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Abstract 

Manpower Planning is a fundamental aspect of Human Resource Management in great 

extent based on statistical techniques and focused on quantitative models for workforce 

systems. Aggregated Markov models are defined by transition probabilities between 

homogeneous subgroups of personnel of the workforce system. The analytical Markovian 

approach in Manpower Planning allows identifying interesting characteristics of the 

workforce system, allows predicting the evolution of the workforce and controlling it by 

setting the organization’s human resource policies (e.g. recruitment, promotion, training). 

There is a rich variety of publications on Markov manpower models, in which properties 

of workforce systems are investigated under very specific assumptions. This paper offers 

a review of the different types of Markov manpower models. Hereby there is paid 

attention to the successive stages of the Markov manpower planning methodology in real-

world applications, from model building and selection, parameter estimation, model 

validation to prediction and control. The paper covers the latest advances in the field. 
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Introduction 

While the term Manpower Planning originates from the 1960s (Walker, 1992; Smith and 

Bartholomew, 1988; Walker, 1980), the first applications of quantitative techniques for 

personnel management go back until 1779. The British Marine used a mathematical 

model to plan military’s career and to analyze turnover (McClean, 1991). It concerned an 

application of a model from actuarial sciences. The techniques originally developed to 

analyze demography, were suitable to study workforce systems: recruitments, turnover 

and promotions were studied in the same way as respectively births, deaths and changes 

in socio-economic characteristics (Bartholomew, 1971). This allowed predicting the 

internal personnel availability. Dill, Graver and Weber (1966) refer to the use of the 

replacement table before World War II. This was an early version of the skills inventory 

(Ivancevich, 2003; Mondy, Noe and Premeaux, 1998), which had the objective to predict 

turnover by actuarial methods and to assure succession from within the organization. The 

largest problem with applications of actuarial methods in personnel management was the 

lack of accuracy. The estimation of birth-, death- and transition probabilities in 

demography is based on large datasets, while populations within organizations are much 

smaller. Therefore, other stochastic methods for personnel management were developed 

since the 1940s (Bartholomew, 1971). While previously Manpower Planning was mainly 

applied in the army, during World War II, because of a large personnel shortage at 

national level, individual American companies were obligated to estimate their future 

personnel needs (Dill, Graver and Weber, 1966).  

Young and Almond (1961) were the first to introduce the application of Markov theory in 

Manpower Planning (Smith and Bartholomew, 1988; Verbeek 1991). They hereby laid 
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the foundations for decades of ongoing research on Markovian approaches for modeling 

the dynamics in workforce systems. The main objective of those Markov models is 

predicting and controlling organization’s internal personnel supply (Verhoeven, 1980). In 

practice, workforce systems can also be analyzed by other operations research techniques 

as there are computer simulation models, optimization models and models based on 

system dynamics (Wang, 2005; Parker and Cain, 1996; Purkiss, 1981). In general those 

alternative models are much more complex. While complex models have the objective to 

improve the accuracy of results, they often require very specific data which are difficult 

to collect. Especially when a large number of parameters have to be estimated, this just 

could harm the reliability of the results. At the cost of simplicity, simpler and more robust 

models (like Markov manpower models) are therefore often much more attractive (Skulj, 

Vehovar and Stamfelj, 2008). Moreover, for real-world practitioners, the use of very 

complex models might be too costly and time-consuming. Finally, unlike other more 

complex models, the analytical Markovian approach allows identifying interesting 

characteristics of the workforce system which influence its future dynamics.  

This paper offers a review of the current state-of-the-art in research on Markovian 

approaches for modeling workforce system dynamics. In the first section, an overview is 

given of the basic concepts and assumptions underlying those models. We discuss their 

interesting possibilities for prediction and control. However, the adequacy of the model 

depends on some strict assumptions. In Section 2, we consider a framework for building 

an adequate Markov manpower model. Additional alternative hypotheses on the 

workforce system result in Markov models with special characteristics. This allows 

examining prediction, control and asymptotic behavior in a very specific manner, which 
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is described in Section 3. Finally some possibilities for future research are discussed in 

Section 4. 

