term of the sum in (7.36) assumes that the true input-output

spectra are independent of the input-output noise. Since the first term in

the sum is zero when evaluated at the true parameters θ0 (assuming that the

true model belongs to the model set) and the 2nd term is θ-independent,

we have that the expected value of the WNLS cost function in (7.36) is

minimal in θ0, which is a necessary condition to prove consistency (refer to

the second quick tool in Section 9.5 of [Pintelon and Schoukens, 2012]).

7.5.3.2 WNLS algorithm with constraints

The WNLS cost function (7.34) is minimized under the constraints (7.7) by

making use of a Newton-Gauss minimization algorithm. The convergence

region of the Newton-Gauss method can be enlarged using the Levenberg-

Marquardt algorithm [Fletcher, 1987]. This algorithm requires the calcula-

tion of the real constrained Jacobian JΓ ∈ R2F×nθΓ computed as

JΓ[k, ∶] = ∂εre(k, θ)
∂θΓ

= ∂εre(k, θ)
∂θre

∂θre
∂θΓ

= ∂εre(k, θ)
∂θre

Γ, JΓ[k, ∶] ∈ R2×nθΓ (7.37)

with X[k, ∶] being the kth block row of X, ε(k, θ) being the normalized resid-

uals defined in (7.34) and Γ being the constraint matrix in (7.9).

248



7.5. Approximate ML approach

Elaborating the unconstrained Jacobian, JΓ[k, ∶] in (7.37), gives

∂εre(k, θ)
∂θre

= ∂ ere(k,θ)
σe(k,θ)
∂θre

= ∂ere(k,θ)
∂θre

σe(k, θ) − ere(k, θ)∂σe(k,θ)
∂θre

σ2
e(k, θ) (7.38)

∂ere(k, θ)
∂θre

= ⎛⎝ Re{J[k, ∶]} −Im{J[k, ∶]}
Im{J[k, ∶]} Re{J[k, ∶]} ⎞⎠ ∈ R2×2nθ withJ[k, ∶] = ∂e(k, θ)

∂θ

(7.39)
∂σe(k, θ)

∂θre
= 1

2σe(k, θ) ∂σ2
e(k, θ)
∂θre

= 1

2σe(k, θ) (∂σ2
e(k, θ)

∂Re{θ} ∂σ2
e(k, θ)

∂Im{θ} ) (7.40)

with e(k, θ) = e(θ)[k] defined in (7.4) and σ2
e(k, θ) = diag{Ce(θ)}[k, k] elab-

orated in (7.29). As σ2
e(k, θ) ∈ R in (7.40) is not an analytic function of

the complex parameters θ (see expression (7.28), it is only analytic in θΓ or

θre), the derivatives in (7.40) can be found using the chain rule and symbol

derivation w.r.t. θ and θ

∂σ2
e(k, θ)
∂θre

= 2(Re{∂s σ2
e(k, θ, θ)
∂s θ

} − Im{∂s σ2
e(k, θ, θ)
∂s θ

}) (7.41)

with ∂s f(x, x)
∂s x

the symbol derivative of f(x, x) w.r.t. x (see Chapter 15 of

[Pintelon and Schoukens, 2012]).

The cost function (7.34) being nonlinear in θ = C θΓ, its minimization

requires an initial estimate θ̂
(0)
WNLS,Γ, which is given by the following set of

global minimizers: θ̂TLS,Γ (Section 7.3.4), θ̂GTLS,Γ (Section 7.3.5), θ̂IQML,Γ

(Section 7.5.1) and θ̂BTLS,Γ (Section 7.5.2). An update of the WNLS esti-

mate θ̂
(i)
Γ (subscript “WNLS” dropped out for notational simplicity) is then

calculated from the previous iteration step as

θ̂
(i)
Γ = θ̂

(i−1)
Γ + δθ̂

(i)
Γ∥θ̂(i−1)Γ + δθ̂
(i)
Γ ∥

2

such that ∥θ̂(i)Γ ∥
2
= 1 (7.42)

where δθ̂
(i)
Γ is the solution of

⎛⎝ JΓ(θ̂(i−1)Γ )
λInθΓ

⎞⎠ δθ̂
(i)
Γ = −⎛⎝ εre(θ̂(i−1)Γ )

0nθΓ

⎞⎠ (7.43)
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which can be computed through the SVD of JΓ(θ̂(i−1)Γ ). ε(θΓ) is a column

vector whose kth element is the normalized residual ε(k, θΓ) = e(k,θΓ)
σe(k,θΓ) .

Notice that the minimizer θ̂Γ of the WNLS cost function (7.34) is in-

dependent of the particular constraint chosen (e.g. ∥θΓ∥2 = 1, θΓ[1] = 1,

θΓ[2] = 1, ...) as the following holds

VWNLS(αθΓ,Z) = VWNLS(θΓ,Z)
with α a non-zero constant value. When, for instance, the parameter con-

straint θΓ[r] = 1 with 1 ≤ r ≤ nθΓ (one of the parameters is fixed to one)

is used, the corresponding column in the Jacobian JΓ(θΓ) should be elimi-

nated. This is easily done through a selection matrix SJ ∈ NnθΓ
×(nθΓ

−1)

J̃Γ(θ̃Γ) = JΓ(θΓ)SJ (7.44)

θΓ = SJ θ̃Γ + 1r (7.45)

where SJ is practically obtained by eliminating the rth column in the iden-

tity matrix InθΓ
∈ NnθΓ

×nθΓ and with 1r being the rth column of InθΓ
. For

the choice ∥θΓ∥2 = 1, the set of equations (7.43) is solved using the pseudo

inverse (see Appendix 9.L.4 in [Pintelon and Schoukens, 2012] for LTI sys-

tems). An initial value for λ in (7.43) could be for e.g. λ = σ1

100 where σ1

is the largest singular value of JΓ(θ̂(0)Γ ). The variable λ in (7.43) is then

decreased as λ → 0.4λ if the iteration step was successful (VWNLS(θ̂Γ,Z) in

(7.34) decreases), otherwise λ is increased as λ → 10λ. The WNLS estimate

of θ follows then easily from (7.10) as θ̂WNLS = C θ̂Γ,WNLS. Finally, an esti-

mate of the time-periodic ODE coefficients, i.e. âr,WNLS(t) & b̂r,WNLS(t) in

(7.1), is then derived from the Fourier coefficients stored in θ̂WNLS.

7.5.4 Uncertainty analysis

7.5.4.1 Context

In the previous section we have seen how the consistent WNLS estima-

tor can be set up for LTP systems from noisy input-output observations.

However, a stochastic estimate without uncertainty bounds loses its value.
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7.5. Approximate ML approach

Therefore, the variability of the estimated quantities should be computed.

Recall that any model-related quantity f(θ̂Γ, t) can be derived from the

covariance matrix cov{θ̂Γ} with the following transformation formula

cov{f(θ̂Γ, t)} ≈ ∂f(θΓ, t)
∂θΓ

∣
θΓ=θ̂Γ

cov{θ̂Γ} (∂f(θΓ, t)
∂θΓ

∣
θΓ=θ̂Γ

)H

. (7.46)

The transformation formula (7.46) is exact if the relationship between f(θ̂Γ, t)
and θ̂Γ is linear, i.e. f(θ̂Γ, t) = KθΓ(t) θ̂Γ, with KθΓ(t) a time-periodic ma-

trix with appropriate dimensions (see for example (7.53)). For nonlinear

relationships f(θ̂Γ, t), (7.46) is asymptotically (N → ∞) exact.

7.5.4.2 Covariance of the time-periodic model parameters

When we deal with LTP systems with weak/intermediate variations, the

results of the Markov estimator (see Chapter 19 in [Pintelon and Schoukens,

2012]) are valid. From a single experiment, an approximate expression for

cov{̂̃θΓ,WNLS} is then given by the Cramér-Rao lower bound

cov{̂̃θΓ,WNLS} ≈ [2 (J̃Γ (̂̃θΓ,WNLS))T J̃Γ (̂̃θΓ,WNLS)]−1 (7.47)

cov{θ̂Γ,WNLS} = SJ cov{̂̃θΓ,WNLS}ST
J (7.48)

where one of the parameters was fixed to one, i.e. θΓ[r] = 1 with 1 ≤ r ≤ nθΓ

(see (7.44)-(7.45)). From (7.48) it is then possible to obtain a covariance

expression for âr,WNLS(t) & b̂r,WNLS(t) in (7.1). We only elaborate the for-

mulas for the a−parameters. The reasoning is completely analogous for the

b−parameters.

