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Frequency Response Function Measurements of
Multivariable Systems via Local Rational Modelling

Dries Peumans, Member, IEEE, Rik Pintelon, Fellow, IEEE, John Lataire, Member, IEEE,
and Gerd Vandersteen, Senior Member, IEEE

Abstract—The frequency response function is a fundamental
property of a linear time-invariant system that describes the
system’s frequency-dependent behaviour. Accurately measuring
the frequency response function of multivariable lightly-damped
systems in a time-efficient manner is difficult due to spectral
leakage and long-lasting transient phenomena. In the past, local
rational modelling techniques have been introduced that mitigate
these difficulties. This paper presents an overview of the existing
techniques for multivariable systems and proposes a new local
rational modelling technique that is both consistent and stochas-
tically efficient in measuring the non-parametric frequency re-
sponse function. The proposed technique is successfully validated
on simulation examples of a generic multivariable lightly-damped
system. Its practical applicability is illustrated by characterising
the frequency response function of an Aluminum plate.

Index Terms—Frequency response function, multivariable sys-
tems, local rational modelling, model order selection, lightly-
damped systems

I. INTRODUCTION

Many engineering disciplines make thankful use of the
Frequency Response Function (FRF) to study the dynamic
behaviour of a system. It serves as the foundation for damage
detection in mechanical structures [1], the modal analysis of
resonating structures [2], tissue models for electrosurgery [3],
etc. Measuring the FRF is a well-studied problem that clas-
sically uses spectral analysis methods based on correlation
techniques [4]. Obtaining high-quality measurements is unfor-
tunately impeded by transient phenomena, leakage errors and
disturbing noise. These adverse effects can be partly mitigated
by averaging [5], windowing [6], etc. but come at a price, as
any of these mitigation strategies increases the measurement
time.

The local modelling techniques [7], [8] were introduced to
keep the measurement time in check while providing superior
transient-reduction capabilities compared to the classical corre-
lation techniques. As the name suggests, these local modelling
techniques approximate the FRF and/or the transient term with
a local model in a small sliding frequency window. Popular
choices for these local models are low order polynomials
and rational functions which, respectively, result in the Local
Polynomial Method (LPM) [7], [8] and the Local Rational
Method (LRM) [9], [10]. While these techniques produced
accurate results in the past, they have some disadvantages. The
use of polynomials is limited to frequency regions where the
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dynamic variations remain small, e.g. modelling resonances
with a limited frequency resolution results in large modelling
errors. Rational functions on the other hand drastically lower
the modelling error in resonances. Unfortunately, the estimation
of these functions is more difficult since the model is inherently
nonlinear in the parameters.

Over the years, several local rational modelling techniques
have been proposed to estimate these rational functions with
varying accuracy. Initially, the LRM is formulated for Single-
Input Single-Output (SISO) systems and uses a linearisation
to circumvent the nonlinear optimisation scheme [9]. These
results are extended in [11] to Multiple-Input Multiple-Output
(MIMO) systems. While the linearisation decreases the required
computational complexity, it also brings in a bias that negatively
influences the quality of the FRF measurement [12]. Iterative
methods [11], [13] and total-least squares methods [14], [15]
have been developed that remove this estimation bias.

Equally important to the consistent FRF estimation is the
ability of the local modelling technique to provide accurate
uncertainty bounds. This accuracy is closely tied to the
estimator being stochastically efficient. The stochastic efficiency
is used as a measure to indicate how the actual estimator is
scattered around its limiting value. An efficient estimator is
one that reaches the Cramér-Rao lower bound [16], which
specifies the lowest attainable uncertainty given the noise on
the input-output data. In statistics, this efficiency is reached
by the so-called Maximum Likelihood (ML) estimator [17].
As it turns out, none of the above mentioned local rational
modelling techniques is stochastically efficient.

Recently, the ML estimator has been introduced for SISO
systems within the local rational modelling context [18]. The
goal of this paper is to extend this local ML estimator to
the MIMO case. The proposed technique will enable one to
accurately measure the non-parametric multivariable FRF and
its uncertainty bounds in a consistent and stochastically efficient
manner. Summarized, the main contributions of this paper are:

1) An overview of currently existing local rational modelling
techniques for the non-parametric identification of the
FRF of MIMO systems (Section II).

2) The introduction of the maximum likelihood technique
for local rational model estimation purposes of multivari-
able systems (Section III).

3) An automatic model order selection procedure that
selects the optimal structure for the local rational model
(Section IV).
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4) The application of the proposed technique to a simulation
example of a lightly-damped mechanical system with 4
inputs and 3 outputs (Section V).

