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Detection, Classification and Quantification of
Nonlinear Distortions in Time-Varying Frequency

Response Function Measurements
Noël Hallemans, Member, IEEE, Rik Pintelon, Fellow, IEEE, Xinhua Zhu, Thomas Collet, Raf Claessens, Benny

Wouters, Annick Hubin and John Lataire, Member, IEEE

Abstract—The class of nonlinear time-varying (NLTV) systems
includes all possible systems and, hence, is difficult to identify.
Still, when the nonlinearities are not too strong then, depending
on the application, a linear model might be sufficient for
approximating the true response. To quantify the approximation
error of the linear model, detecting and quantifying the nonlinear
behavior is of key importance. In this paper we propose a fully
automated procedure for detecting, classifying and quantifying
the nonlinear distortions in the response, possibly subject to a
trend, of a specific class of NLTV systems to odd random phase
multisine excitations. The result is a measurement of the time-
varying frequency response function together with uncertainty
bounds due to noise and nonlinear distortions. The user only
has to specify four integer numbers: an upper bound on (i)
the degree on the time-domain polynomial modelling of the
trend, (ii) the degree of the frequency-domain polynomial basis
function and (iii) the number of frequency-domain hyperbolic-
like basis functions, all used for modeling the output spectrum;
and (iv) a quality measure – called degrees-of-freedom – of the
noise variance estimate. Guidelines are provided for obtaining
reasonable values for these upper bounds.

Index Terms—odd random phase multisine, time-varying sys-
tems, nonlinear systems, time-varying frequency response func-
tion, even and odd nonlinear distortions, nonparametric estima-
tion, trend

I. INTRODUCTION

WHEN measuring the dynamics of a system, the classical
assumptions of linearity and time-invariance are almost

never fulfilled. Nonlinear and time-varying behavior appear for
example in battery impedance measurements [1], as the latter
depends on the (varying) state-of-charge, power electronics
subject to temperature drift, biomedical measurements [2], etc.
Nonlinear models exist [3], however, in practice we prefer to
work with linear models as these are easy to handle. Hence,
when the nonlinear distortions are not too strong, linear time-
varying (LTV) models can be obtained, for instance in the
form of a time-varying frequency response function (TV-FRF).
In this case it is important to detect, classify and quantify
the impact of the nonlinear distortions on the time-varying
frequency response measurements, this by separating the linear
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response from the nonlinear distortions in the measurement
and comparing their magnitudes. As such, the user can decide
whether a linear model describes the system acceptably well.

In the literature, two main solutions exist to obtain the
TV-FRF. On the one hand, the indirect method [4] offers a
solution to measure the TV-FRF, and to quantify the impact of
nonlinearities on the variability of the TV-FRF. This is done
without observing a high number of periods of the excitation
signal. However, this method requires that the frequency
resolution is sufficiently large and no classification between
even and odd nonlinearities can be made. On the other
hand the skirts method [5] does not make this underlying
assumption but is unable to detect, classify and quantify
nonlinear distortions, and needs a high number of periods for
the identification. Furthermore, both methods fail in the low
frequency range when the measured response contains a trend.

In some applications, e.g. batteries and corrosion processes,
a (very) large frequency band is covered (e.g. six decades),
requiring a logarithmic spacing of the excited frequencies
[6]. While the skirt method is able to handle these cases,
the indirect method fails as the spacing between two excited
frequencies is too large. Furthermore, the strength and speed
of the time-variation can be highly dependent on the frequency
band, and the skirt method is yet unable to detect this
automatically as a function of the frequency.
The main contributions of this paper are:

(i) Automatic detection and quantification of the noise, and
the even and odd nonlinear distortions as a function of
the frequency in a pre-processing step.

(ii) Automatic detection and modelling of the complexity
(strength and speed) of the time-variation as a function
of the frequency.

(iii) Measurement of the TV-FRF, its noise variance and
its variance due to nonlinear distortions in experiments
covering a (very) large frequency range (e.g. 6 decades).

(iv) Automatic detection and modelling of the trend in the
measured response.

This paper is structured as follows. First, in Section II,
we define the class of excitation signals and the class of
nonlinear time-varying systems which are considered. Then, in
Section III the two-step identification methodology is briefly
explained. Section IV explains the estimation of noise and
nonlinear distortion variances. Section V handles the estima-
tion of the TV-FRF and its uncertainties. Finally, we test these



JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. X, XXXX 2

algorithms on a simulation (Section VI) and on real life data
of electrochemical processes (Section VII).

II. CLASS OF EXCITATION SIGNALS AND SYSTEMS
CONSIDERED

A. Class of excitation signals considered

For the identification one needs to excite the system with
an appropriate input signal u(t). Here we propose the use of
an odd random phase multisine with detections for nonlinear
distortions.

Definition 1 (Class of odd random phase multisines). U is the
class of periodic excitation signals defined as

u(t) =
∑

ke∈Hexc

ake sin(ωket+ ϕke) (1)

where Hexc ⊂ N denotes the set of excited harmonics,
ωke = 2πke

Tp
, Tp is the period of the multisine, ake are the user-

defined amplitudes and ϕke are uniformly distributed random
phases ∈ [0, 2π) such that E{ejϕke} = 0.
The set of excited frequencies Hexc is chosen such that only
odd harmonics are excited. It is constructed as follows. First,
all odd harmonics in the frequency band of interest are
generated. Next, these odd harmonics are grouped into L
consecutive numbers, where L > 1. Finally, out of each
group of L numbers, one randomly selected odd harmonic
is eliminated.

For instance for L = 4, the set Hexc in Definition 1 equals

Hexc = {1, 3, 5, 9, 11, 15, 17, 19, 21, 25, ...}.

In order to visualize the time-variation in the spectrum of the
sampled and windowed output signal, one has to measure an
integer number of periods P � 1 of the multisine. Hence the
measurement time is given by T = PTp. Accordingly, the
frequency resolution of the measurement, 1/T , is higher than
the frequency resolution of the multisine, f0 = 1/Tp. Note
that the sampled and windowed DFT of the multisine, U(k),
is only nonzero for DFT bins k ∈ Kexc = PHexc. Where the
DFT of a signal x(t) is defined by

X(k) = DFT{x(t)}(k) =
1

N

N−1∑
n=0

x(nTs)e
−j2πkn/N , (2)

with Ts the sampling period, N the number of samples and
k ∈ K = {0, 1, ..., N − 1} the DFT bins.

B. Class of systems considered

In this paper we consider a particular class of nonlinear
time-varying systems where the response can be written as
the sum of a linear time-varying and a nonlinear time-invariant
(NLTI) contribution. First, we describe the linear time-varying
part of the response. Next, the nonlinear time-invariant part.