Denote â(t) = (â0(t) â1(t) ⋯ âna(t))T ∈ R(na+1)×1 (subscript “WNLS”

left out form now on) and

ba(t) = (e−jnhaωsyst e−j(nha−1)ωsyst ⋯ 1 ⋯ e+jnhaωsyst) ∈ C1×2nha+1

the row vector containing the basis functions of the Fourier Series of the

a−parameters in (7.1), then the following relationship can be established
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between â(t) and θ̂Γ in (7.45)

θ̂ = C θ̂Γ (7.49)

θ̂a = Sa θ̂ (7.50)

Ba(t) = I(na+1) ⊗ ba(t) (7.51)

â(t) = Ba(t) θ̂a (7.52)

where C is defined in (7.10), I(na+1) ∈ R(na+1)×(na+1) the identity matrix,

Sa = (I(na+1)(2nha+1) 0(na+1)(2nha+1)×(nb+1)(2nhb
+1)) ∈ R(na+1)(2nha+1)×nθ a se-

lection matrix, and A⊗B the Kronecker matrix product. Applying (7.46)

to (7.49)-(7.52), the following expression for the covariance of the time-

periodic a−parameters is obtained

cov{â(t)} = (Ba(t)SaC) cov{θ̂Γ} (Ba(t)SaC)T ∈ R(na+1)×(na+1). (7.53)

7.5.4.3 Uncertainty of the frozen transfer function

We have mentioned in the introduction that the FTF (2.36) on page 38

Gf(s, t, θ) = B(s, t)
A(s, t) = ∑nb

r=0 br(t) sr∑na
r=0 ar(t) sr (7.54)

is a useful concept to describe the evolving dynamics of LTP systems with

slow and weak time-variations. Therefore, once the FTF is estimated by

virtue of (7.54), uncertainty ellipsoids of the estimated parametric FTF

have to be constructed. To compute these ellipsoids, the following uncer-

tainty quantities of the FTF are required

σ2
Ĝf

(s, t) ≜ var{Ĝf(s, t)} ≈ ∂Gf(s, t)
∂θΓ

∣
θΓ=θ̂Γ

cov{θ̂Γ} (∂Gf(s, t)
∂θΓ

∣
θΓ=θ̂Γ

)H

(7.55)

E{(ΔĜf(s, t))2} ≈ ∂Gf(s, t)
∂θΓ

∣
θΓ=θ̂Γ

cov{θ̂Γ} (∂Gf(s, t)
∂θΓ

∣
θΓ=θ̂Γ

)T

(7.56)

(proof: apply (7.46)). Expression (7.56) is necessary because Ĝf(s, t) is in

general not circular complex distributed.
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Equations (7.55)-(7.56) requires the derivative of the FTF w.r.t. the

real independent parameters θΓ. This can be computed as follows

∂Gf(s, t)
∂θΓ

= ∂Gf(s, t)
∂θ

∂θ

∂θΓ
= ∂Gf(s, t)

∂θ
C (7.57)

∂Gf(s, t)
∂θ

= (∂Gf(s, t)
∂θa

∂Gf(s, t)
∂θb

) (7.58)

θa = vec{A} & θb = vec{B} (7.59)

∂Gf(s, t)
∂A[r, i]

= −srGf(s, t)
A(s, t) e

j 2π i
Tsys

t
(7.60)

∂Gf(s, t)
∂B[r, i]

= sn

A(s, t) ej 2π i
Tsys

t
(7.61)

where the vec-operator stacks the columns of the matrix of Fourier coef-

ficients A & B in (7.1) on top of each other. It can be noted that the

uncertainty on the FTF (7.55) is a 2D-function that depends on both the

Laplace variable “s” (frequency) as well as on the time instant “t” (see

Fig. 7.4 for an illustration).

7.5.4.4 Variance of the frozen modal parameters

One might be interested in the uncertainty of other estimated quantities,

for instance, of the poles, of the mode shapes, etc. This is the case in

applications where modal analysis is suited [Pintelon et al., 2007; Xu et al.,

2012]. We should recall that those frozen modal parameters do not describe

the true behavior and do not determine the stability of the system/structure

if rapid and strong cyclic variations are present (see Chapter 2 for more

details). The true modal parameters can be found in (2.32) on page 32 and

are given by means of the Floquet poles and the harmonic mode shapes

[Allen et al., 2011]. Nevertheless, for slow and weak time-variations the

frozen modal parameters make sense.

At a particular time instant t, the uncertainty of the estimated frozen

poles/zeros/mode shapes can be processed as if it was time-invariant at t.

Accordingly, the results in [Pintelon et al., 2007] for LTI systems can be

used. We refer to [Pintelon et al., 2007]’s work for a detailed explanation
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of the elaboration of the uncertainty analysis of any modal related quan-

tity (poles, resonance frequency, mode shape, damping, residue matrix). In

order to be able to compute the variance of the following estimated frozen

quantities: the frozen poles σ2
p̂r
(t) = var{p̂r(t)}, the frozen resonance fre-

quency σ2
f̂r
(t) = var{f̂r(t)}, the frozen damping ratio σ2

ξ̂r
(t) = var{ξ̂r(t)}

and the frozen time constant σ2
τ̂r
(t) = var{τ̂r(t)}, the covariance matrix of

the time-periodic a−parameters is needed, which is elaborated in (7.53).

7.5.5 Validation test tools

In the last stage of the identification process the estimated parametric model

should be validated. Does the parametric model describe the noisy data or

are there unmodeled dynamics? What is the quality of the estimated model?

Can modeling errors be detected? To answer these questions validation test

tools must be developed. Two tests will be discussed here: (i) the test on

the cost function, and (ii) the whiteness test on the residuals.

7.5.5.1 Test on the WNLS cost function

A useful tool to determine whether or not modeling errors are present is

to evaluate the cost function in the minimized parameters and to check

whether this cost function lies within its 95% confidence interval assuming

no modeling errors. If not, then it is likely that model errors are present.

To construct these uncertainty bounds, the expected value of the WNLS

cost function (7.34) in the minimized parameters and its variance must

be computed. If the off-diagonals can be ignored w.r.t the main diagonal

in Ce(θ) in (7.27), then, we can take over the theorems of the Markov

estimator (i.e. the ML estimator in (7.27)) proven in Chapter 19 of [Pintelon

and Schoukens, 2012]’s work. Hence, in the absence of model errors, the

expected value of the WNLS cost function in the minimized parameters for

deterministic data Z0 becomes

E{VWNLS(θ̂Γ,Z)} ≈ VWNLS(θ0,Z0)0111111111111111111111111111111111112111111111111111111111111111111111113=0
+ F − nθ,free

2
= F − nθ,free

2
(7.62)
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with nθ,free = nθΓ − 1 the number of identifiable model parameters (“free”

parameters). Whereas its variance in the absence of model errors and de-

terministic Z0 is given by

var{VWNLS(θ̂Γ,Z)} ≈ 2VWNLS(θ0,Z0)0111111111111111111111111111111111112111111111111111111111111111111111113=0
+ F − nθ,free

2
= F − nθ,free

2
. (7.63)

In case VWNLS(θ̂Γ,Z) > E{VWNLS(θ̂Γ,Z)} + 2
√
var{VWNLS(θ̂Γ,Z)} then,

with 95% confidence, one can state that model errors are present. A too

low value of the WNLS cost function indicates typically an over- (wrong)

estimation of the (co)-variances using the noise methods in Section 3.4.