 

1. Modeling the dynamics in a workforce system: general concepts 

The evolution of personnel availability fully depends on the future dynamics of the 

workforce. To study this dynamics, Markov manpower planning models consider 

organizations as workforce systems of stocks and flows. 

 

Stocks and flows 

The workforce system is classified into k exclusive subgroups, resulting in the states of 

the system S1,…,Sk. Those states form a partition of the total population. The number of 

members in state iS  at time t is called the stock of iS  and is denoted as )(tni . The stock 

vector is the (1 × k) vector ( ))()( tntn i=  and is called the personnel distribution at time t. 

The total number of members at time t, can be expressed as 
=

=
k

i

i tntN
1

)()( .  Sometimes 

it is useful to express stocks as a proportion of the total number of members in the 

workforce system, resulting in a stochastic vector ( ))()( tqtq i=  with 


=

=
k

i

i

i

i

tn

tn
tq

1

)(

)(
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The stock vector provides a snapshot of the system, but gives no information about 

changes in the personnel distribution over time. The number of individuals moving from 

state iS  to state jS  in the time interval [t-1,t)  is denoted by ),1( ttnij − . For time interval 

[t-1,t), the flows are denoted in a square matrix ( )),1(),1( ttnttN ij −=− . It is much more 
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common to express the flows as transition rates 
)1(

),1(
),1(

−

−
=−

tn

ttn
ttp

i

ij

ij . The transition 

matrix ( )),1(),1( ttpttP ij −=−  characterizes the internal flows within the workforce 

system. Depending on the definition of the states, a transition could be interpreted as e.g. 

getting experience, acquiring specific qualifications, developing a broader range of skills 

or simply a promotion. To model the future manpower dynamics, external flows should 

also be taken into consideration. External flows refer to incoming or outgoing employees, 

in other words recruitments and wastage. The total number of recruitments )(tR  in the 

time interval ( tt ,1−  and who remain at time t is divided over the k states according to 

the distribution ( )),1(),1( ttrttr i −=− , with ),1( ttri −  being the proportion of the recruits 

assigned to state iS . The flow rates from state iS  out of the workforce system can be 

obtained by 
=

−−=−
k

j

iji ttpttw
1

),1(1),1( . The dynamics in a workforce system can be 

expressed as a relation between stocks and flows in terms of a system of difference 

equations: n(t) = n(t-1) P(t-1,t) + R(t) r(t-1,t). 

 

Assumptions in Markovian approaches 

The functional relation between stocks and flows is very convenient for predicting and 

controlling the internal personnel supply. To allow this, Markov manpower models 

simplify this relation by making the following assumptions:  

- Markov manpower Models are discrete-time models. Stocks and flows are only 

studied over equal time intervals. Consequently, the model ignores multiple 
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sequential flows during [t-1,t). Only the flow between the state at t-1 and the state at t 

is considered. 

- The system is memory-less, meaning that future transitions happen with a probability 

only depending on the present state and independent from previous transitions (e.g. 

previous promotions, length of service). 

- The flow rates are time-independent. In every time interval, the transition rates 

),1( ttpij − are the same. The time-independent transition rates are denoted by ijp , 

and the time-independent transition matrix is then )( ijpP = . The time-independent 

recruitment vector is  )( irr = . 

- The states are personnel groups homogeneous with respect to the transition rates. 

 

Under the Markov manpower model assumptions, the relation between stocks and flows 

is given by: n(t) = n(t-1) P + R(t) r. 

 

Although it falls beyond the scope of this paper, we mention other Markovian approaches 

in Manpower Planning that relax the restrictive assumptions of the Markov manpower 

model. Vassiliou and his research team focused on non-homogeneous Markov models. 