5) The characterisation of the resonant behaviour of an
Aluminum plate (Section VI).

II. OVERVIEW OF CURRENTLY EXISTING LOCAL
MODELLING TECHNIQUES

The main purpose of the local modelling techniques is
to accurately estimate the non-parametric multivariable FRF
G(Ωk) ∈ Cny×nu of a MIMO systems with nu inputs and
ny outputs as a function of the generalised frequency variable
Ωk. Depending on the nature of the system at hand, Ωk equals
jωk for continuous-time systems and e−jωkTs for discrete-time
systems. To reach this purpose, the local modelling techniques
all start from the same fundamental equation in the frequency
domain [4, Chapter 7]

Y(k) = G(Ωk) U(k) + T(Ωk) + N(k) (1)

where U(k) ∈ Cnu×1 and Y(k) ∈ Cny×1 are the vectors
of respectively, the stacked nu input and stacked ny output
Discrete Fourier Transform (DFT) spectra of the system
evaluated at the frequency bin k. We define the DFT spectrum
X(k) of N samples of an arbitrary time-domain signal x(t) as

X(k) = DFT{x(t)} =
1√
N

N−1∑
n=0

x(nTs) e
−jωknTs (2)

where Ts is the sampling period. The frequency ωk that
corresponds to the bin k is defined as ωk = 2πk/(NTs).
Remark that X(k) should not be necessarily computed from
a measured time-domain signal. The spectrum can equally
well be directly measured in the frequency domain with, for
example, network analysers.

While the inputs of the system are assumed noise-free, the
outputs are perturbed by the noise source N(k). We assume
that the noise source N(k) has the following properties

- N(k) is zero mean and circular complex distributed,
which is equivalent to stating that E{N(k)} = 0 and
E{N(k) NT (r)} = 0 for ∀ k, r.

- N(k) is uncorrelated with N(r) whenever k 6= r :
E{N(k) NH(r)} = 0.

- N(k) is uncorrelated with the input signal U(k):
E{N(k) UH(k)} = 0. This property is automatically
fulfilled if the system under study is operating in open
loop.

An independent transient contribution T(Ωk) ∈ Cny×1 is
present due to the fact that we use a (rectangular) finite-duration
window during the calculation of the DFT spectra in (1).
Transient occurs in the calculation of the DFT of aperiodic
signals or periodic signals that are observed during a non-
integer number of periods [6]. The transient itself can be
divided into two different terms [4, Section 7.2.1]

T(Ωk) = TN (Ωk) + TC(Ωk) (3)

Ωk

−20

0

20

In
pu

t|
U
|[

dB
]

Ωk

20

70

120

O
ut

pu
t|
Y
|[

dB
]

Ωk

20

70

120
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Fig. 1: Starting from measured input-output data, a local modelling technique
simultaneously estimates a local model for both G(Ωk +δr) and T(Ωk +δr)
around a given center frequency Ωk . Evaluating the models at the center
frequency (δr = 0), results in estimates for both the FRF Ĝ(Ωk) and the
transient T̂(Ωk). The local modelling strategy is repeated for all excited
frequencies Ωk . Figure adapted from [15].

where TN is the noise transient and TC is the combined
transient introduced by U and Y. These transient terms only
become zero if and only if the initial and final conditions of
the experiment are the same. Since the noise N is a random
variable, the noise transient TN is not zero. TC on the other
hand, can be made equal to zero if and only if periodic input
signals are applied that are observed during an integer number
of periods, and if the observed input-output signals of the
system have reached steady-state.

It has been proven that G(Ωk) and TC(Ωk) are both smooth
functions of frequency and that they share the same poles in
their dynamics [4, Chapter 6]. The basic idea of the local
modelling techniques is to approximate both G(Ωk) and T(Ωk)
by a local model over Ωk. Since G(Ωk) and T(Ωk) are pre-
sumed to be smooth functions of Ωk, essentially any continuous
function can be used for this purpose. Popular choices which
showed outstanding results in the past are polynomial matrices
(LPM) [7], [8] and rational matrix parametrisations (LRM) [9],
[11], [15].