Under zero initial conditions the input u(t) and output y(t)
of an LTV system G are related as [7]

y(t) = L−1{G(s, t)U(s)} (3)

where G(s, t) is called the time-varying transfer function (TV-
TF) of the system G, and U(s) is the Laplace transform of
u(t). In order to separate the variables s and t we expand the
TV-TF in a series of a complete set of known basis functions
bp(t),

G(s, t) =

∞∑
p=0

Gp(s)bp(t). (4)

This means that the identification of the time-varying fre-
quency response function (TV-FRF) G(jω, t) boils down to
identifying the linear time-invariant (LTI) frequency response
functions (FRF) Gp(jω), p = 0, 1, . . .
In this paper, we use dimensionless Legendre polynomials as
a basis, i.e. solutions of the Legendre differential equation [8],

d

dx

(
(1− x2)dLp(x)

dx

)
+ p(p+ 1)Lp(x) = 0 x ∈ [−1, 1] (5)

which are rescaled such that they are defined over the time
window [0, T ],

bp(t) = Lp

(
2t

T
− 1

)
. (6)

The Legendre polynomials fulfill the conditions that

b0(t) = 1 and
1

T

∫ T

0

bp(t)dt = 0 p ≥ 1. (7)

These properties will be employed later on. Definitely, in
practice, it is not possible to estimate an infinite number of
FRFs. Hence, the series expansion (4) is truncated at Np,

G(jω, t) =

Np∑
p=0

Gp(jω)bp(t). (8)

Note that the number Np is unknown beforehand and must be
deduced from the data. Using (8), the input-output relation (3)
yields

y(t) =

Np∑
p=0

L−1{Gp(s)U(s)}bp(t). (9)

The right part of Fig. 1 with ys(t) = 0, is a block diagram
representation of (9).

We now study the NLTI part. The class of NLTI systems
considered includes all nonlinear systems whose response
to the class of excitation signals U can be approximated
arbitrarily well in mean square sense by a Volterra series.
Note that for this class of systems the period length of the
steady state response is equal to the one of the input signal.
This property is called period in same period out (PISPO).
Using excitation signals from the class U, the output spectrum
will have an LTI contribution at the excited frequencies.
Also, nonlinear distortions will be present at harmonic
combinations of the excited frequencies. Hence, nonlinear
distortions can potentially be present at all integer multiples
of the frequency resolution f0 = P/T of the multisine, where
T is the measurement time and P the number of observed
multisine periods [9]. These frequencies correspond to the
DFT bins k ∈ Knl, where

Knl = {0, P, 2P, 3P, ...}. (10)
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Furthermore, as only odd harmonics are excited, a distinction
can be made between even and odd nonlinear distortions
[10], which originate from, respectively, even and odd degree
kernels in the Volterra series. Even and odd degree nonlinear
distortions will only be present at even and odd multiples of
the frequency resolution f0 of the multisine, i.e. at the DFT
bins that are even and odd integer multiples of P ,

Knl,odd = {P, 3P, 5P, 7P, ....} (11)
Knl,even = {0, 2P, 4P, 6P, ...}. (12)

Note that by exciting only odd harmonics, the excited frequen-
cies are only corrupted by odd degree nonlinear distortions
[11].
From the definitions of NLTI and LTV systems one can now
define the class of systems considered in this paper.

Definition 2. S is the class of nonlinear time-varying systems
whose output, around the setpoint uDC = E{u(t)} and
yDC = E{y(t)}, can be split into a linear time-varying
and a nonlinear time-invariant part. The linear time-varying
response can be written under the form (9). For the class U of
excitation signals, the nonlinear time-invariant response can
be approximated arbitrarily well in mean square sense by a
stable Volterra series [4].

..
.

..
.

..
.

..
.

Fig. 1. Left: block structure of the class of systems S, right: its equivalent
where the nonlinear system is replaced by its BLA G0(s) and ‘stochastic’
nonlinear distortions ys(t).

Based on Definition 2, a block diagram of the class of
systems S is drawn in the left part of Fig. 1. The block
structure is similar to an LTV system. However, the linear
time-invariant block G0(s) has been replaced by a nonlinear
(NL) PISPO block, which is equivalent to NLTI systems whose
response to the class of inputs U can be approximated arbitrary
well in mean square sense by a Volterra series. Important to
note is that by no means we will try to describe the system
with a nonlinear model. Therefore, we write the output of the
nonlinear block as the sum of a linear response yblti(t), which
is the output of its best linear approximation (BLA) G0(s), and
a signal ys(t) containing the nonlinear distortions [10]. Note
that the BLA is the ‘best’ linear model in the sense that ys(t) is
uncorrelated with the input u(t). Also note that with condition
(7) on the basis functions bp(t), G0(s) is the best linear time-
invariant (BLTIA) approximation of the system [12]. This is
shown in the right block diagram of Fig. 1.
Furthermore, in measurements of real life systems a trend can
be present in the response. This is the case when the dynamics

of the system contain one or more poles at the origin. For
instance, while charging a battery, that behaves linearly, with a
constant input current, the output voltage will increase linearly
over time. This can be visualised in Figs. 7 and 8 where the
measured output voltage of a battery increases over time as
the input current has a nonzero DC value. In general, the trend
is a smooth function of time, and hence can be approximated
arbitrary well by a polynomial of sufficiently high degree [13],

ytrend(t) =

Nq∑
q=0

θqbq(t), (13)

with bq(t) Legendre polynomials defined in (6) and where the
parameters θq should be estimated. Hence, for the class of
systems S, the input-output relation, corrupted by a trend and
output noise, yields

y(t) =

Np∑
p=0

L−1{Gp(s)U(s)}bp(t) + ytrend(t) + ys(t) + v(t)

(14)

with ytrend(t) defined in (13), and where v(t) fulfills Assump-
tion 1.

Assumption 1 (Output noise). The disturbing noise signal
v(t) is assumed to be filtered white noise. Hence its DFT, (2),
can be written as

V (k) = H(jωk)E(k) + TH(jωk), (15)

where H(jωk) is a rational function of jωk representing
the filtering operation, E(k) is circular complex Gaussian
distributed and uncorrelated over the frequency, and TH(jωk)
is the noise transient.

The goal of this paper is twofold. On the one hand we
want to detect, classify (i.e. distinguishing between even
and odd) and quantify the nonlinear distortions ys(t), in the
measurement y(t). This allows us to decide whether a linear
model is justifiable for the system under its present excitation.
On the other hand, we want to obtain the ‘best’ – in mean
square sense – linear approximation for the system, together
with uncertainty bounds, which boils down to obtaining
estimates of the FRFs Gp(jω), p = 0, 1, . . . , Np. Note that
the signal ytrend(t) is regarded as a disturbance in this paper.