Those models are characterized by transition rates that are not time-homogeneous 

(Georgiou 1992; Georgiou and Vassiliou, 1997; Tsantas, 1995; Vassiliou, 1982b; 

Vassiliou, 1984; Vassiliou, 1986; Vassiliou, 1992; Vassiliou, 1998; Young, 1974). More 

recently, results on non-homogeneous Markov models can also be found in Yadavalli et 

al. (2002). Semi-Markov models on the other hand relax the assumptions of 

homogeneous subgroups, by assuming conditional transition rates, depending on the 
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duration in the grade. Indeed, the longer a person stays in a particular state, the less likely 

it might be for him to leave the organization. The probability of leaving may therefore 

vary substantially with duration and destination. A semi-Markov manpower model 

combines a transition matrix of probabilities of moving between grades with a 

conditional distribution of duration in a grade (e.g. Yadavalli and Natarajan, 2001; 

McClean and Montgomery, 2000; Yadavalli, 2001; Vassiliou, 1992). Some researchers 

combine those two alternatives in non-homogeneous semi-Markov models (e.g. Janssen 

and Manca, 2002; McClean, Montgomery and Ugwuowo, 1998). Although those 

alternative approaches have the objective to improve accuracy in forecasting the 

workforce system dynamics, they suffer the same bottlenecks as other complex models 

(cfr. introduction). For real-world applications, practitioners might therefore be better off 

with strict Markov manpower models. In Section 2, some guidelines are given to build 

models conform to the strict Markov manpower model assumptions. 

 

Deterministic and Stochastic models 

Markov theory is by definition a stochastic approach. Nevertheless, in Markov manpower 

planning research, stochastic as well as deterministic models can be distinguished. The 

stochastic nature of Markov theory is inconvenient for extensive workforce system 

investigation and therefore many researchers ignore it. They take the model assumptions 

for granted. Firstly, they assume a given personnel classification in homogeneous groups, 

mostly called grades. Consequently, internal transitions are referred to by the term 

promotions. Secondly, deterministic models assume a known transition matrix and 

recruitment distribution (e.g. Georgiou and Tsantas, 2002; Davies, 1975). This might be 
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reasonable in some real-world applications, for example when the transitions are 

completely under management control. 

In most cases however, there is no functional but a statistical relation between successive 

stocks. Totally from the Markov philosophy, the stock is considered to be a random 

variable. It is well known that n(t) follows a multinomial distribution, for which the 

parameters (i.e. the flow rates) should be estimated. In this case, the flow rates are 

transition probabilities and the model can be used for predicting future stocks and flows. 

Of course, prediction in stochastic models incorporates uncertainty which can not be 

ignored in real-world applications. Three sources of error can be distinguished: Firstly, a 

statistical error arises from the fact that stocks are associated with a probability 

distribution. Secondly, an estimation error occurs because the transition probabilities 

have to be estimated (Vassiliou and Gerontidis, 1985). Finally, if the model assumptions 

are not satisfied, prediction involves a specification error. Bartholomew (1975) provides 

estimators for the prediction error in stochastic Markov manpower models under specific 

alternative hypotheses, i.e. Markov cohort analysis, Markov census analysis with given or 

estimated recruitment and Markov census analysis with known total size (cfr. Section 3). 

Besides the manpower models in which the flows are considered as deterministic and the 

models in which the flows are treated as stochastic, in Manpower Planning there is paid 

attention to partially stochastic models in which some flows are deterministic and others 

are stochastic. In practice on the one hand the number of promotions is usually largely in 

hands of the management and on the other hand the natural wastage, for example, is 

uncontrollable. For these reasons manpower models have been discussed in which the 
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description of promotions is deterministic and the wastage variable is considered as 

stochastic (Davies, 1982; Davies, 1983; Guerry, 1993; McClean, 1991). 

 

Prediction and control  

Whether the Markov manpower model is applied from a deterministic or a stochastic 

approach, the relation between stocks and flows allows forecasting internal personnel 

supply. Moreover, it offers insights in possible actions to match future personnel demand 

and supply. Therefore, research on Markov manpower models is concerned with several 

specific problems, briefly described further in this section. In Section 3 a current state-of-

the-art is given on the answers offered by scientific research. 