To better illustrate the mechanism behind the local modelling
techniques, let us consider an example. Assume that we want
to use the LPM to estimate G(Ωk) and T(Ωk) for a SISO
system starting from measured input-output data (Fig. 1). The
LPM uses a local set of frequencies Ωk+r centered around
Ωk to approximate the FRF and transient term by polynomial
matrices

G(Ωk+r) = G(Ωk + δr) ≈ Ĝ(Ωk) +

nG∑
m=1

gkm δ
m
r (4)

T(Ωk+r) = T(Ωk + δr) ≈ T̂(Ωk) +

nT∑
m=1

tkm δ
m
r (5)

where r = {−nΩ, . . . ,−1, 0, 1, . . . , nΩ} and δr ∈ C quantifies
the local frequency variation around Ωk. The total number of
frequency data points considered within the local frequency
window equals 2nΩ + 1. Ĝ(Ωk) ∈ Cny×nu and T̂(Ωk)
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are, respectively the local FRF and transient estimates while
gkm ∈ Cny×nu and tkm ∈ Cny×1 are the unknown polynomial
coefficient matrices that model the dynamic variations within
each local model. The coefficients gkm and tkm, together with
Ĝ(Ωk) and T̂(Ωk), are retrieved by substituting (4) and (5)
in (1) and consequently solving the resulting set of linear
equations. This results in the following linear least-squares
minimisation problem of the cost function VLPM(θk) (|| • ||2
is the two-norm)

min
θk

VLPM(θk) = min
θk

nΩ∑
r=−nΩ

||eLPM(δr,θk)||22 (6)

with

eLPM(δr,θk) = Y(k+r)−G(Ωk+r) U(k+r)−T(Ωk+r) (7)

and

θk = [Ĝ(Ωk),gk1, . . . ,gknG
, T̂(Ωk), tk1, . . . , tknT

]T (8)

Shifting the local window over the whole frequency range
then allows one to retrieve a non-parametric estimate over
the complete excitation bandwidth for Ĝ(Ωk), T̂(Ωk) and the
noise covariance matrix CN = Cov{N}.

The accuracy of any modelling technique stands or falls
with the ability of the chosen model structure to describe the
dynamic variations. While polynomials are very well-suited for
modelling the anti-resonance regions, they can potentially fail
in the resonance regions [19]. To improve on the modelling
capabilities around resonances, local rational models should
be used instead of polynomials. Identifying these local rational
models remains challenging for two main reasons:

1) the rational matrix parametrisation is not unambiguously
defined, and

2) the estimation procedure is more difficult since the model
is inherently nonlinear in the parameters.

In the remainder of this section, we discuss these challenges
and their potential solutions more in-depth.

A. Choice of the MIMO rational matrix parametrisation

The multivariate generalisation of a rational model can be
parametrised in different ways. The most commonly used are
the Common-Denominator (CD) description, the Left-Matrix
Fraction (LMF) description, and the Right-Matrix Fraction
(RMF) description [20].

CD : G(Ωk + δr) = Bk(δr,θk)/Ak(δr,θk) (9)

LMF : G(Ωk + δr) = A−1
k (δr,θk) Bk(δr,θk) (10)

RMF : G(Ωk + δr) = Bk(δr,θk) A−1
k (δr,θk) (11)

where Ψk(δr,θk) with Ψ = A,B is a complex matrix
polynomial

Ψk(δr,θk) =

nΨ∑
m=0

ψkm δ
m
r (12)

The matrix of the local parameters θk bundles all the unknown
matrix coefficients from both Ak and Bk:

θk = [bk0,bk1, . . . ,bknB
,ak0,ak1, . . . ,aknA

]T (13)

The complex polynomial Ak has a different dimension accord-
ing to which of the three descriptions is chosen

CD : Ak(δr,θk) ∈ C (14)
LMF : Ak(δr,θk) ∈ Cny×ny (15)
RMF : Ak(δr,θk) ∈ Cnu×nu (16)

The major difference between, on the one hand, the matrix-
fraction descriptions and, on the other hand, the common-
denominator description, is that the former impose a rank one
condition on the residue matrix, while the latter does not. As
a consequence, more parameters need to be estimated with the
CD description. Some linear theories, such as modal analysis,
also result in multivariate transfer functions with rank one
residue matrices. It explains why matrix-fraction descriptions
are often preferred over the CD description [11]. Nevertheless,
the rank one condition of the residue matrices is not necessarily
fulfilled in practice. If the system under test is nonlinear
and adds nonlinear distortions to the measurement data, then
the rank of the residue matrices can increase. Experimental
evidence for this statement is given in [21]. Imposing a rank
one constraint on the residue matrices in this case deteriorates
the quality of the identified model. For this reason, we prefer
not to impose the rank one constraint on the residue matrices of
the local transfer function estimates. Hence, the CD description
is used in the remainder of this paper.