As the FRFs are functions defined in the frequency
domain, we will use a frequency domain approach for
the identification. Moreover, in practice, while performing
the measurements, only sampled and windowed data is
available instead of continuous functions. Hence, for these
two reasons, we look at the DFT spectra X(k), given by (2),
of the signals x(t), with x = bp, u, y, ytrend, ys and v, and
X = Bp, U, Y, Ytrend, Ys and V . Taking the DFT of (14), one
finds

Y (k) =Yblti(k) + Ytv(k) + T ◦(jωk)

+ Ytrend(k) + Ys(k) + V (k), (16)

where

Yblti(k) = G0(jωk)U(k) (17a)
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is the output spectrum of the BLTIA of the system,

Ytv(k) =

Np∑
p=1

Gp(jωk)U(k) ∗Bp(k) (17b)

is the time-varying output spectrum,

T ◦(jωk) =

Np∑
p=0

T ◦Gp(jωk) ∗Bp(k) + TH(jωk) (17c)

is the transient due to the dynamics of the LTI systems Gp(s),
p = 0, 1, ..., Np and the colored noise (15), and is a smooth
function of the frequency,

Ytrend(k) =

Nq∑
q=0

θqBq(k), (17d)

is the trend in the response, Ys(k) represents the nonlinear
distortions, which can be classified in the even, Ys,even(k), and
odd, Ys,odd(k), nonlinear distortions, and

V (k) = H(jωk)E(k) (17e)

represents the colored noise without noise transient. The
operator ∗ in (17b) and (17c) represents the convolution. The
FRF G0(s) is the best linear time-invariant approximation of
the system as Ys(k) fulfills the following properties [10]

- Ys(k) is uncorrelated with but not independent of U(k),
this is the motivation why we call G0(s) the best linear
approximation,

- E{Ys(k)} = 0,
- Ys(k) is asymptotically uncorrelated over k,
- Ys(k) is asymptotically normally distributed and
- E{|Ys(k)|2} is a smooth function of the frequency,

where E{} is taken with respect to the random realization of
u(t). These properties will be exploited in the identification
algorithm.

C. Response of the class S of systems to a sinusoidal input

To reveal the structure of the output spectrum of the class
of systems S excited by the class of excitation signals U, we
first study the response to a single sinusoidal signal

u(t) = cos(ωlt) (18)

where ωl = 2πl/T . This signal is now discretized with
a sampling time Ts and window length T = NTs. The
corresponding DFT spectrum is given by

U(k) = DFT{u(t)}(k) =
1

2
(δk,l + δk,N−l), (19)

where δq,r represents the Kronecker delta, i.e. δq,r = 1 for
q = r and zero elsewhere. Using (16) the output spectrum
yields

Y (k) =
1

2

Np∑
p=0

∑
k′∈{l,N−l}

Gp(jωk′)Bp(k − k′)

+ T ◦(jωk) + Ytrend(k) + Ys(k) + V (k). (20)

Accordingly, the output spectrum Y (k) is a sum of Np + 1
scaled spectra Bp(k) centred around the bins l and N − l, and
corrupted by the transient, the trend, the nonlinear distortions
and the noise. The transient term T ◦(jωk) is a smooth function
of the frequency and, hence, can be approximated arbitrarily
well, in a finite frequency band, by a polynomial of sufficiently
high degree [13]. It is now of interest to study the shape of the
spectra of the basis functions Bp(k), p ≥ 1. For a monomial
tp defined over the window [0, T ] we have that the sampled
Fourier transform yields

F{tp}(jωk) =

{
−
∑p
m=1

1
(j2πk)m

p!
(p−m+1)!T

p+1 for k 6= 0
Tp+1

p+1 for k = 0,

(21)

which has an hyperbolic shape. As the Legendre polynomials
are a sum of monomials and the Fourier transform is a
linear operator, F{bp(t)}(jωk) is also the sum of hyperbolas.
Furthermore, it can be proven that the difference between the
sampled Fourier transform and the DFT is a smooth function
of the frequency and, hence, can be approximated arbitrarily
well by a polynomial of sufficiently high degree [5]. We say
that Bp(k) has an hyperbolic-like shape. Hence, from these
insights, the time-varying behavior can exactly be modelled
either by the sum of hyperbolas and a polynomial, or by
the DFT of the basis functions. The first option is taken for
estimating the level of the noise and the nonlinear distortions
(see Section IV), because there is no need to separate the
time-variation from the transient and the trend. However,
the second option is the only suitable one for estimating the
TV-FRF (see Section V).

Regarding the nonlinear distortions for this model class S,
Ys(k) is only nonzero at bins k that are integer multiples
of n [9].

D. Response of the class S of systems to the class U of inputs
Due to linearity, the output spectrum from the class S

excited by a signal of the class U, is a sum of skirts centred
around all the excited harmonics Kexc, and corrupted by trend,
transient, nonlinear distortions and noise. I.e.,

Y (k) =

Np∑
p=0

∑
k′∈Kexc

Gp(jωk′)U(k′)Bp(k − k′)

+ T ◦(jωk) + Ytrend(k) + Ys(k) + V (k). (22)

A zoomed version of such a spectrum is shown in Fig. 2, while
in Fig. 3 the different contributions to this output spectrum
are detailed. Note the distinction between the even and odd
nonlinear distortions. Note also that by construction of the
excitation signal, and with the assumptions on the model
structure, it always holds true that Kexc ⊂ Knl. The following
properties,

Yblti(k) = 0 for k ∈ K \Kexc (23)
Ys(k) = 0 for k ∈ K \Knl, (24)

are very useful properties for separating the noise from the
nonlinear distortions, and for distinguishing the time-varying
effects from Ys(k).
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Fig. 2. Zoomed input-output spectrum of a system of the class S excited by a
signal from the class U. Blue: U(k), red: Y (k). The simulation setup for this
figure is detailed in Section VI and the full input-output spectrum is shown
in Fig. 5.
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Fig. 3. Different contributors of the output spectrum of a system of the class S
excited by a signal from the class U. Blue: U(k), red: Yblti(k), orange: Ytv(k),
bordeaux: Ytrend(k), purple: Ys,even(k), green: Ys,odd(k) and light blue: V (k).
The simulation setup for this figure is detailed in Section VI.

III. IDENTIFICATION METHODOLOGY

The identification algorithm we propose is a two-step
procedure using a frequency domain approach. In step one
[see Section IV], we estimate the level of the noise and
nonlinear distortions in the output spectrum, allowing to
decide whether a linear model is justifiable. In step two
[see Section V], the TV-FRF is estimated nonparametrically,
together with uncertainty bounds.

The noise is estimated in a local sliding frequency band by
fitting hyperbolas and polynomials through the spectrum,
discarding the bins Knl, as these could contain nonlinear
distortions. The problem of estimating the odd and even
nonlinear distortions is addressed by looking at the differences
between the actual output DFT and the locally modelled
smooth spectrum at DFT bins Knl. If these differences
are above the noise level, then nonlinear distortions are
present. Additionally we introduce a technique where only
the non-redundant hyperbolas and polynomials are used in
the regression matrix.