In a Markov manpower model the flows (internal, incoming and outgoing) are 

characterized by transition probabilities. The values of these parameters of the model 

reflect the personnel strategy of the workforce system. In fact the parameters of the model 

are a quantification of aspects as promotion and recruitment policy. An interesting 

question that can be stated is on the predictions of the stocks, i.e. how the system would 

evolve in case the current considered strategy remains unchanged for the future. In case 

the model assumptions as well as the values of the parameters of the model remain 

relevant for the future, the (expected) stocks can be forecasted: Starting from the current 

stocks and based on the model, in an iterative way predictions for the stocks can be 

computed. In fact, the forecasting procedure can be repeated for alternative personnel 

strategies. An alternative strategy can be characterized by modified values of the 

parameters of the model. The forecast of the stocks under these conditions give an answer 

to the question of what the evolution of the personnel system would be if the strategy 
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would be characterized by those considered values of the parameters. Such what-if-

analyses give insights in the effect of a particular change in the strategy on the evolution 

of the stocks. Moreover those analyses allow comparing the quality of different strategies 

in terms of certain goals to be achieved in the system. 

For reasons of efficiency and effectiveness it is desirable to have the right number of 

employees at the right places in the organization at any time. Therefore in Manpower 

Planning it is important to deal with the problem of controlling parameters in order to 

maintain or to attain a desired stock vector. In control problems, first of all, it has to be 

clarified which aspects are under control of the management in order to have an evolution 

of the personnel system in a desired direction. The control actions that can be taken under 

consideration depend on the set of parameters of the model that can be controlled and on 

the direction(s) the control of these parameters is acceptable in order to minimize the 

discrepancy between the desired and the actual stocks in the future. The aspects that are 

under control of the management will determine the list of parameters of the model that 

can be controlled. Moreover the direction in which these aspects are controllable and to 

what degree, determine restrictions that result in realistic values for these parameters of 

the manpower model (Skulj, Vehovar and Stamfelj, 2008). These insights can be 

translated into a characterization of the personnel strategies that are acceptable for the 

company. In case alternative recruitment strategies are under consideration for the 

workforce system, the parameters in relation to recruitment can be (arbitrarily) chosen 

and the system is under control by recruitment (Davies, 1975; Davies, 1976; Davies, 

1982). Similar, the system is under control by promotion in case alternative internal 
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transition probabilities can be considered for the personnel strategy (Bartholomew, 

Forbes and McClean, 1991). 

 

Maintainabilty and attainability 

Postulated objectives of a company can be of different kind. In case the current stock 

vector is a desirable one for the future, the goal is to maintain the stocks. In case there is a 

desirable stock vector for the future, not corresponding with the current one, the goal is to 

attain these preferred stocks. Maintainability and attainability are studied, among under 

other conditions, under control by promotion and control by recruitment (Abdallaoui, 

1987; Bartholomew, 1977; Bartholomew, Forbes and McClean, 1991; Davies, 1975; 

Davies, 1981; Guerry, 1991; Haigh, 1983; Haigh, 1983; Nilikantan and Raghavendra, 

2005; Tsantas and Georgiou, 1998). 

- Maintainability refers to the fact that the stock vector is wanted to be kept constant in 

time. Besides the discussion on maintainability (after one period of time), in 

manpower studies there has also been attention for the more generalized concept of 

maintainability after n steps (Davies, 1973). 

- In quasi-maintainability the goal is less restrictive than in maintainability since the 

proportional personnel structure is maintained constant in time, although the stocks 

can vary in time because of a change in the total size (Nilikantan, 2005). 

- The objective of a workforce system can also be formulated in terms of the asymptotic 

behavior of the stock vector. The limiting structure of the system reflects properties of 

the evolution in the long run (Keenay 1975; Vassiliou 1982). 
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Within the set of strategies that are acceptable for the company, preferences for the 

strategy in achieving the goal(s) can be taken into account. By doing this it can be 

reflected whether some way of achieving the goal(s) may be preferable to others. It can 

be for example that a personnel strategy is more preferred as the corresponding cost is 

less (Vajda, 1978; Glen, 1996; Georgiou, 1997), as the speed of converging is faster 

(Keenay, 1975), or as the strategy is at the same time efficient in reaching the goal(s) and 

deviates as little as possible from a preferred strategy (Mehlmann, 1980). Besides, in case 

a desired stock vector is not attainable, a preferred strategy can be selected based on the 

concept of the grade of attainability, i.e. the degree of similarity between attainable stock 

vectors and the desired vector (Guerry, 1999).  