B. Estimation of the local rational model

Over the years, several local rational modelling methods
have been proposed with a varying accuracy and computational
complexity. The goal of any currently existing local rational
modelling method is to minimise the following local nonlinear
least-squares cost function VLNLS(θk) [11]

min
θk

VLNLS(θk) = min
θk

nΩ∑
r=−nΩ

||eNL(δr,θk)||22 (17)

Adopting a CD representation for both G and T results in the
following output residual

eNL(δr,θk) = Y(k + r)−Bk(δr,θk)/Ak(δr,θk) U(k + r)

− Ik(δr,θk)/Ak(δr,θk)
(18)

where A ∈ C,B ∈ Cny×nu and I ∈ Cny×1 are complex
polynomials as defined in (12). θk again contains all the
unknown matrix coefficients of these polynomials and is defined
as

θk =

[ak0, . . . , aknA
, vec(bk0)T , . . . , vec(bknB

)T , iTk0, . . . , i
T
knC

]T

(19)
where vec(•) is the vector operator that stacks all the columns
of a matrix on top of each other. Due to the fact that
a division by the denominator polynomial Ak is present
in (18), the minimisation problem in (17) is nonlinear in
the parameters. Solving this minimisation problem therefore
requires an iterative Gauss-Newton or Levenberg-Marquardt
optimisation scheme with good starting values for θk to avoid
local minima [22].
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In [9], the nonlinear optimisation scheme is circumvented
by performing a linearisation. This linearisation involves
multiplying the output residual eNL with Ak(δr,θk). The so-
called local Levy cost function VLL minimises the linearised
output residual [23]

VLL(δr,θk) =

nΩ∑
r=−nΩ

||eLL||22 (20)

eLL(δr,θk) = Ak(δr,θk) Y(k + r)−Bk(δr,θk) U(k + r)

− Ik(δr,θk)
(21)

w.r.t θk. The parameter ambiguity is resolved by fixing one
of the coefficients, in this case ak0, to one. This minimisation
problem is then solved with a standard linear least-squares
estimation technique. Using this estimator for the local rational
model identification seems favourable at first: it is fast, non-
iterative and computationally efficient implementations exist [4].
Unfortunately, the linearisation introduces an erroneous noise
shaping, due to the multiplication with Ak, which results in a
biased estimator.

A first method that attempts to correct the negative effect of
the linearisation is the Sanathanan-Koerner (SK) method [11],
[13], [24]. This method iteratively reweighs the linear least-
squares solution with an estimate of the denominator polyno-
mial that is obtained in a previous iteration. By doing so, the
lack of noise sensitivity towards the boundaries of the local
frequency band can be compensated for. At the i-th iteration,
the local Sanathanan-Koerner cost function VLSK is minimised

VLSK(θ
[i]
k ) =

nΩ∑
r=−nΩ

||eLL(δr,θ
[i]
k )||22

|Ak(δr,θ
[i−1]
k )|

(22)

w.r.t. θ[i]
k and subject to the constraint ak0 = 1. As initial value

θ
[0]
k , we take the LL solution of (20). While the LSK estimator

iteratively tries to improve the estimate of θ[i]
k , it nevertheless

remains biased.
To overcome the bias introduced by the linearisation, the

Generalised Total Least-Squares (LGTLS) method has been
developed that results in a consistent estimate of the local
rational model [14], [25]. This method provides a good com-
promise between computational complexity and consistency: it
combines the global minimisation property of the LL and LSK
method with the bias reduction property of the LNLS method.
The local generalised total least-squares estimator minimises
the following cost function [15]

VLGTLS(θk) =

nΩ∑
r=−nΩ

||eLL(δr,θk)||22
nΩ∑

r=−nΩ

Trace{CN(k)} |Ak(δr,θk)|2
(23)

w.r.t. θk and subject to ||θk||2 = 1. Remark that the min-
imisation of (23) does not require the exact knowledge of
the noise covariance matrix CN(k) = E{N(k) NH(k)}. This
property is a consequence of the fact that we assume that the
noise covariance matrix is constant within every small local
frequency band. Deviation from this assumption results in a
bias for which formal expressions have been derived in [18].

Increasing
bias

Consistent

LL

LSK

???

Cramér-Rao
lower bound

Decreasing efficiency

LBTLS
LGTLS

LNLS

Increasing
complexity

Fig. 2: The choice of the local rational model estimator depends on three main
properties: the consistency, the efficiency and the computational complexity
of the estimator. Figure derived from the overview in [4, Section 9.15.4].