For step two, we estimate the TV-FRF nonparametrically,
i.e. at the discrete set of excited frequencies and all times
in the measurement window. This is done with a sliding
window algorithm centred around the excited frequencies. We
discard the data at the bins Knl to minimise the uncertainty
due to nonlinear distortions. However, the data at the excited
frequencies Kexc ⊂ Knl is needed for the model estimation and,
hence, we keep these. Since the data used for estimating the
TV-FRF is corrupted by noise (all frequencies) and nonlinear
distortions (excited frequencies only), their impact on the
uncertainty of the TV-FRF estimate must be quantified. These
uncertainties are computed from the noise and nonlinear dis-
tortions variances estimated in step one. Furthermore, the un-
certainties separately caused by noise and nonlinear distortions
are calculated. Again, we introduce a method where the user
chooses an upper bound on the model complexity (maximum
number of hyperbola-like basis functions and the degree of
the polynomial) and the algorithm decides on discarding some
basis functions based on their significance regarding the noise
level estimated in step one.

IV. NOISE AND NONLINEAR DISTORTION ESTIMATION

In this section we estimate the noise variances and detect,
classify and quantify the even and odd nonlinear distortions
as a function of the frequency in the output spectrum. This
gives us a measure of how well a linear model can represent
the true NLTV dynamics. Furthermore, these estimates will be
employed for the estimation of the uncertainties of the FRFs.

A. Noise estimation

We first handle the estimation of the noise variances, which
is solved with a sliding window algorithm. From (23) and
(24) it follows that for k ∈ K \ Knl the terms Ys(k) and
Yblti(k) disappear. Hence, the idea is to estimate σ2

V (k) from
these bins where no nonlinear distortions are present. At these
bins there are deterministic contributions Ytv(k), T ◦(jωk) and
Ytrend(k). Using (17d), we will model Ytrend(k) by the DFT
spectrum of the Legendre polynomials Bq(k). From (17b) and
the fact that Bp(k) has a hyperbolic-like shape we choose to
model Ytv(k) by hyperbolas. As the transient term T ◦(jωk) is
a smooth function of the frequency, we decide to model it by a
polynomial. This polynomial also models the influence of out
of band skirts, and the difference between the hyperbolas and
the DFT of the sampled basis functions (see Section II-C).

From the residuals of the linear least squares fit we will be
able to estimate the noise variance.
In order to estimate the noise variance at the bin kc, we
consider a local band, of width 2n + 1, centred around this
bin kc,

Kc = {kc − n, kc − n+ 1, ..., kc, ..., kc + n}. (25)

The minimal degrees of freedom

dof = 2n+ 1− nθ, (26)

where nθ is the number of parameters to estimate, determines
the quality (variability) of the noise variance estimate and is
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chosen by the user. By default dof = 5. This sets the local
bandwidth

2n+ 1 = 2 ceil
(dof + max(nθ)− 1

2

)
+ 1. (27)

Then, we remove from the set (25) the bins where nonlinear
distortions can be present

Kw = Kc \Knl. (28)

The output spectrum at these bins Kw is denoted as

Yw =
[
Y (k1) Y (k2) . . . Y (kNw)

]T
, (29)

with Nw the cardinality of Kw and k1, ..., kNw the elements
of Kw in increasing order. Denote k−e and k+e as the closest
excited bin, respectively, left and right of kc. For k ∈ Kw
we now decide to approximate the spectrum by the following
series expansion,

Y (k, θ) =

Np∑
p=1

θ−p

(k − k−e )p
+

θ+p

(k − k+e )p
+

Nq∑
q=1

θqBq(k)

+

Na∑
r=0

αrLr

(
2
k − k1
kNw − k1

− 1
)

+ V (k), (30)

which depends on nθ = 2Np +Na +Nq parameters

θ = [θ1, ..., θNq , θ
−
1 , ..., θ

−
Np
, θ+1 , ..., θ

+
Np
, α0, ..., αNa ]T (31)

that will be estimated from the measurements Y (k). Note that
the parameters θ are complex as the output spectrum Y (k) is
complex and the regressors are real. The first two terms are
hyperbolas modelling Ytv(k), respectively centred around k−e
and k+e , the next term models Ytrend(k). Note that the sum
starts at q = 1 as B0(k) is only nonzero for k = 0 and DC
will not be modelled. The third term is a polynomial modelling
the sum of T ◦(jωk), the skirts from the out of band excited
frequencies and the approximation error of the hyperbolas. For
good numerical stability Legendre polynomials (5), rescaled
over the window Kw, are used. Note that k can never be equal
to k−e or k+e , as Kw ∩ Kexc = ∅, and hence there is never a
division by zero.

Model (30) is linear-in-the-parameters and, hence, we can
write it for all k ∈ Kw as a matrix product

Yw = Kθ + V, (32)

where K ∈ RNw×nθ , with nθ = 2Np + Nq + Na + 1, is
a regression matrix with hyperbolas and polynomials, where
each column represents a basis function. The parameters θ are
given by (31) and V represents the colored noise, Assumption
1, from which the noise transient TH(jωk) is modelled by the
polynomial part in (30). Hence we have that V ∼ Nc(0, CV )
where CV (kl, km) = σ2

V (kl)δl,m. The linear least squares
solution θ̂ of (32) equals

θ̂ = K+Yw = (KHK)−1KHYw (33)

and hence the estimated spectrum yields

Ŷw = K(KHK)−1KHYw. (34)

The difference between the data Yw and the spectral model
Ŷw (34) is given by

ε = Yw − Ŷw = PV, (35)

where

P = I −K(KHK)−1KH (36)

is a symmetric idempotent projection matrix. An estimate of
the noise variance in this band can then be found using the
following theorem.

Theorem 1. Under the hypothesis that the noise variance
σ2
V (k) is constant in the band Kw (28), a noise estimate at

the bin kc is given by

σ̂2
V (kc) =

1

Nw −m
εHmεm, (37)

where m is the number of nonzero singular values of the
regression matrix K and εm is defined in eq. (72) of the
Appendix. For colored white noise, see Assumption 1, a bias
error is introduced, yielding

E{σ̂2
V (kc)} = σ2

V (kc) + max
k∈[kc−n,kc+n]

(d|H(jωk)|2

dk

)
σ2
EO(

n

N
),

(38)

where N is the length of the measurement record, n is defined
in (27) and σ2

E = E{|E(k)|2}.

Proof: see Appendix.