In practice the true noise model is unknown and is extracted from P

consecutive periods of the measured input-output signals (see Assumption

3.1). This has a consequence on the test of the WNLS cost function (7.62)-

(7.63). Namely, if, on the one hand, the nonparametric noise model is

obtained with the classical approach (Section 3.4.1), then the test on the

WNLS cost function (7.62)-(7.63) should be adapted to

E{VWNLS(θ̂Γ,Z)} ≈ P − 1

P − 2
(F − nθ,free

2
) (7.64)

var{VWNLS(θ̂Γ,Z)} ≈ (P − 1)3(P − 2)2(P − 3) (F − nθ,free

2
) , P ≥ 6. (7.65)

On the other hand, for the local polynomial method (LPM) (Section 3.4.2)

the test is given by substituting P in expressions (7.64)-(7.65) by dof noiseLPM+1,
with dof noiseLPM being the degrees of freedom of the LPM noise (co-)variance

estimate (3.30). For the proof we refer respectively to Chapters 10 and 12

of Pintelon and Schoukens [2012].

7.5.5.2 Test on the normalized residuals ε

A second method of model validation consists of inspecting the distribution

of the residuals for a growing amount of data. In Chapter 19 of [Pintelon and

Schoukens, 2012] it is shown that for the ML estimator in (7.27) the resid-

uals are asymptotically white, i.e. cov{ε(θ̂Γ)} ≈ the identity matrix. Since

the off-diagonals of Ce(θ) in (7.27) can be omitted for weak/intermediate

cyclic variations, the results are applicable here as well.
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To check the quality of the identified model, a whiteness test on the

residuals ε(k, θ̂Γ) can be performed. Consequently, the residuals e(k, θ̂Γ)
and the standard deviation (std) of the residuals σe(k, θ̂Γ) should lie in the

neighborhood of each other. The p%-confidence bound of e(k, θ̂Γ), where
e(k, θ̂Γ) is asymptotically zero mean, circular complex normally distributed,

can then be constructed. The p%-confidence bound is given by the formula√−log(1 − p)σe(k, θ̂Γ) (see Eq. (15) in [Pintelon et al., 2003]).

7.6 Identification results

7.6.1 Illustration on numerical data

The simplified ML estimator proposed in Section 7.5.3 is first illustrated

on a numerical example before applying it to real data. The simulation

data has been acquired from a slowly varying continuous-time LTP system

with a system order of 2 over 3 (i.e. nb = 2 and na = 3 in the ODE model

(7.1)). Additionally, the LTP system had a “mean” behavior described by

the following “mean” transfer function

Gm(s) = ∑2
r=0B[r,0] sr∑3
r=0A[r,0] sr

= 90 + 0s + 10s2

372 + 83.7s + 11.64s2 + s3
(7.66)

which was obtained by using only the DC components (i = 0) in the Fourier

series of the ODE coefficients (7.1). Thus, the average behavior of the

system consisted of a real pole, a complex pole pair and a complex zero

pair on the imaginary axis (refer to the white dots in the pole-zero map of

Fig. 7.1, left).

To show the cyclic variations that have been selected, the (true) time-

periodic ODE coefficients (7.1) are depicted in Fig. 7.2 (left). The ODE

coefficient b1(t) (b1(t) = 0) is not shown here as the frozen zeros of the

LTP system were forced to move on the imaginary axis (see Fig. 7.1, left).

Furthermore, a3(t) in Fig. 7.2 (left) was selected to be constant over time.

The number of Fourier components in (7.1) for the remaining time-periodic

parameters (i.e. for b0(t), b2(t), a0(t), a1(t) and a2(t)) was chosen to be,

respectively, 2nhb
+ 1 = 3 and 2nha + 1 = 7 with a pumping period equal
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Figure 7.1: Left: The evolution of the true frozen poles and zeros is depicted in
black, while the estimated ones are shown in gray (single realization
of the Monte-Carlo run). The time-invariant poles and zeros of
the “mean” system (7.66) are given as a white dot. Right: The
evolution of the true F2RF (black), the PAoT (2.45) of (i) the
difference between the true F2RF and the true iFRF (dashed line),
(ii) the error of variation (2.43) (thick light gray), (iii) the std of
the estimated F2RF (7.55) (thin light gray), (iv) the sample std
of the estimated F2RF obtained from 50 Monte-Carlo runs (thin
black), and (v) the RMS error of the difference between the true
and the 50 estimated F2RFs (thin dark gray).

to Tsys = 400 s. Hence, the number of free parameters (independent real

Fourier coefficients) that has been used during the minimization process

(7.43) is equal to

nθ,free = 2 × 2(2nhb
+ 1)01111111111111111111111111111111111111211111111111111111111111111111111111113

b0(t) and b2(t)
− 2 × (2nhb

+ 1)01111111111111111111111111111111121111111111111111111111111111111113
constraints (7.7)

for b0(t) and b2(t)

+ 0f
b1(t)=0

+ 3 × 2(2nha + 1)01111111111111111111111111111111111111211111111111111111111111111111111111113
a0(t), a1(t) and a2(t)

− 3 × (2nha + 1)011111111111111111111111111111111121111111111111111111111111111111113
constraints (7.7)

for a0(t), a1(t) and a2(t)

+ 1f
a3(t)=a3

− 1f∥θΓ∥2=1
= 27. (7.67)
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Figure 7.2: Left: The time-evolution of the true ODE coefficients (7.1) is de-
picted in black (b1(t) = 0 not shown for convienience), while the es-
timated ones are shown as a gray dashed line (single realization of
the Monte-Carlo run). Right: The first three parametric hFRFs{G−1(jω), G0(jω), G+1(jω)} (true values in black), the sample std
of the estimated parametric hFRFs obtained from 50 Monte-Carlo
runs (gray), the RMS error of the difference between the true and
the 50 estimated parametric hFRFs (white) (negligible bias error).

As the dynamic of an LTP system is rigorously characterized by means

of the parametric iFRF/hFRFs (see Chapter 2), it is also worthwhile to

depict the first three hFRFs (G−1(jω), G0(jω) and G+1(jω)) in Fig. 7.2

(right). Note that, in general, Gm(s) (7.66) differs from G0(s) (see, for

example, Fig. 2.5 on page 25). The true F2RF (black) is also depicted in

Fig. 7.1 to clarify the time-evolution of the frozen poles and zeros. We refer

to Fig. 7.3 to observe the evolution of the frozen resonance frequency (left)

and the frozen damping ratio (middle) of the corresponding complex frozen

pole pair in Fig. 7.1 (left). In Fig. 7.3 (right) the evolution of the frozen

time constant that corresponds to the real frozen pole in Fig. 7.1 (left) is

given.

To study the noise sensitivity of the simplified ML estimator in Sec-

tion 7.5.3, the input-output spectra were disturbed by stationary, transient-

free colored noise (TNU
(jωk) = TNY

(jωk) = 0 in (7.3)) with a mean SNR of
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Figure 7.3: Left: The evolution of the true frozen resonance frequency is shown
in light gray. The uncertainty bound of the estimated frozen res-

onance [f̂(t) − 2σf̂(t), f̂(t) + 2σf̂(t)] is depicted in black. Mid-

dle: The evolution of the true frozen damping ratio is given in
light gray. The uncertainty bound of the estimated frozen damp-

ing ratio [ξ̂(t) − 2σξ̂(t), ξ̂(t) + 2σξ̂(t)] is depicted in black. Right:

The evolution of the true frozen time constant is shown in dashed
light gray. The uncertainty bound of the estimated time constant[τ̂(t) − 2στ̂(t), τ̂(t) + 2στ̂(t)] is depicted in black dashed.

respectively 30 dB and 20 dB in the frequency band of interest. The sam-

pling frequency was set to fs = 15 Hz. The LTP system was excited with

a full multisine (Pexc = T
Texc

= 1 in (2.49) ) consisting of Fexc = 1970 excited

frequencies in the band [0.075, 5] Hz. Besides, the excitation period was

chosen equal to that of the time-variation (Pexc = Psys = T
Tsys

= 1 in As-

sumption 2.1). Twenty-seven free model parameters (7.67) were identified

from the F = Fexc frequency domain data using the WNLS algorithm in Sec-

tion 7.5.3.2. The WNLS scheme has been initialized by θ̂GTLS (Section 7.3.5)→ θ̂BTLS (Section 7.5.2) → θ̂WNLS (Section 7.5.3). The true (co)-variances in

(7.28) were used as weighting in the WNLS cost (7.33). Fifty Monte-Carlo

runs were performed yielding 50 estimates of all model-related quantities.