 

2. A Framework for Building a Markovian Manpower Model 

Markov manpower models can be used for prediction and control in various ways. In the 

simplest case, practitioners are only interested in the future available personnel of the 

organization in its entirety. In other cases, the interest is in the future supply of employees 

with a certain characteristic, e.g. grade, salary, qualifications or experience level 

(Wijngaard, 1983). The description of the nature of the problem, defines the states in the 

personnel system under study and the data necessary for model estimation. However, to 

meet the Markovian model assumption of homogeneous personnel groups, those 

preliminary groups might need further division in the model-building process. In this 

section, we consider a framework for building an adequate Markov manpower model 

which estimates its parameters and minimizes the specification error. 
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Data Collection 

A historical dataset of (former and current) employee transitions between (preliminary) 

states is necessary to investigate the dynamics of a personnel system. But this might not 

be enough to build a Markov manpower model that satisfies the assumption of 

homogenous groups. Therefore, building a Markov manpower model requires data on 

personnel characteristics which might have a direct or indirect influence on employee’s 

transition behavior (e.g. gender, number of children, full-time equivalent). The dataset 

should include all changes in the considered states and in the influential factors. 

The most natural way for collecting data to model the dynamics of a personnel system is 

to observe a group of entrants. Such a group, joining the personnel system in the same 

time interval, is called a cohort. In practice, it is often only possible to have data on 

stocks and flows for recent time periods. This means that the available cohort-information 

is related to a restrictive period. In case a personnel dataset consists of incomplete data of 

different cohorts, the data are called transversal data (Bartholomew, Forbes and McClean, 

1991). 

 

Identification of Homogeneous Groups 

In a Markov manpower model the states are homogeneous groups of personnel for which 

the transition probabilities are assumed to be equal for each of the individuals within a 

group. Once the data have been collected, homogeneous groups can be identified. The 

problem description has determined a preliminary group classification. In De Feyter 

(2006) a general framework is presented to determine homogeneous subgroups in a 

personnel system: 
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- For every state, a multinomial logistic regression analysis is suggested to investigate 

the relation between personal characteristics and the transition probabilities. This 

identifies the significant variables for further division of the preliminary groups into 

more homogenous subgroups. Guerry (2008) offers an alternative recursive 

partitioning algorithm to determine homogeneous subgroups of personnel profiles 

under time-discrete Markov assumptions. In the final definition of the states of the 

Markov manpower model, one can decide to aggregate subgroups that have 

comparable transition probabilities (Wijngaard, 1983). An aggregation of subgroups 

results in personnel groups with a greater number of members that leads to better 

estimations of the parameters. 

- A matrix of observed flows ( )
ijn  can be tested for the presence of a Markov-memory 

based on a 2 -test (Hiscott, 1981). This test indicates to what extent the probability 

for a member to be in state j at time t depends on the state i at time t-1 and not on the 

states at t-2, t-3, … . 

- Another consideration in this stage of the model-building process is the assumption of 

time-homogeneous transition probabilities. The heterogeneity in the preliminary states 

most often causes a problem with time-homogeneity. Since the preliminary groups 

consist of subgroups with different transition probabilities, the composition of the 

overall preliminary group would change over time. This way, it is unlikely that the 

preliminary groups satisfy the assumption of time-homogeneity. However, the 

possibility exists that the transition probabilities of homogeneous subgroups also 

suffer from time-dependency. Therefore, De Feyter (2006) suggests, besides other 

personal variables, to also enter time as an explanatory variable in the multivariate 
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regression analysis, as well as the interaction effect between time and the other 

variables. For this, two approaches can be used complementary: by considering time 

as a continuous variable, a functional relation with transition probabilities is tested. In 

case of a significant relation, by a transformation, this could be incorporated in the 

model (Bartholomew, 1975). By considering time as a discrete variable, less predictive 

time-heterogeneity can be tested. In case of time-dependent transition probabilities 

which are difficult to incorporate in the model, the practitioner might still prefer non-

homogeneous Markov models (cfr. Section 1). However, at the cost of accuracy, the 

practitioner might be better off with accepting this specification error (cfr. 