Note that the bias error, introduced by filtered white
noise, depends on the slope of the filtering operator, the
frequency resolution and the local bandwith 2n+ 1.
Algorithm 1 handles the noise variance estimation in the
band of interest, using Theorem 1. Note the signal-to-noise
ratio based truncation of the regression matrix, which makes
the selection of basis functions automatic. Only m ≤ nθ non-
redundant regressors are used, and m is chosen automatically.
Fig. 4 shows a visualisation of the algorithm.
Hence, the user only has to choose upper bounds for the
parameters Np, Na and Nq in (30). Still, the choice of these
upper bounds might be hard for the user. Here, we include
some guidelines. For the hyperbolas, a reasonable value is
Np = 8, this value can be increased when the estimated
output spectrum Ŷ (k) (41), does not fit the data Y (k) well
around the excited frequencies. For the upper bound on the
degree of the polynomial, a reasonable value is Na = 10, this
value can also be increased when the data Y (k) is not fitted
well in the ’valleys’ of the skirts, or if the noise variance
is overestimated. For the upper bound on the degree of the
trend, a reasonable value would be Nq = 5, which should be
increased when the output spectrum at the low frequencies
is not well fitted. Furthermore, one should make sure that
the local frequency band comprises at most two excited
frequencies, as only k−e and k−e are considered in (30). A
rule of thumb for this is ensuring that

nθ + dof < 3P. (39)
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Algorithm 1 Noise variance estimation
For each kc ∈ K \Kexc

Step 1:
(i) Obtain the set of bins Kw (28) around kc.

(ii) The data Yw is then given by (29).
(iii) Compute the regression matrix K for this band.
(iv) Decompose K with the thin SVD as in (68) and (69).
(v) Compute

l = min
i
i s.t.

σi+1

σ1
< 10−10.

(vi) Compute a first estimate of the noise variance in the band

σ̂2
V =

1

Nw − l
εHl εl

where εl is defined in (72).
Step 2:

(i) Compute the SNR in this band,

SNR =

√
Y Hw Yw
Nwσ̂2

V

,

and

m = min
i
i s.t.

σi+1

σ1
< a SNR, (40)

where a = 10 is a safetyfactor.
(ii) Compute an estimate of the parameters,

θ̂ = WΣ+
mU

HYw,

with Σ+
m defined in (70).

(iii) Compute an estimate of the spectrum at kc,

Ŷ (kc) = K[kc,:]θ̂, (41)

where K[kc,:] is the row of K corresponding to bin kc.
(iv) Compute a new estimate of the noise variance σ̂2

V (kc)
from (37).

3676 3678 3680 3682 3684 3686 3688 3690 3692
-10

0

10

20
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40

Fig. 4. Noise variance estimation. Blue dots: Yw , purple cross: kc, red cross:
Knl, red dot: Y (Knl), yellow line: Ŷw , yellow cross: Ŷ (kc), green dots:
residuals εm, and purple plus: σ̂V (kc).

B. Nonlinear distortion estimation

In this section we handle the detection, classification and
quantification of the odd and even nonlinear distortions in
the output spectrum. First, we compute the estimates of
respectively the even and odd nonlinear distortions

Ŷs,class(k) = Y (k)− Ŷ (k) for k ∈ Knl,class (42)

with the variable ’class’ being ’even’ or ’odd’ and Ŷ (k)
obtained from (41). From these expressions, the even and
odd nonlinear distortion variances can easily be estimated for
k ∈ Knl,class as

σ̂2
Ys,class

(k) = max
(
|Ŷs,class(k)|2 − σ̂2

V (k), 0
)
. (43)

Note that the nonlinear distortion variance is set to zero
whenever it would be negative. When σ̂2

Ys,even
(k) or σ̂2

Ys,odd
(k)

are nonzero, respectively even or odd nonlinear distortions are
detected, classified and quantified. Comparing the values of
σ̂Ys,class(k) with respect to the values of Y (k) at the excited
frequencies, indicates how strong the nonlinear distortions are
and whether a linear model will be justifiable.
However, using (42), (43), we cannot estimate the odd non-
linear distortion variances at the excited frequencies, as we
would have that Ŷ (ke) = Y (ke) and hence σ̂2

Ys,odd
(ke) = 0.

Still, estimates of the odd nonlinear distortion variances at
the excited frequencies are crucial. These nonlinear distortions
are the only ones who will introduce an uncertainty on
the TV-FRF. Hence, we estimate them by taking the mean
magnitude squared of the nonlinear distortions at the two
closest non-excited odd nonlinear bins left and right, which
are respectively given by

k− = arg min
k
|k − ke| s.t. k ∈ Knl,odd \Kexc ∧ k < ke

and

k+ = arg min
k
|k − ke| s.t. k ∈ Knl,odd \Kexc ∧ k > ke.

Note that Knl,odd\Kexc is the set of non-excited odd harmonics
at which we can detect the odd nonlinear distortions in the
multisine. An estimate of the nonlinear distortion variance at
the excited frequencies is then given by

σ̂2
Ys,odd(ke) = max

(1
2
(|Ŷs,odd(k

−)|2 + |Ŷs,odd(k
+)|2)− σ̂2

V (ke), 0
)
.

(44)

Using (44), we will be able to compute the uncertainties on
the TV-FRF due to the nonlinear distortions.

V. MEASUREMENT OF THE TV-FRF AND ITS
UNCERTAINTIES

A. Estimation of LTI transfer functions

For estimating the TV-FRF we consider a frequency band
of three excited bins, k−e , ke, k

+
e , centred around ke. From this

set we remove the bins at which nonlinear distortions could
be present while keeping the excited bins. Recall that, under
constraint (7), the time-invariant and time-varying branches
in Fig. 1 only contribute to, respectively, the excited and the
non-excited bins. Hence, the estimation of the FRF G0(jω)
is decoupled from the FRFs Gp(jω), p = 1, 2, . . . , Np. In
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practice we ensure that (7) is fulfilled for the sampled basis
functions by removing the mean value over the samples from
bp(t) for p ≥ 1 as

b̃p(t) = bp(t)−
1

N

N−1∑
n=0

bp(nTs) (45)

and replace bp(t) by (45) in the TV-FRF (8). Since the DFTs of
the sampled basis functions satisfy B̃p(k) = Bp(k) for k 6= 0,
we continue using Bp(k) in the remainder of this section.
We define the frequency band as

Kw = ({k−e −∆k−e , ..., ke, ..., k
+
e + ∆k+e } \ (Knl \Kexc),

(46)

where ∆k−e and ∆k+e are half the distances in bins to the next
excited bins outside the window. We then define the data

Yw =
[
Y (k1) Y (k2) . . . Y (kNw)

]T
, (47)

with Nw the cardinality of Kw and k1, ..., kNw the elements
of Kw in increasing order. From (22) one models the output
spectrum for k ∈ Kw by

Y (k, θ) =

Np∑
p=0

∑
k′∈{k−e ,ke,k

+
e }

Gp(jωk′)U(k′)Bp(k − k′)

+

Nq∑
q=1

θqBq(k) +

Na∑
r=0

αrLr

(
2
k − k1
kNw − k1

− 1
)
+ Ys(k) + V (k)

(48)

where the first double sum models both Yblti(k) and Ytv(k),
the second sum models Ytrend(k) and the third sum models
T ◦(jωk) and the skirts of the out of band excited frequencies.
This is a problem that is linear in the parameters, hence, a
regression matrix K can be formed such that

Yw = Kθ + Ys + V (49)

where θ ∈ Cnθ×1 is a vector containing the coefficients
Gp(jωk′)U(k′), θq and αr, K ∈ CNw×nθ is the regression
matrix and nθ = 3(Np + 1) + Nq + Na + 1. Note that only
the entries of Ys corresponding to the excited frequencies are
nonzero and that these only contain odd nonlinear distortions.
Similarly as for the noise estimation, we now propose a
method such that the user only has to choose upper bounds
on the parameters Np, Na and Nq in (48), which could
be frequency dependent, and the algorithm determines
automatically how many regression functions are really
needed for the identification. For the choice of the upper
bounds, the same values should be chosen as for the noise
estimation. The procedure (see Algorithm 2) consists of
two steps: first, it decides on the actual degree of the
polynomial and, next, on the actual numbers of hyperbolic-
like basis functions in (48). In step 1 the highest degree
monomials that are linearly dependent on other regressors
are removed from the regression matrix, and in step 2 we
check the contribution of the hyperbolic-like basis functions
Bp(k−k′) and trend regressors Bq(k) with regard to the noise
floor, and remove the ones that do not contribute to the model.