While the LGTLS method is a consistent estimator, it still
overemphasizes the noise at the borders of the local frequency
band.

Similar to the Sanathanan-Koerner method in (22), the effect
of the erroneous noise shaping in the LGTLS estimator can be
iteratively suppressed. The so-called Bootstrapped Total-Least
Squares (BTLS) estimator accomplishes this suppression by
dividing both the numerator and denominator in (23) by an
estimate of the denominator polynomial that is obtained in a
previous iteration [15], [26]. At the i-th iteration, the BTLS
estimator minimises the local bootstrapped total-least squares
cost function VLBTLS

VLBTLS(θ
[i]
k ) =

nΩ∑
r=−nΩ

||eLL(δr,θ
[i]
k )||22

Trace{CN(k)} |Ak(δr,θ
[i−1]
k )|2

nΩ∑
r=−nΩ

|Ak(δr,θ
[i]
k )|2

|Ak(δr,θ
[i−1]
k )|2

(24)
w.r.t. θk and subject to ||θk||2 = 1. As initial value θ[0]

k , we
take the LGTLS solution of (23).

If one has to choose between these different local rational
modelling methods, a trade-off has to be made between
computational complexity, accuracy (biased or consistent) and
the stochastic efficiency (Fig. 2). As it turns out, none of the
earlier introduced local rational model estimators reaches the
Cramér-Rao lower bound for multivariable systems. In what
follows, we introduce a local ML estimator for multivariable
systems that results in both a consistent and efficient estimate
of the FRF.

III. EFFICIENT LOCAL RATIONAL MODEL ESTIMATION

Intuitively, one would expect that the LNLS estimator of
(17) would correspond to the ML estimator since it minimizes
the nonlinear output residual. While this is the case for SISO
systems, the LNLS estimator loses its stochastic efficiency
for MIMO systems. If we assume that the noise covariance
matrix CN(k) is constant in the local frequency band then,
minimisation of the local maximum likelihood cost function
VLML

VLML(θk) = det

(
1

2nΩ + 1

nΩ∑
r=−nΩ

eNL(δr,θk) eHNL(δr,θk)

)
(25)
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is the maximum likelihood solution that is both consistent
and efficient [27]. Introduction of this estimator in the local
modelling setting fills in the missing piece of the currently
existing estimators in Fig. 2.

Similar to the LNLS estimator, minimisation of (25) requires
an iterative nonlinear optimisation scheme. Initial estimates
for minimising (25) are obtained via any of the existing local
rational model estimators introduced in Section II-B. Once
the minimiser θ̂k of (25) is determined, a consistent estimate
ĈN(k) of the true noise covariance matrix CN(k) is computed
as [7]

ĈN(k) =
1

dofk

nΩ∑
r=−nΩ

eNL(δr, θ̂k) eHNL(δr, θ̂k) (26)

dofk is the degrees of freedom of the output residuals
eLML(δr, θ̂k) which are defined as

dofk = 2nΩ + 1− nθ,k

ny

nθ,k = na,k + (nb,k + 1)nuny + (ni,k + 1)ny

(27)

nθ,k is the number of free local parameters (= total number of
parameters minus one).

IV. MODEL ORDER SELECTION

One important aspect of the local modelling techniques is
how to choose the polynomial degrees na,k, nb,k and ni,k. The
most straightforward option would be to fix the polynomial
degrees to a user-defined value and keep them constant across
the different local frequency bands. Unfortunately, it has been
shown in [11], [13], [14] that this option potentially results in
erroneous estimation results due to

- underfitting, which introduces a bias error larger than the
noise error, or

- overfitting, which manifests itself in e.g. almost coinciding
pole-zero pairs that attempt to fit the noise peaks instead
of the system dynamics.

In order to minimise as much as possible the influence of
under- and overfitting, a model order selection procedure has
been proposed in [14], [18] for SISO systems. The purpose of
this section is to extend these results to the multivariable case.

In order to perform an accurate model order selection, an
information criterion has to be used that keeps a proper balance
between the goodness of fit and the model parsimony (i.e.
the number of parameters to be estimated). Two popular
information criteria are the Akaike Information Criterion
(AIC) and the Minimum Description Length (MDL) criterion.
Unfortunately, these criteria cannot be used in their traditional
form since they assume that the amount of data should be
much larger than the number of model parameters [28], which
is not the case in the local modelling context (dofk typically
ranges between 6 and 10). Therefore, a modified AIC and
MDL criterion has been developed in the past that can cope
with small data records [29]. We propose to use the modified
MDL criterion in [29] for the local model order selection since
it better rejects models with a higher number of parameters.
Translated to our problem setting, the optimal polynomial

orders na,k, nb,k and ni,k are obtained by minimising the
following function

det(ĈN(k)) exp

(
log
(
ny(4nΩ + 2)

) nθ,k

ny(dofk − 2)

)
(28)

which is based on the local output error cost function in (25).
ĈN(k), dofk and nθ,k are defined in (26) and (27). Remark
that the proposed MDL criterion of (28) is also applicable to
all the existing local rational model estimators of Section II-B.