introduction). In this case, the best subset of explanatory variables without the variable 

time is chosen. Alternatively, Sales (1971) offers a Goodness of Fit Statistic for testing 

time-homogeneity of transition probabilities in state i:  


−−

−=
t iJ ij

ijij

i
p

pttp
tni

)(

2

2

ˆ

)ˆ),1(ˆ(
)1()(  

which follows a 2 -distribution with )1)()(1( −− imT  degrees of freedom, 

 with: J(i) = all values of j for which ijp̂ > 0 

),1(ˆ ttpij − = transition rate during interval [t-1,t) 

ijp̂ = the estimated transition probability based on the whole historical dataset  

T = number of observed time-periods in the historical dataset 

m(i) = number of possible flows originating from state iS . 

 

The general framework suggested above determines homogeneous groups in a personnel 

system based on observable variables available in the historical dataset. Nevertheless in 
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practice, some flows depend on individual traits even within such a homogeneous group. 

In case there is a lack of observations on these sources of heterogeneity, parameter 

estimation is not possible for these subgroups in a Markov model. Earlier work 

(Ugwuowo and McClean, 2000) concerning manpower models points to the importance 

of making a distinction between two types of sources of heterogeneity, namely 

observable sources and latent sources. Guerry (2005) dealt with the problem of latent 

sources of heterogeneity by introducing a hidden Markov manpower model. This 

specifies a technique to improve homogeneity of the subgroups of the workforce system. 

When latent sources are considered in the model-building process, the statistical relation 

between stocks and flows needs further specification to allow prediction and control 

(Guerry, 2005). 

 

Model Estimation 

Once the homogeneous groups are determined, the transition probabilities have to be 

estimated. During the identification of homogeneous groups, the relations between the 

individual’s characteristics and transition probabilities are investigated. Consequently, the 

fitted response functions could be used to estimate the parameters of the Markov 

manpower model. However, a closed-form solution exists for the values of the transition 

parameters. Already in 1957, Anderson and Goodman developed a maximum likelihood 

estimator for the transition probabilities under the strict Markov assumptions:  

i

ij

ij
N

N
p =ˆ   with 

−

=

=
1
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ijij tnN   and 
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=
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1
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)(tni  and )(tnij  are the observed stocks and flows in the historical dataset.  This 

estimator is shown to be a minimum variance unbiased estimator. 

 

Model Validation 

In validating the manpower model, the goal is to measure the extent in which the model is 

able to reproduce the data on the observed stock vectors. According to validity, in most 

previous work in manpower planning a distinction was made between internal and 

predictive validity (Bartholomew, Forbes and McClean, 1991). For the internal validation 

the parameters of the model are estimated based on the available observations for all time 

periods [t,t+1) 1,...,0 −= Tt  of the stocks and flows. Based on the estimated parameters 

and the initial stock vector at time 0=t , projections are computed for the stock vectors at 

the subsequent time points. In comparing these predicted stocks with the observed ones, it 

becomes clear to what extent the model is able to reproduce the observations. For the 

predictive validity the observations are divided into two sets. The observations of the 

stocks and flows available for the time periods [t,t+1)  1,...,0 −= t  with T  are used 

to estimate the parameters of the model. Based on these estimated parameters and the 

observed stock vector at time  , projections for the stocks at time T,...,1+  are 

computed and compared with the actual observed stocks.  In fact in the predictive 

validation method the quality of the model is tested by treating the time   as the present 

and the time points T,...,1+  as the future (for which there are observations available). 

Moreover an n-fold cross validation approach can be useful in testing the goodness of fit 

of a manpower model. 
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Since the flows from a state iS  are multinomial the validity of the Markov model can be 

discussed based on a 2 -test. In previous work a goodness of fit test is expressed in 

terms of the observed stocks and their estimated values (Sales, 1971). Alternatively the 

validity can be examined by a 2 -test based on the observed flows and their estimations. 