From Algorithm 2 we obtain nonparametric estimates

Algorithm 2 Model estimation
For each ke ∈ Kexc
Step 1:

(i) Obtain the set of bins Kw (46) around ke.
(ii) Construct the regression matrix K in this band with in the

first 3(Np+1) columns the hyperbolic-like basis functions
Bp(k − k′), in the next Nq columns the trend regressors
Bq(k) and in the last Na + 1 columns the monomials kr

ordered from degree 0 till degree Na.
(iii) d := Na
(iv) while d ≥ 0

- Decompose K with the thin singular value decompo-
sition,

K = UΣWH ,

with

Σ = diag([σ1, σ2, ..., σnθ ]) σi > σi+1.

- Compute

l = min
i
i s.t.

σi+1

σ1
< 10−10.

- if l = 0: end while loop
- else: remove the last column of K which is the column

corresponding to the monomial kd and set d := d− 1.
Step 2:

(i) Compute the parameters

θ̂ = K+Yw = (KHK)−1KHYw,

where Yw is given by (47) and nθ = 3(Np + 1) +Nq +
d+ 1.

(ii) Compute the mean value of the noise variances in the
band from (37)

σ2
n = mean

( [
σ̂2
V (k1) . . . σ̂2

V (kNw)
] )

(50)

(iii) for r = 3(Np + 1) +Nq, ..., 1

- Compute

ar = max
i

(|θ̂[r]|2|K[i,r]|2) (51)

where K[i,r] denotes the element on the i-th row and
r-th column of K and θ[r] the r-th element of θ.

- if ar < 3σ2
n, then remove the the r-th column K[:,r].

The factor 3 considers that all contributions within a
95% confidence bound of the noise distribution are
actually noise.

(iv) Recompute the parameters with the new regression matrix
K,

θ̂ = K+Yw = (KHK)−1KHYw. (52)

(v) Retain the coefficients Ĝ0(jωke),...,ĜNp(jωke) from θ̂,
where the ones that were not identified due to the
reduction of the number of basis functions are set to zero.
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of the FRFs G0(jω),...,GNp(jω). An estimation of the
time-varying transfer function is then found as

Ĝ(jωke , t) =

Np∑
p=0

Ĝp(jωke)bp(t), (53)

where ke ∈ Kexc. Note that data with noise and nonlinear
distortions has been used to estimate the transfer functions,
this introduces uncertainties on the estimates. However, by
discarding the set of bins Knl \ Kexc the uncertainty due to
nonlinear distortions is reduced, and the uncertainty does only
depend on the odd nonlinear distortions via Ĝ0(jωke).

B. Calculation of the model uncertainties

The objective now is to compute the total variance of the
estimate Ĝ(jωke , t). Furthermore, we will also compute the
variances caused by on the one hand the noise and on the
other hand the nonlinear distortions.
For the frequency bands Kw (46) the measured output spec-
trum Yw (47) is written as (49), where Ys and V are mutually
uncorrelated, zero mean stochastic quantities. The optimal
parameters θ̂ are given by a linear least squares estimate (52).
The covariance of the parameters θ̂ is then given by

cov{θ̂} = E{(θ̂ − E{θ̂})(θ̂ − E{θ̂})H}
= K+E{(Yw − E{Yw})(Yw − E{Yw})H}K+H

= K+E{(Ys + V )(Ys + V )H}K+H

= K+(CV + CYs)K
+H (54)

where

CV = diag
( [
σ̂2
V (k1) . . . σ̂2

V (kNw)
] )

(55)

and

CYs = diag
( [
σ̂2
Ys,odd

(k1) . . . σ̂2
Ys,odd

(kNw)
] )
, (56)

where σ̂2
V (ki) and σ̂2

Ys
(ki) are given by (37) and (44), respec-

tively. The latter is nonzero for ki ∈ Kexc only. Note that we
have used the fact that the noise and the nonlinear distortions
are uncorrelated. It will now be possible to discriminate be-
tween, respectively, the variance due to noise and the variance
due to nonlinear distortions,

Cθ̂,V = K+CVK
+H , (57)

Cθ̂,Ys
= K+CYsK

+H (58)

and the total covariance is given by

Cθ̂ = Cθ̂,V + Cθ̂,Ys
. (59)

From (59) one can compute the covariance matrix of

G(jωke) =
[
Ĝ0(jωke) . . . ĜNp(jωke)

]T
(60)

which is given by

CG(jωke) = cov{G(jωke)} = Cθ̂[1:Np+1,1:Np+1], (61)

where MATLAB notation has been used. Similarly to (61) the
covariance matrices CG,V (jωke) due to noise and CG,Ys

(jωke)
due to nonlinear distortions can also be computed from,

respectively, (57) and (58). Note that for the elements cor-
responding to p ≥ 1 only a variance due to noise exists,
for p = 0 we have both a variance due to noise and due
to nonlinear effects.
And finally one computes a variance on Ĝ(jωke , t). Recall
that

Ĝ(jωke , t) =

Np∑
p=0

Ĝp(jωke)bp(t) = b(t)G(jωke), (62)

where b(t) =
[
b0(t) ... bNp(t)

]
.