Minimisation of the proposed MIMO MDL criterion in
each local frequency band requires the estimation of multiple
local models over a three dimensional space of integers
na,k, nb,k, ni,k ∈ N. Performing the estimation for all possible
combinations of these three integer variables up to a certain
threshold is computationally cumbersome. To limit the computa-
tional complexity as much as possible, [18] proposes a selection
procedure for these polynomial orders in the SISO case which
at most requires 16 local model estimations. Fortunately, the
same procedure is applicable to the MIMO case. It imposes
the following conditions on the orders during the minimisation
of (28)

na,k = 0, 1, . . . , na,max ≤ 3

nb,k = na,k + 2R with R = 1, 2, . . . , Rmax ≤ 4

ni,k = nb,k

(29)

For a complete rationale of these conditions we refer to [18].
They are mainly based on the observation that even differences
between the numerator orders nb,k, ni,k and the denominator
order na,k result in a lower approximation error [19].

V. SIMULATION EXAMPLE

This section takes a closer look at the performance of the
newly introduced LML estimator for a generic lightly-damped
MIMO system. For this purpose, four different estimators are
compared with each other: the LPM, the LL estimator, the
BTLS estimator and the LML estimator. The following settings
are used for these estimators

LP: na,max = 0, Rmax = 3 and dofk = 10

LL, BTLS, LML: na,max = 3, Rmax = 2 and dofk = 10
(30)

The model order selection procedure described in Section IV is
applied to all these estimators. The width of the local frequency
window 2nΩ + 1 is taken equal for all considered frequencies
Ωk. It is determined by the degrees of freedom dofk and is
computed by

nΩ = ddofk + (nθ,k)max − 1

2
e (31)

where d•e selects the smallest integer larger or equal to •, and
(nθ,k)max is the total number of parameters that corresponds
to the most complex model in (29).

The simulated system possesses the dynamic behaviour of a
lightly-damped mechanical system with the following model
structure (i = 1, . . . , nu and j = 1, . . . , ny)

G[j,i](jωk) =

np∑
n=1

s2
n ρ

[j,i]

jωk − sn
+

(s2
n ρ

[j,i])H

jωk − sHn
(32)
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Fig. 3: Amplitude and phase plot for an arbitrary input-output combination of
the FRF matrix G in (32).

where np are the number of resonant modes of the system,
sn are the pole locations, and ρn ∈ Cny×nu are the residue
matrices of the poles. In this simulation example, we consider
a system with 4 inputs, 3 outputs and np = 8 resonant modes
(Fig. 3). All the poles have the same relative damping equal to
1.25× 10−3 and are equally spaced in the simulated frequency
window [0, 1 kHz]. Observe that the residue matrix of each
mode is multiplied by s2

n such that an FRF with a high dynamic
range is obtained. All the coefficients of the different residue
matrices ρ[j,i] are chosen uniformly in the range (0, 10) to
ensure that each natural mode is expressed differently for
all input-output combinations. The transient contribution is
artificially added and contains the same poles as G but with a
randomly chosen numerator polynomial for each output. Every
input of the system is excited by a zero-mean Gaussian white
noise source with a Root-Mean Square (RMS) value of 1VRMS.
The output noise perturbation N(k) originates from a zero-
mean Gaussian white noise source with a different noise power
for each output.

To assess the consistency and efficiency of the different
estimators, we compare the output noise variance estimates
obtained with the four local estimators (Fig. 4). To challenge
the estimators, we deliberately applied a noise perturbation
N3(k) at the third output that is a few orders of magnitude
smaller than N1 and N2. The following observations can be
made from Fig. 4

• A poor quality estimate is obtained with the LPM in the
neighbourhood of the resonance regions due to the limited
modelling capacity of the polynomial model. The LPM
requires at least 7 excited frequencies in a resonance to
ensure that the approximation error remains sufficiently
low [19], which is not the case in this simulation example.

• The LL estimator improves the modelling capacity sig-
nificantly in the resonance regions. Unfortunately, this
estimator is biased (see Section II-B) and therefore results
in wrong noise variance estimates.