The identification results are summarized in Fig. 7.1 to 7.4 giving esti-

mates of the evolution of the time-periodic ODE coefficients, the hFRFs,

the F2RF, the frozen modal parameters and their uncertainty bounds.
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Figure 7.4: The ratio of the variance of the estimated F2RF (7.55) (single ex-
periment) and the sample variance of the estimated F2RF obtained
from 50 Monte-Carlo (MC) runs (gray). In black the 95% uncer-
tainty bounds of the Monte-Carlo variance estimate.

First, one can observe from Fig. 7.1 that the LTP system is slowly

varying. Indeed, compare the PAoT (2.45) of the error of variation (2.43)

on page 42 (dashed black) with the level of the parametric F2RF (thick

black). It also lies significantly below the PAoT of the std of the estimated

F2RF (7.55) (thin light gray), which shows that we do not have to worry

about which definition (iFRF or F2RF) should be used. On the same plot it

can be seen that the PAoT of the sample std of the estimated F2RFs over 50

Monte-Carlo runs (thin black) almost coincides with the one computed from

a single experiment using the Jacobian in (7.55) (light gray). The difference

lies within the 95% uncertainty bounds of the Monte-Carlo estimate as

confirmed by the 2D-surface in Fig. 7.4. Furthermore, from Fig. 7.1 (right)

it can also be seen that there is no noticeable bias error present – compare

the PAoT of the std of the estimated parametric F2RF (thin light gray line)

with the PAoT of the RMS error of the difference between the true and the

50 estimated F2RFs (thin dark gray line).
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Figure 7.5: Top: Minimum of the WNLS cost function V
[e]
WNLS(θ̂[e]Γ ,Z) with

e ∈ {1,2, ⋯ ,50} for 50 Monte-Carlo experiments (black discs), while
the 95% confidence interval is shown in gray. Bottom: The normal-
ized residuals in the minimized parameters ε(k, θ̂Γ) as a function
of the frequency (gray dots), while the 95% uncertainty bound is
depicted in black.

Next, the quality of the estimation process is shown in Fig. 7.2 (left) by

comparing the true time-periodic ODE coefficients (7.1) with the estimated

ones. The goodness of fit is also analyzed at the level of the first 3 hFRFs

in Fig. 7.2 (right) . The other parametric hFRFs are not shown here for

convenience. Also here it can be confirmed that no considerable bias error

can be detected – compare the PAoT of the sample uncertainty of the

estimated hFRFs over 50 Monte-Carlo runs (thick gray line) with the PAoT

of the RMS error of the difference between the true and the 50 estimated

parametric hFRFs (white line).

Finally, to complete the entire picture we checked whether the true

frozen modal parameters lie within their 95% confidence intervals. From

the panes in Fig. 7.3 it can be seen that the true frozen resonance frequency,

the true frozen damping ratio and the true frozen time constant are indeed

within their 95% uncertainty bounds. The plots indicate that the variance

of the frozen modal parameters might be time dependent.
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Neither the true F2RF (or the true iFRF/hFRFs) nor the true parame-

ters are known. Therefore, in practice we must rely on validation tools (see

Section 7.5.5). Both the test on the WNLS cost function and the test on the

normalized residuals are carried out. The results of the tests are depicted in

Fig. 7.5. A probability test on the WNLS cost function has shown that the

mean value of V
[e]
WNLS(θ̂[e]Γ ,Z), e ∈ {1,2, ...,50} over 50 Monte-Carlo runs lies

within the 95% confidence interval ([1944, 1966]). In Fig. 7.5 it can be seen

that, indeed, 4% of the cost function values are outside the 95% confidence

interval (2 out of 50 experiments). Within the same figure we can note

that the normalized residuals in the minimized parameters ε(k, θ̂Γ) exhibit

a white behavior over the frequency. In this plot it is found that 4.8% of the

residuals ∣ε(k, θ̂Γ)∣ lie outside the 95% uncertainty bounds, which confirms

that with 95% confidence no modeling errors can be detected.

7.6.2 Experimental illustration on a flexible robot

arm

7.6.2.1 Experimental setup

The system under test is a mechanical device with a varying robot arm. As

shown by the red arrows in the experimental setup of Fig. 7.6, the flexible

arm has two degrees of freedom (“input” and “scheduling”), which are

driven by two independent linear motors. Once the length of the extendable

robot arm (“scheduling” in Fig. 7.6) is varied, the stiffness and the resonance

frequency of the device will change according to the laws of physics.

To reveal this time-periodic behavior, suppose that the mechanical sys-

tem can be modeled as a simple Euler-Bernoulli beam with varying stiffness

k(t) and with a point load at the tip of the beam. Then, the beam theory

predicts that the static relationship between the stiffness k and the nominal

length L of the beam is given by

k(t) = 3EI

L(t)3 = 3EI(L0 + δL(t))3 (7.68)

with E being the Young elasticity modulus of the beam, I being the moment

of inertia, L0 being the nominal length of the beam (set point) and δL(t)
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Figure 7.6: Setup of the XY-table with its corresponding axes. The input, out-
put and scheduling parameter are indicated. The vibration signal,
at the tip of the XY-table, is measured via an accelerometer.

being the varying length of the beam (see Fig. 7.8 (right) for a certain

trajectory). Hence, the XY-table becomes time-periodic once the length in

the direction of the Y-axis is changed periodically. Equation (7.68) should

be interpreted carefully as it is only valid in the static case with a constant

load. In the dynamic situation different vibration modes exist with different

resonance frequencies. Nevertheless, (7.68) roughly explains why the robot

arm becomes time-variant in case the length of the arm is changed.

7.6.2.2 Time-periodic experiment

To introduce cyclic variations in the time-periodic experiment, the length

of the extendable robot arm (Y-axis) was changed periodically by imposing

a multisine signal with 3 harmonics, a periodicity of Tsys = 2.5 s and with

Psys = T
Tsys

= 8 system cycles within T (see the right pane in Fig. 7.8 for the

evolution of the scheduling). A full multisine signal (Pexc = T
Texc

= 1 in (2.49))

with Fexc = 1400 excited harmonics in the frequency band [80.05, 150] Hz

was injected as a current in the linear motor of the X-axis. The sampling

frequency was set to fs = 2 kHz. The vibrations (output) of the small

mass at the tip of the weakly NLTP robot arm has been measured with an

accelerometer (see Fig. 7.6). P = 11 periods of the input-output signal were
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7. Parametric Identification of Weakly NLTP Systems

gathered, giving a total measurement time of Tmeas = PT = 220 s ({Tmeas, T}
are defined in (3.14)). For illustration purposes, the focus is only put on the

second resonance of the system since it turned out that at this resonance

the degree of time-variation was the strongest.

7.6.2.3 Time-invariant experiment

It is desirable to perform first a time-invariant experiment, i.e. a constant

scheduling in Fig. 7.6, in order to obtain the orders na and nb in the ODE

model (2.34) using well-established identification methods for LTI systems

[Ljung, 1999; Pintelon and Schoukens, 2012]. Therefore, a time-invariant

experiment was carried out in the frequency band [80.05, 140] Hz and

the robot arm was excited by a full multisine signal (2.49) with Fexc =
1200 excited harmonics (fs = 2 kHz). The value of the constant scheduling

has been chosen somewhere in the range of the periodic trajectory of the

scheduling in the time-periodic experiment (see the right plot in Fig. 7.8).

7.6.2.4 Results

Time-invariant experiment:

An in-depth analysis of the input-output data have shown that the time-

invariant mechanical system behaved to some extent nonlinearly. The re-

sults of the time-invariant experiment are shown in Fig. 7.7 by comparing

the estimated parametric FRF with the nonparametric one from Section 3.7.

The parametric estimated FRF is obtained by putting nha = nhb
= 0 in the

WNLS scheme of Section 7.5.3, and where the stochastic nonlinear distor-

tions were used as weighting in the WNLS cost function (7.34) instead of

the noise. The WNLS estimator was initialized using the global minimiz-

ers θ̂GTLS (Section 7.3.5) and θ̂BTLS (Section 7.5.2). To get the level of the

stochastic nonlinear distortions, we made use of the nonparametric method

described in Section 3.7 by putting Nh = 0 in the identification algorithm.

It can be seen in Fig. 7.7 that the discrepancy between the estimated para-

metric FRF and the nonparametric one is scattered around the nonlinear

distortions, which validates the estimated 5/8 model (nb = 5 and na = 8).