Hence one computes the total variance on Ĝ(jωke , t),

σ̂2
Ĝ

(jωke , t) = var{Ĝ(jωke , t)} = b(t)CG(jωke)b
T

(t), (63)

the variance only due to noise

σ̂2
Ĝ,V

(jωke , t) = b(t)CG,V (jωke)b
T

(t) (64)

and the variance due to nonlinear distortions

σ̂2
Ĝ,Ys

(jωke , t) = b(t)CG,Ys
(jωke)b

T
(t). (65)

VI. SIMULATION EXAMPLE

We validate the algorithms with 100 Monte-Carlo runs on
a block structure as in (14), with Np = 2, corrupted by a
trend and noise. The input signal u(t) is an odd random phase
multisine, Definition 1, with P = 40 periods and rms value 1.
The output signal y(t) is given by

y(t) = yblti(t) + ytv(t) + ytrend(t) + ys(t) + v(t) (66)

where

yblti(t) = L−1{G0(s)U(s)}, (67a)

ytv(t) =

Np∑
p=1

L−1{Gp(s)U(s)}bp(t), (67b)

ytrend(t) = 5b1(t) + 3b2(t), (67c)

ys(t) = βy2blti(t) + γy3blti(t), (67d)

G0(s), G1(s) and G2(s) are second order filters with natural
frequencies ωn,0 = 0.7 Hz, ωn,1 = 1 Hz, ωn,2 = 1.5 Hz,
damping ratios ζ0 = 0.15, ζ1 = 0.1 and ζ2 = 0.15, and DC
gains G0(0) = 1, G1(0) = 0.2 and G2(0) = 0.2, for the
nonlinear part we have that β = 0.001 and γ = 0.002, and
v(t) is the noise signal with standard deviation σv = 0.005.
The time domain signal to noise ratio is equal to 684. The
number of data samples N = 80000 and the sampling
frequency fs = 20 Hz. The LTI FRFs Gp(jωke) are identified
together with their uncertainties CG(jωke), CG,V (jωke) and
CG,Ys

(jωke). Herefore, we choose in (30) and (48) the upper
bounds Np = 8, Na = 10 and Nq = 5, and in (26) dof = 5.
With this choice, the local bandwidth in step 1 (Section IV)
equals 2n + 1 = 37 (0.0093 Hz). For the noise estimation,
the number of nonzero singular values m, (40), varies over
frequency between 11 and 18 while nθ = 32. The results
on the output spectrum are shown in Fig. 5. One detects
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nonlinear distortions as both even and odd nonlinear distortion
levels are nonzero. Furthermore, the odd nonlinear distortions
are stronger than the even ones. Hence nonlinear distortions
were detected, classified and quantified. In this case a linear
model could be justified as the variances of the nonlinear
distortions are at least 40 dB smaller than the linear part of the
measurement. The full upper lines in Fig. 6 are the true LTI
FRFs, while the mean values of the estimates are indicated
by the plusses. Note that while the user asks for maximal
Np + 1 = 9 LTI blocks, only 3 blocks are selected by the
procedure of Section V, which is in agreement with the actual
simulated system. For validating the uncertainties, we compare
the sample variance over the 100 estimates, full lower lines,
of the LTI blocks Gp to the estimated total variance, crosses.
The total variances on each of the branches of the block
structure were identified correctly as they coincide within
the 95% uncertainty bounds of the Monte-Carlo simulation
(0.81 6 σ̂2

σ2 6 1.21 for 100 Monte-Carlo runs).
The method from [4] fails to estimate the model at the low
frequencies for this simulation due to the trend in the response
that cannot be modelled. Nor can the method distinguish
between even and odd nonlinear distortions.
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-60

-40
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Fig. 5. Monte-Carlo simulation for 100 realisations of the multisine. Blue:
U(f), red: Y (f), yellow: Ŷ (f), purple: mean value of σ̂2

Ys,even
(f), green:

mean value of σ̂2
Ys,odd

(f) and light blue: mean value of σ̂2
V (f).

VII. MEASUREMENT EXAMPLE

Finally, we apply the algorithms discussed in this pa-
per to odd random phase electrochemical impedance spec-
troscopy (ORP-EIS) [14] measurements on the cathode ma-
terial of a Li-ion battery. The system under test consists
of a LiNi0.80Co0.15Al0.05O2 working electrode, a glass fiber
separator and a Li counter electrode [1]. The ultimate goal
is to obtain mechanistic insight and being able to monitor
the state of health (SOH) of the battery cell in operando
mode, i.e. while charging, which leads to non-stationary
measurements. The measurement setup consists of in-house
developed hardware with a customized frontend dedicated to
maximum signal quality. As an input signal we apply a current
between working electrode and counter electrode. The signal
for this current is a nonzero mean odd random phase multisine
with P = 10 and L = 3. The excitation band of interest

0.5 1 1.5 2
-80

-60

-40

-20

0

20

Fig. 6. Monte-Carlo (MC) simulation for 100 realisations of the multisine.
Upper full lines: true LTI blocks of the simulation (blue: G0, red: G1

and yellow: G2), plusses: mean values of estimated LTI blocks, lower full
lines: sample variances on the estimated LTI blocks, dots: mean value of the
estimated variances on Ĝp due to noise, crosses: mean value of the estimated
variances on Ĝ0 due to nonlinear distortions and circles: mean value of the
total variance on Ĝ0.
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Fig. 7. Input current of the battery, odd random phase multisine.

is [0.015 Hz, 5kHz], which is a very wide band of nearly 5
decades, hence a logarithmic multisine has been used. Namely
the spacing between the excited frequencies increases in a
logarithmic way over frequency. As output signal we measure
the potential difference between counter electrode and working
electrode. The input and output signals are both measured for
T = 2000 s, sampled at the rate fs = 15 kHz and anti-
alias filtered. Note the mean value of 0.35 mA in the input
signal, Fig. 7, causing an increase in voltage in the output
signal, Fig. 8. The input-output spectrum is shown in Fig. 9.
Here, it is clearly visible that there is a trend in the output
signal, caused by the charging of the battery cell. From the
zoomed input-output spectrum, Fig. 10, it can be seen that
the system has a time-varying behavior and that nonlinear
distortions are present. For the identification, we choose as
upper bounds Np = 7, Na = 7 and Nq = 4 in (30). Note that
these are chosen near the limit (39). The corresponding local
bandwidth in step 1 (Section IV) equals 2n + 1 = 31 (0.015
Hz). The estimated noise and nonlinear distortion variances are
shown in Fig. 9. Here, we detect both even and odd nonlinear
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Fig. 8. Output voltage of the battery in operando mode.

distortions as at certain frequencies the estimated nonlinear
distortion variance is nonzero. Regarding the classification, the
even nonlinear distortions are somewhat stronger than the odd
ones. Also, it is clearly visible that the signal-to-noise and
signal-to-nonlinear-distortions ratios increase over frequency.
In this case it is still justifiable to use a linear model for the
nonlinear system as there is a minimal signal-to-nonlinear-
distortions ratio of 50 dB. Moreover, the model will be more
accurate at the high frequencies. The number of nonzero
singular values m, (40), varies over frequency between 8
and 19 while nθ = 26. Next, we compute an estimate of
the TV-FRF with uncertainty bounds. The frequency response
functions Gp(jω), p = 0, 1, . . . , Np, estimated using the two-
step procedure of Section V, are shown in Fig. 11. Here,
we see that at the lower frequencies only two LTI blocks
were identified while at the higher frequencies seven can be
identified. This is merely caused by the increasing SNR over
frequency. Also the variances of the estimated FRFs Gp(jω)
are shown. For the time-invariant block G0 a distinction is
made between the variances caused by the noise on the one
hand and the nonlinear distortions on the other hand. Note
that the LTI block G6 was rejected by the algorithm for all
frequencies.
The TV-FRF is shown in Fig. 12 (magnitude) and Fig. 13
(phase). Despite the trend in the measurement, a time-varying
model could be identified for all excited frequencies. Until
10 Hz, the time-variation is strong, while at the high frequen-
cies this effect is minor. Note the spikes in the TV-FRF at
0.045 Hz, which correspond with the high variances of the
estimated LTI blocks at the same frequency in Fig. 11. The
measured TV-FRF is not too reliable at this frequency, espe-
cially at the boundaries of the time window. The uncertainties
on the TV-FRF are not shown for reasons of clarity.
The estimation of the TV-FRF and its uncertainties applied
to ORP-EIS allows on-line monitoring and estimation of the
SOH of the battery, which can be used for battery management
systems [15]. In addition, EIS measured under time-varying
conditions could provide a valuable access to some dynamic
physical information about the battery [16].
The results for the identification using the indirect method
[4] are shown in Fig. 14. Note that the identification fails