• The LBTLS estimator is a consistent estimator and
improves the noise variance estimates by iteratively
compensating for the wrong noise shaping present in
the LL estimator. While the LBTLS estimates well the
noise variance for the first two outputs, it unexpectedly
does not reach the true noise variance for the third output.

• The LML estimator provides accurate noise variance
estimates for all three outputs. Only for the third output,
switching phenomena are visible in the anti-resonance
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(Ĉ

[2
,2
]

N
)

[d
B
V

R
M

S
]

0 250 500 750 1000

−80

−60

−40

−20

0

Frequency [Hz]

sq
rt
(Ĉ
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Fig. 4: Comparison of the output noise variance estimates obtained with the
LPM (blue), the LL estimator (red), the LBTLS estimator (green) and the
LML estimator (yellow). The true noise covariance is indicated in black.

regions between 500 Hz and 800 Hz. The reason for this
behaviour is that model errors that appear small for the
first two outputs, are not small compared to the noise level
at the third output. Since all the noise contributions of the
different outputs are summed in the model order selection,
the third output influences relatively less the outcome of
the selection. This behaviour potentially results in a less
accurate noise variance estimation for the third output in
certain frequency regions.

From this simulation example, we conclude that the combi-
nation of the proposed LML estimator with a model order
selection procedure results in an accurate estimation of the
FRF, the transient term and the corresponding uncertainty
levels.

VI. MEASUREMENT EXAMPLE

An Aluminum tooling plate (PE200) of density 2700 kg/m3,
and size 30.4 cm× 61.8 cm× 6.7 mm, is hung by two nylon
threads to a stiff steel frame that is solidly attached to the brick
wall of a building. It is excited by two mini-shakers spaced
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Fig. 5: Experimental set-up for measuring the vibrations of an Aluminum
tooling plate. The inputs of the mini-shakers (B&K 4810) are controlled by
the reference signals ri(t) (i = 1, 2) which originate from the VXI arbitrary
waveform generators (HPE 1445A) via amplifiers and series resistances R =
20 Ω/5 W. The forces fi(t) and accelerations ai(t) (i = 1, 2) are measured
with charge amplifiers and buffered before being applied to the VXI data-
acquisition channels (HPE 1430A).

25.5 cm apart that apply a force perpendicular to the plate’s
plane (Fig. 5). To limit the inductive loading of the arbitrary
waveform generators, a resistor is put in series with each mini-
shaker. The force inputs fi(i = 1, 2) and acceleration outputs
aj(j = 1, 2) signals are amplified and buffered before being
applied to the alias-protected data-acquisition channels (Fig. 5).
The generators and acquisition boards are synchronised and
operate at a sampling frequency fs equal to 2.441 kHz.

Zero-mean random-phase multisine excitations r1(t) and
r2(t), with a period length N = 64× 1024, are applied to the
mini-shakers. These multisines are defined as (i = 1, 2)

ri(t) =
F∑
k=1

Ak sin(ωkt+ ϕk) with ωk =
2πkfs

N
(33)

where the phases ϕk are selected independently from a uniform
distribution [0, 2π). By doing so, the random-phase multisine
resembles filtered white Gaussian noise. The amplitudes Ak are
chosen such that the RMS values of the reference signals are
equal to 1.2 V. Each multisine contains F = 12887 harmoni-
cally related excited frequencies in the band [120 Hz, 600 Hz].

Up to now, we always assumed that the input of the system
was noise-free. This condition is not met in this measurement
example. Feedback is present due to the dynamic interaction
between the mini-shakers and the Al plate, resulting in a
dependency of the actual input of the system on both the
actuator and the system dynamics. Therefore, the input is
surely perturbed by noise and the suggested local modelling
techniques are then not applicable. However, a slight adaptation
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(b) Zoom of Fig. 6a around the first resonance.

Fig. 6: Local output error modelling estimate of the non-parametric FRF and
its uncertainty bounds. Black: LML estimate of the FRF matrix with the long
data set, gray: LML estimate of the FRF matrix with the short data set, yellow:
FRF standard deviation (STD) with the long data record, red: FRF standard
deviation (STD) with the short data set.

of the methods enables one to apply these techniques for
the identification of systems operating in feedback. Instead
of applying the local modelling techniques directly from the
perturbed force inputs fi(i = 1, 2) to the perturbed acceleration
outputs aj(j = 1, 2), we use an intermediate modelling step
that models both fi and aj as a function of the exactly known
reference signals ri(i = 1, 2). By doing so, the local modelling
techniques can be applied without introducing a bias since
the reference signals are unperturbed by noise. Once this
modelling is performed, only two post-processing steps are
required to deduce a consistent estimate of the FRF Ĝ and the
corresponding uncertainty bounds (see [8, Section 4.1] for a
detailed explanation).