264



7.6. Identification results

80 100 120 140

−40

−20

0

20

|G
T
I(
j
ω
k
)|

(d
B
)

Model 5/8 with constant length of the robot arm

80 100 120 140
−400

−200

0

�
G

T
I
(d
eg
)

frequency (Hz)

Figure 7.7: Time-invariant experiment of the XY-table. Top: parametric esti-
mated FRF (light gray) and nonparametric estimated FRF (black).
The difference between both is given by the gray dots, while the
level of the stochastic nonlinear distortions is given by the thin black
line. The noise floor is depicted by the black crosses. Bottom: the
phase of the estimated FRF, parametric (light gray), nonparamet-
ric (black) and the difference between both (dark gray).

Time-periodic experiment:

After the collection of the input-output data from the time-periodic

mechanical device, the coefficients of the ODE model (2.34) are estimated

in the frequency domain using the WNLS methodology in Section 7.5.3 with

the following model orders {na = 8, nha = 3, nb = 5, nhb
= 0}. From those

estimated ODE coefficients, the estimated F2RF can easily be derived by

means of (7.54). A 3D-view of the estimated F2RF is depicted in Fig. 7.8.

The following observations can be made from the plot:

• The resonance frequency is varying in the range 100 − 130 Hz.

• The shape of the imposed scheduling parameter is reflected into the

resonance frequency (compare left and right plot in Fig. 7.8).
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Figure 7.8: Left: 3D-view of the estimated parametric F2RF Gf(jω, t) of the
XY-table. Right: The measured scheduling parameter δL(t) (7.68)
as a time-periodic function around the set point 0 cm.

To have also an idea about the evolution of the frozen modal parameters

of the XY-table, the frozen resonance frequency and the frozen damping

ratio together with their 95% confidence bounds is depicted in Fig. 7.9.

Note the similarity in shape between the estimated frozen resonance and

the scheduling signal in Fig. 7.8. The (frozen) damping ratio has a relatively

high uncertainty as it is a measure of the angle between the location of the

estimated frozen poles and the imaginary axis.

Using a local polynomial approximation of the hFRFs, a nonparametric

estimation of the hFRFs has been performed to validate the estimated

parametric ODE model. Figure 7.10 compares the parametric estimate of

the hFRFs originating from the ODE model (7.1) to the nonparametric one

that was obtained using the parallel structure model described thoroughly

in Section 3.7 of Chapter 3. Only the first three hFRFs in Fig. 7.10 are

given in order not to overload the figure (2Nh+1 = 17 hFRFs were estimated

during the nonparametric estimation process). From Fig. 7.10 the following

observations can be made:

• The time-periodic system acts to some extent nonlinearly. Indeed, the

stochastic nonlinear distortions on the hFRFs in Fig. 7.10 dominate
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Figure 7.9: Left: The estimated frozen resonance frequency of the XY-
table as a continuous function of the frozen time instants
within [0, Tsys] (light gray), while the 95% uncertainty bound[f̂(t) − 2σf̂(t), f̂(t) + 2σf̂(t)] is depicted in black. Right: The es-

timated damping ratio of the XY-table as a continuous function
of frozen time instants within [0, Tsys] (light gray), while the 95%

uncertainty bound [ξ̂(t) − 2σξ̂(t), ξ̂(t) + 2σξ̂(t)] is shown in black.

over the noise errors. This behavior was expected since the system

exhibited a nonlinear behavior at a constant set point (see Fig. 7.7).

Hence, for a time-periodic experiment the nonlinear distortions, which

were peaking around the resonance frequency in the time-invariant

experiment, are now present in the whole frequency band in which

the frozen resonance frequency is varying.

• The dynamic of the XY-table has stronger time-variations compared

with that of the simulation example in 7.6.1 as ∣Ĝ−1(jωk)∣ is now of

the same order of magnitude as ∣Ĝ0(jωk)∣ at the varying resonance

frequencies. This is also confirmed in Fig. 7.11 by the PAoT of the dif-

ference between the estimated F2RF and the estimated iFRF. In this
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Figure 7.10: Left: Magnitude plot of the estimated hFRFs. Parametric hFRFs
(light gray line), nonparametric hFRFs (thick black), nonlinear
distortion levels (thin black), difference between parametric and
nonparametric estimates (gray dots) and noise floor(dashed gray).
Right: Phase plot of the estimated hFRFs. Parametric hFRFs
(light gray), nonparametric hFRFs (black) and difference between
both (dark gray).

figure the PAoT of Ĝ(jω, t) − Ĝf(jω, t) is relatively large at the reso-

nance frequencies compared with the level of the F2RF itself. Hence,

it is meaningful to differentiate between both concepts (F2RF and

iFRF), conform the clarification given in the introduction. It is then

to the users to decide which definition suits best their application.

Note that for LPV systems the F2RF concept makes sense. As the

varying length is measured (see Fig. 7.8 right), the F2RF (or frozen

modal parameters) is also known as a continuous function of the vary-

ing length L(t). The relatively strong time-variations was expected
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due to the large amplitude of the scheduling that was applied (see

Fig. 7.8) compared with the nominal length of the robot arm.
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Figure 7.11: The estimated F2RF at some frozen time instants, t ∈ [0, 2.5] s
(black). The PAoT of the difference between the estimated F2RF
and the estimated iFRF is given by the bold gray line, while the
PAoT of the estimated error computed with (2.43) is depicted in
thin white. The PAoT of the uncertainty of the parametric F2RF,
σĜf
(jω, t) in (7.55), is given as a black dashed line.

As the nonlinear errors were the dominant error source in the experi-

ments, the variance of the output nonlinear distortions was used as weight-

ing in the WNLS cost function (7.34) and not the output noise variance

(i.e. CY = CNL
Y ,CU = Cnoise

U and CY U = Cnoise
Y U in (7.28)). The information

CNL
Y [k, k] is acquired by the direct local polynomial method described in

Section 3.7. Only output nonlinear distortions were taken into account as

no significant input nonlinear distortions could be detected. Therefore, the

output-error framework in Section 3.7 is applicable here.

Finally, an additional validation test was done on the WNLS cost func-

tion (7.34) and the normalized residuals ε(k, θ̂Γ), as explained in Section 7.5.5.

It was found that the value of the WNLS cost lies within its 95% confidence

interval ([1313, 1520]) and that 5.8% of the residuals was found outside the

95% confidence region, which validates the estimated parametric model.
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7.7 Conclusions

The WNLS estimator for identifying weakly NLTP systems has been devel-

oped within an errors-in-variables stochastic framework. Different global

minimizers are proposed to initialize the WNLS identification scheme. The

WNLS estimator turned out to be consistent, asymptotically normally dis-

tributed and for LTP systems with weak time-variations a “small” efficiency

loss was expected.

One the one hand, the important assumptions that were made for con-

structing the estimator are:

• The time-periodic system can be excited by a measurable, band-

limited broad-band periodic signal with a user-defined amplitude spec-

trum.

• The pumping period/frequency Tsys = 1/fsys is either known or can at

least be estimated from data. How to handle the uncertainty on the

pumping period/frequency is an interesting topic for further investi-

gation (see Section 8.2.2).

• An integer number of the pumping period (i.e. Psys = T
Tsys

∈ N) is

observed/processed.

• The time-periodic ODE parameters in (2.34) are band-limited.

• The noise sources are supposed to be stationary and are modeled as

time-invariant filtered white noise processes.

On the other hand, the main advantages of the proposed WNLS method

are:

• The WNLS identification scheme allows noise influences on the input,

i.e. an errors-in-variables setting is followed.

• Generation of high quality initial estimates with the WTLS approach.

270



7.7. Conclusions

• The residuals in the WNLS cost function can readily be weighted by

the variance of the noise and/or the nonlinear distortions. As such, the

WNLS cost function can be interpreted for model validation purposes.

• When significant, the noise and/or the system transients can be elim-

inated nonparametrically.

• It is straightforward to perform the estimation in the frequency band

of interest.

• The identification algorithm for continuous-time is equally valid for

the discrete-time case.

Additionally, two transfer function concepts (frozen and instantaneous/

harmonic) for LTP systems have been extracted from the ODE model.