 

3. Some Markovian Manpower Models 

The model-building process, as discussed in Section 2, ensures the acceptability of the 

Markov model assumptions. It will result into well-defined states. These states are 

personnel subgroups that are homogeneous with respect to the transition probabilities 

(estimated based on observable variables). Under the Markov model assumptions, 

additional alternative hypotheses on the workforce system result in different models. In 

each of these models, the aspects prediction, control and asymptotic behavior can be 

examined in a very specific manner. 

 

Markov cohort analysis 

In modelling a cohort and under the assumption that nobody can join the cohort in a later 

stage, for the workforce system there is no incoming flow to be considered. The 

personnel system can be described by an absorbing Markov chain in which the transient 

states are corresponding with the homogeneous categories of the personnel system and 

the absorbing states are corresponding with the different types of wastage flows (retiring, 

accepting a job in another organisation, …). 
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Based on the matrix )( ijpP =  of the internal transition probabilities from a personnel 

category )1( kiS i   to a personnel category )1( kjS j  , the evolution of the 

stock vector can be described as:  

tPnPtntn ).0().1()( =−= . 

The fact that there are no recruitments at a later stage results in stocks evolving towards 

zero, under the condition that there is wastage out of each of the personnel categories: 

)0,....,0()(lim =
→

tn
t

. 

The fundamental matrix 
1)()( −−== PInN ij of the absorbing Markov chain provides 

information on the (expected) total number of times ijn  that the process, starting from 

category iS , is in category jS  (Bartholomew, 1982). Consequently for members starting 

from category iS , the average seniority at the moment of leaving the workforce system is 

given by 
j

ijn .  

 

Markov census model 

In general, a workforce system is not composed only by the members of one cohort: staff 

members will leave the system and others will join the system. Based on census 

personnel data the transition matrix, the wastage vector and the recruitment vector can be 

estimated (cfr. Section 2). For some workforce systems prognoses or assumptions on the 

trend of the total number of recruitments in the future will be made based on efficiency 

and effectiveness considerations (Gallisch, 1989). For other systems it is more obvious to 

formulate targets for the evolution of the total number of employees (Zanakis, 1980). 
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Depending on the aspects on which there are insights available for the future and 

depending on the assumptions that are realistic for the workforce system, the evolution of 

the stock vector will be described in a different way. In what follows Markov census 

models are built and discussed under several hypotheses. 

 

Markov census model with known recruitment 

In a manpower model with known recruitment, at any time t a known targeted number 

R(t) of staff members is recruited. The incoming flow can therefore be considered starting 

from an additional state of which the stock at time t equals R(t). The probability that a 

new recruit will enter into state iS  is given by ir , the i-th component of the recruitment 

vector. The evolution of the stock vector can be discribed as: 

rtRPtntn )()1()( +−=  

with P the matrix of the internal transition probabilities. 

Although the hypotheses of this model are corresponding with the Markov properties, in 

general the manpower model is no Markov chain model.  

Under the more restrictive hypothesis of a constant total number R of  recruitments at any 

time, the asymptotical behavior is characterized by the limiting stock vector: 

1).(.)(lim −

→
−= PIrRtn

t
 

 that is also a fixed point for the strategy characterized by P, R and r (Bartholomew, 

Forbes and McClean, 1991). 
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Markov models with known total size 

At time t the stocks in the different states are the coordinates of the stock vector n(t), with 

which one can calculate the total size of the system at that moment as: 

 N t n ti
i

( ) ( )=  . 

The probability that a member of the personnel category iS  has left the system after one 

period of time is −=
j

iji pw 1 . The vector )( iww =  is the wastage vector. 

The evolution of the stock vector can be described as: 

( )   rtNtNrwPtntn . )1()('.)1()( −−++−=  

in which the matrix rwPQ '+=  is a row-stochastic matrix. 

If the evolution of the size of the system is of this nature that after each time interval the 

size has increased/decreased with a fixed proportion   , i.e. the expanding/contracting 

rate, then ( ) )1( 1)( −+= tNtN  . And the proportional personnel structure q t
n t

N t
( )

( )

( )
=   

can be forecasted based on: 

rQtqtq .
1

 .)1(
1

1
)(





 +
+−

+
= . 