at the low frequencies as it is unable to model the trend,
and also at the high frequencies as the spacing between the
excited frequencies is too large. Moreover, all LTI-blocks are
identified for all frequencies, hence some LTI estimates are
at the level of their variances and contain no information.
The method described in this paper solves all these problems.
Furthermore it is able to classify between even and odd
nonlinear distortions. All of this at the cost of an increased
computation time.
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Fig. 9. Input and output spectrum with estimates of noise and nonlinear
distortions. Blue: U(f), red: Y (f), purple: σ̂2

Ys,even
(f), green: σ̂2

Ys,odd
(f) and

light blue: σ̂2
V (f). Note that the data in purple, green and light blue are

downsampled, only 1500 out of the respectively 1.5 106, 1.5 106 and 18 106

logarithmically distributed frequencies are shown.
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Fig. 10. Zoomed input and output spectrum with estimates of noise and
nonlinear distortions. Blue: U(f), red: Y (f), purple: σ̂Ys,even (f), green:
σ̂Ys,odd (f) and light blue: σ̂V (f).

VIII. CONCLUSIONS

In this paper a method has been presented for measuring the
TV-FRF of a certain class of nonlinear time-varying systems.
An algorithm has been proposed for handling the automatic
detection and quantification of the noise, and the even and odd
nonlinear distortions as a function of the frequency. This for a
response possibly subject to a trend. Using these levels of the
odd and even nonlinear distortions one can decide whether a
linear model is accurate enough for a given application. Also,
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Fig. 11. Estimated transfer functions Gp(jω) (full lines), total variances on
the LTI blocks (dots), variances due to noise (crosses) and nonlinear distortions
(stars). Blue: G0, red: G1, yellow: G2, purple: G3, green: G4, light blue:
G5 and bordeaux: G7.

10-1 100 101 102 103

20

22

24

26

28

0

500

1000

1500

2000

Fig. 12. Magnitude of estimated TV-FRF G(jω, t).
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Fig. 13. Angle of estimated TV-FRF G(jω, t).
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Fig. 14. Estimated transfer functions using the indirect method [4]. Gp(jω)
(full lines), total variances on the LTI blocks (dots), variances due to noise
(crosses). Blue: G0, red: G1, yellow: G2, purple: G3, green: G4, light blue:
G5, bordeaux: G6 and blue (lower one): G7.

the uncertainties on the TV-FRF due to noise and nonlinear
distortion are derived.
A major advantage over the existing methods is that the
user only has to decide on the maximal number of basis
functions for the regression problems while the algorithms
decide how many regressors are truly needed. Also the degrees
of freedom, dof, determining the width of the local frequency
band for estimating the noise variance should be chosen by
the user. Furthermore, the described method is applicable to
very wide frequency bands and in the measurement section
we have proven that the algorithm is capable of extracting
information at low frequencies from measurements where a
trend is dominating.

APPENDIX

Proof. (Theorem 1). We first compute the expected value of
the sum of the squared residuals,

E{εHε} = E{V HPHPV } = E{trace(V HPV )}
= trace(PE{V V H}) = trace(PCV ),

where we used that trace(AB) = trace(BA) and the fact that
P = PH = PP .
Assuming that the noise variance is constant for k ∈ Kw, one
has

CV = σ2
V (kc)I

and hence

E{εHε} = trace{P}σ2
V (kc) = rank(P )σ2

V (kc),

where we used the fact that the matrix P is idempotent, i.e.
all eigenvalues are either one or zero. Therefore, the trace
operator is equal to the rank operator. Let us now compute
the rank of P . We first write down the thin (economy size)
singular value decomposition of the regression matrix K,

K = UΣWH (68)

where U ∈ RNw×nθ , W ∈ Rnθ×nθ are orthogonal matrices,
i.e. UUH = I and WWH = I , and

Σ = diag([σ1, σ2, ..., σnθ ]) σi ≥ σi+1 ≥ 0. (69)
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The idea is now to truncate the matrix Σ. When sorting the
singular values from high to low and putting all singular values
for which σi/σ1 < 10−10 to zero, as these values are close to
the numerical precision of MATLAB, we obtain the matrix

Σm = diag([σ1, σ2, ..., σm, 0, ..., 0]).

The purpose of truncating Σ is to remove columns of the
matrix K that are approximately linear dependent on the
other columns. We now compute the matrix Pm from (36)
by replacing K by its truncated singular value decomposition,

Pm = I − UΣmΣ+
mU

H

= I − U
[
Im 0
0 0

]
UH = I − UmUHm ,

where

Σ+
m = diag

([ 1

σ1
,

1

σ2
, ...,

1

σm
, 0, ..., 0

])
, (70)

Um = U

[
Im 0
0 0

]
(71)

and using [
Im 0
0 0

]
=

[
Im 0
0 0

] [
Im 0
0 0

]
.

Now we find that rank(Pm) = Nw −m and hence for

εm = (I − UmUHm )Yw (72)

we find that

E{εHmεm} = (Nw −m)σ2
V (kc), (73)

such that a noise variance estimate is given by

σ̂2
V (kc) =

1

Nw −m
εHmεm. (74)

For filtered noise we have that V (k) = H(jωk)E(k) where
H(jωk) is the filtering operation and E(k) white Gaussian
noise, and hence σ2

V (k) = |H(jωk)|2σ2
E . Then the expected

value of σ̂2
V (kc) (74) is given by

E{σ̂2
V (kc)} =

1

2n+ 1

n∑
r=−n

σ2
V (kc + r), (75)

where σ2
V (kc + r) can be approximated by a Taylor series

truncated at the first order,

σ2
V (kc + r) ≈ σ2

V (kc) +
d|H(jωk)|2

dk
σ2
E

r

N
, (76)

hence the bias error yields

E{σ̂2
V (kc)} = σ2

V (kc) + max
k∈[kc−n,kc+n]

(d|H(jωk)|2

dk

)
σ2
EO(

n

N
).

(77)
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