By monitoring the difference between both transfer functions, also dubbed

the error of variation, an objective measure for the speed and strength of

variation in the time-periodic experiment is provided. Besides, uncertainty

expressions are given for different model-related quantities, as for the time-

periodic model parameters, the frozen transfer function, the frozen modal

parameters, ... It is also shown how to validate the estimated model via

validation test tools on the cost function and the residuals.

In this work, a balance has been sought between the provided theoretical

tools and their relevance in practice. The developed theory was in good

agreement with the simulation results. Finally, all the discussed theoretical

claims have been successfully demonstrated on data collected from a robot

arm with varying arm length.
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Appendix

7.A Column covariance matrix of the

Jacobian

Elaborating first the column covariance matrix of J in (7.20) one has

CJ ≜ E{(ΔJ)H ΔJ}= E{[Re{ΔJ}T − jIm{ΔJ}T ] [Re{ΔJ} + jIm{ΔJ}]}= E{[Re{ΔJ}TRe{ΔJ} + Im{ΔJ}T Im{ΔJ}]+j [Re{ΔJ}T Im{ΔJ} − Im{ΔJ}TRe{ΔJ}]}= Re{CJ} + jIm{CJ}. (7.69)

Using then (7.69) and the definition of (X)RE in (7.14) we get for CJRE

CJRE
≜ E{(ΔJRE)T ΔJRE} (7.70)

= E

⎧⎪⎪⎨⎪⎪⎩⎛⎝ Re{ΔJ}T Im{ΔJ}T−Im{ΔJ}T Re{ΔJ}T ⎞⎠⎛⎝ Re{ΔJ} − Im{ΔJ}
Im{ΔJ} Re{ΔJ} ⎞⎠

⎫⎪⎪⎬⎪⎪⎭ (7.71)

= ⎛⎝ Re{CJ} − Im{CJ}
Im{CJ} Re{CJ} ⎞⎠ = (CJ)RE (7.72)

which proves the equality in (7.22).
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Chapter 8

Main Contributions and Open

Problems

Abstract

The first part of this final chapter lists the major contributions

delivered during the PhD process. The second part formulates some

interesting open problems and extensions that are not addressed

(yet) in the (non-)linear time-periodic literature.

8.1 Major contributions

As (quasi) time-periodic systems are encountered in many engineering ap-

plications, ranging from reciprocating devices in the field of mechanics,

through harmonic distortions in power distribution networks, to cardio-

vascular systems in the bio-medical science, the extraction of experimental

LTP models meant for physical interpretation, analysis, prediction or con-

trol can be a useful step for the practicing engineer.

The main focus of this doctoral thesis was the development and analysis

of several frequency domain identification tools for weakly NLTP systems

starting from measured input-output data. We opted for a practical ap-

proach, making the tools easily accessible and adaptable for users with a

different engineering background. To stress this, the identification schemes
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were illustrated through a variety of numerical and real-life examples. Most

of those research results have been published in international refereed jour-

nals and conference articles with different engineering perspectives (refer to

the “Publications List”), indicating that the suggested methodologies were

favorably received by the different engineering communities.

The work achieved during the PhD has lead to the following major

contributions.

1. The LTP system theory has been summarized by Theorem 2.2 reveal-

ing the close connections between the existing LTP model representa-

tions and the well-known Floquet theory for LTP systems. Regardless

of their speed and strength, we showed by virtue of this theorem that

the general concept of HTFs rigorously characterizes the frequency

response behavior of LTP systems in the bi-frequency domain. A

side result was that the HTFs can be extracted from any LTP model

proposed in the literature.

2. The frozen approach was shown to be a good description for the true

behavior of LTP systems with slow and weak time-variations. Its

fundamental difference with that of the rigorous transfer function

concept for LTP systems was accentuated through examples. The

difference between both approaches objectively determined the speed

and strength of the dynamic variations.

3. To solve the model equations for LTP systems operating in steady

state, a time-efficient frequency domain alternative was suggested.

Here, the synchronized multisine excitation played a crucial role in

constructing the time-efficient frequency domain solver.

4. A large part of the thesis was devoted to developing and implement-

ing various open- and closed-loop nonparametric FRF estimators us-

ing synchronized periodic as well as arbitrary excitations. The ex-

perimental conditions under which the FRF estimators for periodic

excitations are fulfilled have been summarized in Table 3.2. Whereas

the nonparametric FRF estimation under arbitrary inputs have been
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tackled in Chapter 5. The key idea behind all those FRF estimators

was the conversion of the SISO LTP identification problem to either

a MISO or SIMO LTI one.

5. Depending on the framework used (periodic or arbitrary), the schemes

provided methodologies for extracting nonparametrically the power

spectrum of possible error sources such as noise, nonlinear effects and

unmodeled time-variations. From at least two signal periods, it was

shown that for synchronized periodic excitations the noise can be

discerned from the stochastic nonlinear effects; while for arbitrary

excitations no discrimination can be made between the noise and the

stochastic nonlinear errors.

6. The nonparametric methods developed in Chapter 3 have been ap-

plied to in vivo myocardial tissue data collected during a one week

visit at the Universitat Politecnica de Catalunya and the Cardiology

Service of the Hospital Santa Creu i Sant Pau in Barcelona.

7. We investigated in detail the impact of treating the LTP system as

an LTI one, which has lead to the concept of the BLTI approxima-

tion of an LTP system. In particular, the relationship between the

BLTI approximation of an LTP system and classical FRF estimators

was established. Tools were provided to quantify the time-periodic

distortions, the disturbing noise and/or the nonlinear distortions and

the leakage (transient) in FRF measurements all from a single ex-

periment. On top of that, a geometrical interpretation was given to

the BLTI approximation leading to a framework called “vector FRF

analysis” of LTP systems.

8. The last part of the thesis has intensively focused on the parametric

identification of weakly NLTP systems within an errors-in-variables

setting. Having started from an ordinary differential equation model a

consistent, frequency domain WNLS estimator was constructed. High

quality (consistent) global minimizers were provided to initialize the

WNLS identification scheme.
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8.2 Future research

Every problem in science that one tries to solve raises additional questions.

Research is thus a never ending-story. Below, we formulate some open

problems and possible extensions for time-periodic systems. The list is of

course not exhaustive.

8.2.1 Observation of a non-integer number of

system cycles: Psys = T
Tsys

∉ N
One of the constraining assumptions made throughout this thesis was that

an integer number of system cycles was observed/processed within the ob-

servation interval T , i.e. Psys = T
Tsys

∈ N. The main reasons for this are:

• The LTP system’s output reaches a periodic solution in steady state

when the periodic excitation is synchronized with the time-variations

(see Assumption 2.1). Hence, spectral leakage is totally avoided and

“simple approach” estimators can be constructed (see Chapter 3).

• Although spectral leakage is inherent to arbitrary excitations (see

Chapter 5), choosing Psys ∈ N has the advantage that, when evalu-

ating the frequency-translated HTFs Hr(s) ≜ Gr (s − jrωsys) at the

DFT frequencies s = jωk = k 2π
T (see LTP model (2.20) on page 27),

the angular frequency line “ωk − rωsys”, r = −Nh,−N + 1,⋯,+Nh falls

on a DFT bin. As such, Gr(jωk) can be obtained from Hr(jωk), i.e.
Gr(jωk) = Hr(jωk+rPsys), without using interpolation.

Nevertheless, in applications where the time-variations are uncontrol-

lable but still periodic, the identification strategies proposed in this thesis

should be extended to handle the general case Psys ∉ N. A(n) (linear) in-

terpolation step is then required to reconstruct the G−estimate from the

H-estimate as the frequency bin “k + rPsys ∉ N” in Ĝr(jωk) = Ĥr (jωk+rPsys)
does not coincide anymore with a DFT line. The uncertainty computation

of Ĝr(jωk) in case of interpolation becomes more involved too.
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The easiest solution, if possible, to dodge the interpolation step is to

make the sampling frequency fs = 1
Ts

sufficiently large such that the con-

dition Psys = T
Tsys

= N ( Ts

Tsys
) ∈ N becomes practically valid (assume known

periodicity Tsys, which is not synchronized with the excitation), as it was

for example done for the in vivo myocardial tissue in Chapter 4. Another

thought would be to estimate the G−model directly without going through

the intermediate estimation of the H−model. To this end, the LTP model

equation (2.20) on page 27 can be rewritten by making use of the periodicity

property of both the periodic excitation as well as the LTP system (periodic

basis functions). [Lataire et al., 2012] proposed this direct approach, with

Legendre polynomials as basis functions, to identify the frequency response

of slowly, arbitrarily time-varying systems starting from multisine excita-

tions. Initial steps were also taken by [Widanage et al., 2010] to handle

the arbitrary excitation case by imposing a smoothness assumption on the

G−model. Nonetheless, it seems that (fast varying) time-periodic systems

are not investigated yet using the direct estimation of the G−model.