Starting from the transient response to one period of the
multisine excitations r1(t) and r2(t), the LML estimate of the
FRF Ĝ(jωk), the transient T̂(jωk) and the noise covariance
matrix ĈN(k) are calculated with the following parameters in
(29)

LML : na,max = 3, Rmax = 3 and dofmin = 8 (34)

In an initial phase, the LL estimator is used to perform the
model order selection and to generate initial values for the
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subsequent nonlinear LML optimisation scheme.
The local modelling is applied to two different datasets: a

long dataset with Nlong = 64×1024 samples and a short dataset
with Nshort = 8× 1024 samples (Fig. 6a - 7). Six resonances
f res

1 , . . . , f res
6 can be identified with the long data record:

f res
1 = 250.9 Hz, f res

2 = 251.8 Hz, f res
3 = 383.8 Hz,

f res
4 = 433.7 Hz, f res

5 = 453.1 Hz, f res
6 = 503.5 Hz

(35)

The zoom around 250 Hz (Fig. 6b) reveals that the first peak in
Fig. 6a consists of two closely spaced resonances. Furthermore,
it explains why the LL method selected the most complex
rational models in this frequency band (Fig. 7). The large
uncertainty of the FRF at the resonance frequencies is a
consequence of the fact that, at those frequencies, almost
no energy can be injected into the system, which results in
a poor input signal-to-noise ratio. Moreover, it can be seen
that the variance of the FRF estimates has a peak at 150 Hz.
This phenomenon is caused by the third harmonic of the
50 Hz mains frequency. Note moreover that the resonance
f res

3 is almost invisible in Ĝ[1,1](jωk) while it is clearly
present in Ĝ[2,2](jωk). Further, resonances f res

2 and f res
4 only

marginally contribute to Ĝ[1,1](jωk), while f res
1 is barely visible

in Ĝ[2,2](jωk). Both observations illustrate the benefit of
MIMO measurements since they reduce the risk of missing a
resonance frequency by exciting the mechanical structure at a
node of a vibration mode.

The following observations can be made when comparing
the results for both datasets:

• The six resonances are well recovered with the short data
set, despite the poor frequency resolution of the short data
set compared with the frequency spacing between the
first two resonances (Fig. 6b). Furthermore, the estimated
variances of the short data set correspond well with the
long data set. The fraction outside the 95% confidence
bound of the LML estimates is about 1%.

• Comparing the model complexity for both data sets shows
that more complex models are needed for the short data
record (Fig. 7). This is a consequence of the fact that
the local bandwidth of the short data record (11.6 Hz) is
much larger than that of the long record (1.38 Hz). For
example, around 251 Hz, a local frequency band of width
11.6 Hz contains both resonance peaks (Fig. 6b), which
explains the need for more complex local rational models
(Fig. 7).

VII. CONCLUSIONS

Decreasing the measurement time of non-parametric FRF
measurements inevitably results in a coarser frequency resolu-
tion. The coarser this frequency resolution gets, the harder it
becomes to mitigate transient errors that negatively impact the
quality of the measurement. To obtain accurate results in this
coarse frequency setting, local rational modelling techniques
have been introduced that show superior transient-reduction
compared to classical correlation techniques.

This paper proposes to estimate the local rational models
with a maximum likelihood estimator that is combined with
a model order selection procedure. The main advantage of

120 200 300 400 500

0

1

2

3

4

5
Numerator

Denominator

L
L

or
de

rs

Long data record

200 300 400 500 600

0
1
2
3
4
5
6
7

L
L

or
de

rs

Short data record

Frequency [Hz]

Fig. 7: Model orders selected for the numerator (◦) and the denominator (×)
polynomial matrices by the local Levy method for both the long and short
data record.

the proposed estimator over existing techniques is that it is
stochastically efficient. This means that the estimator reaches
the lowest possible attainable uncertainty. By doing so, it
is possible to obtain accurate non-parametric estimates for
both the FRF and the corresponding uncertainty. In addition
to the proposed estimator, we also introduce a model order
selection that is applicable to small sample sizes and attempts
to avoid modelling errors as well as possible. The proposed
technique has been successfully applied to FRF measurements
of multivariable systems, both in simulation and in practice.
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