8.2.2 Extraction of the pumping angular frequency

ωsys from noisy data

In some engineering applications the angular pumping frequency ωsys is

not (exactly) known and should be extracted from the data. As measured

data are always prone to (stochastic) errors, the estimated ω̂sys becomes a

noisy variable as well. It is therefore worthwhile to study the impact of the

variability of ω̂sys on the identification algorithms proposed in Chapters 3-7.

8.2.3 Quasi Time-Periodic (QTP) Systems

8.2.3.1 Heart Rate Variability (HRV)

Wementioned in Chapter 4 that the heart beat of living beings is not exactly

periodic as heart rate variability (HRV) is always present. In order to

account for this HRV, a richer description with varying pumping frequency

ωsys(t) is required.
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Because certain physiological phenomena, such as the contraction (sys-

tole) and the relaxation (diastole) process, occur at specific places in the

angular domain Φ, the mixers in Fig. 3.17 on page 107 are adapted to basis

functions with a nonlinear time-varying phase Φ(t), where the instantaneous
pumping frequency ωsys(t) is related to Φ(t) as ωsys(t) = dΦ(t)

dt . Hence, the

new model structure that draws our attention has an iFRF given by

G(jω, t) = +∞∑
k=−∞

Gk(jω) ejkΦ(t). (8.1)

The main challenge is to obtain an appropriate description for Φ(t) in

(8.1). Assuming that the change of the varying pumping period Tsys(t) =
2π

ωsys(t) is slow, i.e.
ΔTsys(t)
Tsys(t) ≪ 1 (it does not mean that the quasi time-

periodic (QTP) system is slowly varying!), a possibility could be to estimate

the instantaneous periodicity Tsys(t) from the RR−interval of the recorded

electrocardiogram (ECG) signal using a piecewise constant approximation.

Another way is to expand the nonlinear time-varying phase Φ(t) in series

as

Φ(t) = 2πfsys,0 (t + +H∑
h=−H

ρh e
j2πh α

T
t) (8.2)

with 2πfsys,0t being the fixed frequency contribution in Φ(t) and ρ+h = ρ−h
the amplitudes of harmonically related (co-)sine waves with fundamental

frequency α
T . The parameter α accounts for the fact that the instanta-

neous pumping frequency fsys(t) = ωsys(t)
2π is in general not periodic within

T . Expanding Φ(t) in a Fourier basis (8.2) rather than a polynomial ba-

sis has recently been suggested by [Pintelon et al., 2010a] to suppress the

nonstationary harmonic perturbations in operational modal analysis. Some

results in [Pintelon et al., 2010a] can then be used to handle the case of HRV.

The difficulty here remains the direct estimation of the G−model (8.1) as it

is not trivial (or maybe even impossible) to write analytically the G−model

in terms of the H−model.

Note that we have tacitly assumed in model (8.1) that the dynamic part

Gk(jω) is not varying over time when a “pure” HRV is present. Therefore,

a more generic model is when the hFRFs might slowly change over time

as well, i.e. taking phase as well as slowly varying dynamic amplitude
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modulations into account,

G(jω, t) = +∞∑
k=−∞

Gk(jω, t) ejkΦ(t) (8.3)

with Gk(jω, t) = +∞∑
l=0

Gk,l(jω)Pl(t) (8.4)

with Pl(t) a polynomial of degree l. Hence, G(jω, t) (8.3) becomes

G(jω, t) = +∞∑
k=−∞

+∞∑
l=0

Gk,l(jω) (Pl(t)ejkΦ(t)) . (8.5)

Equation (8.5) can also be written as a single sum by re-indexing (8.5) as

G(jω, t) = +∞∑
p=−∞

G̃p(jω) b̃p(t) (8.6)

and the connection with the work in [Lataire et al., 2012] becomes more

visible.

The series expansion (8.5)-(8.6) shows that by taking slowly varying dy-

namic amplitude modulations into account more sophisticated basis func-

tions bk,l(t) = Pl(t)ejkΦ(t) are needed than the ones proposed in [Lataire

et al., 2012]. Again, slowly varying dynamic amplitude modulations does

not mean that the QTP system (8.5) itself is slowly varying. Please note

that the notion of slowly varying hFRFs (8.4) is lost when arbitrary basis

functions b̃p(t) is used in the LTV model (8.6), whereas it still make sense

for the QTP model (8.5).

For practical reasons, the order of the basis functions bk,l(t) = Pl(t)ejkΦ(t)
in the QTP model (8.5) needs to be truncated to NP + 1 significant poly-

nomials and Nh significant slowly varying hFRFs, i.e. l = 0,1,⋯,NP and

k = −Nh,−Nh + 1,⋯,0,⋯,+Nh in bk,l(t) = Pl(t)ejkΦ(t) (P0(t) = 1). Con-

sequently, slowly varying dynamic amplitude and phase modulations add

more flexibility to the QTP model structure (8.5). As such, we would like to

investigate whether it is realistic to estimate the model orders Nh (Number

of hFRFs), NP (degree of amplitude modulations) and H (degree of phase

modulations) in (8.2) from noisy data.
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8.2.3.2 Angular speed fluctuations

The statistical properties of some cyclic phenomena, such as the vibrations

and acoustic noise generated by rotating mechanical devices, are usually

not ideally periodic in the time variable due to random speed fluctuations,

i.e. ωsys(t) = ωsys,0 + ηsys(t) with E{ηsys(t)} = 0 and ηsys(t) assumed to

be a stationary random process. Although the response of a QTP system

results from a convolution operation in the time domain, [Leclère et al.,

2010] argued that some mechanical events, like combustions in reciprocating

engines, are rather occurring on a periodic basis in the angular domain Φ

w.r.t. a reference position of the main shaft. Lately, [Delvecchio and Antoni,

2012] worked further on this issue, where the authors illustrated that the

random speed fluctuations act as a “filter” on the deterministic part of

cyclo-stationary data. It is therefore interesting to apply both works at the

level of the hFRFs in (8.1).

8.2.4 (Weakly) Non-Linear Time-Periodic (NLTP)

systems

Since almost all real-life systems exhibit to some extent a nonlinear behav-

ior, an NLTP modeling approach might be desirable. However, a general

methodology to handle NTLP systems is not at hand. Therefore, it is

required to restrain the general class of NLTP systems to a smaller set.

Here, we consider the class of NLTP systems that can be well-approximated

– in mean square sense – by a time-periodic Volterra series

y(t) = GNLTP{u(t)}
= +∞∫

0

g̃1(t, τ)u(t − τ)dτ + +∞∬
0

g̃2(t, τ1, τ2)u(t − τ1)u(t − τ2)dτ1dτ2
+ +∞∭

0

g̃3(t, τ1, τ2, τ3)u(t − τ1)u(t − τ2)u(t − τ3)dτ1dτ2dτ3 + ⋯ (8.7)

with g̃n(t + Tsys, τ1, τ2,⋯, τn) = g̃n(t, τ1, τ2,⋯, τn) called the nth order time-

periodic Volterra kernel. The reader is referred to the book of [Schetzen,
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1980] for a thorough analysis of the Volterra series for time-invariant sys-

tems. The main difference with the stationary approach is the additional

time variable “t” in (8.7). There are a few references that tackled (slowly)

nonstationary nonlinear systems, for example, the work of [Marmarelis,

1981] or more recently the one of [He et al., 2013].

Expanding all the time-periodic kernels in a Fourier basis

g̃n(t, τ1, τ2,⋯, τn) = +∞∑
k=−∞

g̃n,k(τ1, τ2,⋯, τn) ejkωsyst (8.8)

g̃n,k(t, τ1, τ2,⋯, τn) = 1

Tsys
∫ Tsys

0
g̃n(t, τ1, τ2,⋯, τn) e−jkωsyst dt (8.9)

(8.7) reads after using harmonic balance

y(t) = GNLTP{u(t)} = +∞∑
k=−∞

Gk,NLTI{u(t)} ejkωsyst (8.10)

Gk,NLTI{u(t)} ≜ +∞∫
0

g̃1,k(τ)u(t − τ)dτ + +∞∬
0

g̃2,k(τ1, τ2)u(t − τ1)u(t − τ2)dτ1dτ2
+ +∞∭

0

g̃3,k(τ1, τ2, τ3)u(t − τ1)u(t − τ2)u(t − τ3)dτ1dτ2dτ3 + ⋯ (8.11)

Expansion technique (8.10) shows that the parallel structure in Fig. 3.17

on page 107 is preserved except that now the kth HTF should be replaced

by the kth harmonic NLTI system operator Gk,NLTI{u(t)} (8.11).

For a weakly nonlinear behavior (the time-variations might be strong!),

Gk,NLTI{u(t)} can be decomposed into its BLA part Gk,BLA {u(t)} (3.1)

and an error source yNL[k](t) that captures the stochastic nonlinearities of

Gk,BLA {u(t)} (see Section 3.1.2). The arduousness is that the auto-PSD of

the total level of the nonlinearities yNL(t) = +∞∑
k=−∞yNL[k](t) ejkωsyst ∈ R in

y(t) = +∞∑
k=−∞

Gk,BLA{u(t)} ejkωsyst + yNL(t) (8.12)

is cyclo-stationary (refer to Section 3.1.2 for the properties of yNL(t)). The
questions that we would like to address in the future are the following. What

type of applications can be modeled with the time-periodic Volterra series

(8.10)? Is
+∞∑

k=−∞Gk,BLA{u(t)} ejkωsyst in (8.12) the best – in mean square

sense– LTP approximation of the time-periodic Volterra model (8.10)?
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8.2.5 Full nonparametric LTP identification

Most of the identification methods presented in the thesis are nonparametric-

in-the-dynamics “ωk” and parametric-in-the-time-variations “t”. As a full

nonparametric model avoids a model order selection for the dynamics as

well as for the time-variation part, it is more than welcome to have full

nonparametric identification tools at hand.

It is explained in Section 3.10 how a full nonparametric estimate of the

iFRF can be obtained through the STFT. The main assumption made

is that the dynamics of the LTP system is (very) slowly varying over

time. This can be a very restrictive assumption for applications with

fast variations (see Chapter 6). To circumvent this problem, we assume

that the excitation u(t) is stationary such that the identification problem

boils down to the estimation of the time-periodic cross-PSD, Syu(jω, t) ≜Fτ {E{y(t)u(t − τ)}}, in the extended Wiener-Hopf relation (6.48)

Syu(jωk, tm) = G(jωk, tm)Suu(jωk). (8.13)

Note that (8.13) is always fulfilled irrespective of the speed and strength of

the time-variations.

As there is quite a lot of research done on how to estimate cyclo/non-

stationary auto-PSDs from noisy data [Boashash, 2003; Antoni, 2009], ideas

can be taken over to estimate the time-periodic cross-PSD Syu(jωk, tm) in

(8.13). For instance, by measuring a sufficient amount of system cycles

an unbiased nonparametric estimate can be constructed for Syu(jωk, tm)
through synchronous averaging. It is worth noting that the definition of

Syu(jω, t), which is also known as the Rihaczek cross-spectrum, differs from

the Wigner-Ville cross-PSD, SWV
yu (jω, t) ≜ Fτ {E{y(t + τ/2)u(t − τ/2)}},

in classical textbooks on time-frequency signal analysis [Boashash, 2003].

Nonetheless, Syu(jω, t) still belongs to the generalized class of Wigner-Ville

PSDs Sα
yu(jω, t) ≜ Fτ {E{y (t + (1

2 − α) τ) u (t − (1
2 + α) τ)}} with α ∈ R.

Special cases are α ∈ {±1/2, 0}.
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8.2.6 (Operational) LTP modal analysis

In modal analysis [Ewins, 2000] one is rather interested in physical quanti-

ties such as resonance frequencies, damping ratios and mode-shapes. Since

for fast and strong time-variations the concept of frozen modal parame-

ters loses its value (see Chapter 2), the natural choice to make for LTP

modal analysis is the Floquet pole-residue model in Theorem 2.2 [Allen,

2009; Allen et al., 2011]. It is thus an interesting topic for future research

to develop a parametric estimator for the Floquet pole-residue model (2.32)

taking into account the constraint that the imaginary part of the Floquet

poles are moving parallel to the imaginary axis. The maximum likelihood

solution is not available (yet) for the Floquet modal model (2.32).

In most of the cases when performing modal experiments one has no

full control of the excitations acting on the structure/system. Hence, also

strategies for estimating the Floquet modal parameters should be elabo-

rated starting from operational data. [Allen et al., 2011] used classical

frequency domain MIMO LTI techniques to identify the Floquet modal pa-

rameters from output-only data. Their identification algorithm was based

on Wereley’s harmonic transfer function matrix concept G(s) (2.22). It is

interesting to work further on this issue and integrate it with Zadeh’s HTF

approach Gk(s) = 1T
k G(s)10 (2.23) discussed in Chapter 2.

Assuming that the vector of shifted input DFT spectra are white, i.e.

U(k) = E(k) ∈ C2Nh+1×1 with cov{E(k)} = σ2
E I2Nh+1 ∈ R2Nh+1×2Nh+1, one

can investigate whether it is possible to estimate the HTFs from the square

root of the power spectrum of the vector of shifted output DFT spectra

Y(k) ∈ C2Nh+1×2Nh+1

Y(k) ≈ G(jωk)E(k) ⇒ cov{Y(k)} ≈ σ2
E G(jωk) (G(jωk))H (8.14)

using the SVD of the matrix cov{Y(k)} ∈ C2Nh+1×2Nh+1. Equation (8.14) is

approximately true as Y(k) is prone to leakage errors. Hence, it is better to

suppress the spectral leakage T(jωk) in (8.14), i.e. Ŷ(k) = Y(k)−T̂Y(jωk),
before computing the power spectrum of Y(k).
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8.2.7 Cyclo-stationary (non-)parametric noise

models

For strong time-variations the assumption of stationarity of the noise errors

is not valid anymore as the noise filtered or generated by the LTP system

is cyclo-stationary. This happens when generator, process and/or (time-

periodic) feedback noise are present in the measurement setup (see Fig. 1.1).

Therefore, methodologies should be set up that can handle (non-)parametric

time-periodic noise models. A possible way out would be to write the cyclo-

stationary noise process as a filtered white noise contribution with a time-

periodic filter. Hence, the problem reduces to the (non-)parametric blind

identification of the HTFs of the input-output noise filters. How the HTFs

of the input-output noise can be retrieved is still an open question.

8.2.8 Time-efficient solution of (2.54) by exploiting

the common matrix structure in A(θa) & B(θb)
In Chapter 2, it was shown that the DFT steady state response, Y in

(2.54), can be obtained in a straightforward way by solving the matrix

equation A(θa)Y = B(θb)U. It turned out that the size of the square

matrices A(θa) ∈ CN×N & B(θb) ∈ CN×N increases in both dimensions by

the number of data points N . Yet, these matrices are still sparse and

well-structured. Matrix equation (2.54) was then solved “time-efficiently”

using the sparse form in MATLAB R○. However, the implementation of

(2.54) was not optimal in terms of computation time as the common matrix

structure present in A(θa) & B(θb) was not taken into account. It follows

indeed from (2.52)-(2.54) thatA(θa) & B(θb) have “few” non-zero diagonals
(2Nhx + 1 ≪ N , x = a, b in number), where their non-zero elements are

polynomials in the frequency variable “l”. In particular, these non-zero

elements share the same ODE Fourier coefficients in (2.52) along the non-

zero diagonals. To date, it is not clear (yet) how to incorporate this specific

matrix structure in the solver (2.55) using numerical methods such as in

[Kailath and Sayed, 1995].
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