According to Bartholomew, Forbes and McClean (1991), for a system with expansion 

degree   and that is under control by recruitment, the proportional personnel structure 

)(tq  is attainable from )1( −tq  iff 

 )()1().1( tqPtq +− . 

And in the context of quasi-maintainability, there can be stated that the proportional 

personnel structure q is maintainable iff qPq )1(. + . 
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In the more restrictive situation of a workforce system with a constant total size, the 

evolution of )(tq  is characterized by the Markov chain with transition matrix Q: 

 Qtqtq .)1()( −= . 

In case the matrix Q is the transition matrix of a regular Markov chain, the Fixed point 

theorem for regular Markov chains provides in a characterization of the asymptotic 

behavior of the proportional personnel structure (Seneta, 1973). Namely independent of 

the initial distribution q(0) the limiting proportional personnel structure: 

 * ).0(lim qQq t

t
=

→
 

is equal to the unique probability vector *q  that is a fixed point of Q. 

It is possible that a particular structure is not maintainable/attainable after one period of 

time but that it is after n steps. The set of n-step maintainable structures and the set of n-

step attainable structures are discussed in Davies (1973) for both systems with constant 

total size and systems with constant expanding/contracting rate. In Davies (1975), for a 

constant size system with k states and controllable by recruitment, the set nM  of n-step 

maintainable structures is described geometrically as the convex hull of 
nk points of kIR . 

In order to attain a preferred proportional structure, in Vajda (1978) an optimization 

algorithm is introduced to find a preferred strategy as the result of minimizing the 

corresponding cost by taken into account the cost of supporting a state as well as the cost 

of recruiting. Hereby the cost may differ from state to state and may vary from step to 

step. 

Mehlmann (1980) deals with the problem of attainability for a system with known total 

size by introducing a dynamic programming approach to determine optimal strategies. 

Hereby the goal is to get from the initial structure to the desired proportional personnel 
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distribution in a reasonably short time and to hold deviations from the preferred 

recruitment distribution and transition matrix as small as possible. Another criterion in 

selecting the most preferred strategy can be for example efficiency (Keenay 1975). In 

case a desired stock vector is attainable by several acceptable strategies, a strategy 

resulting in the desired stocks after a minimum number of time periods is the most 

efficient in achieving the goal. In Keenay (1975) convergence properties, such as the 

speed of convergence, are studied for systems with expanding/contracting rate   . 

In Bartholomew (1982) the set of attainable structures is described for constant size 

systems under control by recruitment and for systems under control by promotion. In this 

approach a structure is attainable in case it is attainable in a finite number of steps from at 

least one other structure. The interest of the study lies in the complement of the set, since 

for a structure not belonging to the set of attainable structures it is known that it is not 

attainable from whatever starting structure. In case a desired stock vector is not 

attainable, a preferred strategy can be selected based on the degree of similarity between 

attainable stock vectors and the desired vector, resulting in a strategy with an attainable 

stock vector that is very similar to the desired one. This concept of the grade of 

attainability is studied for constant size systems under control by recruitment in Guerry 

(1999).  

 

Markov models applied to age and length of service distributions 

In general, wastage probabilities are to an important degree depending on the age and/or 

the length of service of the members (Forbes, 1971). For this reason in several Markov 

manpower models the states are defined based on age and length of service (e.g. 
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Bartholomew, 1977; Keenay, 1975; Nilikantan, 2008). For example in Woodward (1983) 

a Markov manpower model in which the states are defined by grade, age and length of 

service provides in projections of age and grade distributions of academics in UK 

Universities. The discussed model is equispaced: the prediction intervals are all equal and 

the personnel are classified in age and length of service classes of the same size as the 

prediction intervals.  

 

Proportionality Markov manpower models 

More recently Nilakantan and Raghavendra (2005) introduced the concept of 

proportionality into the Markov manpower models. The condition of proportionality 

refers to the fact that in the same time interval the recruitment inflow into a personnel 

category jS  equals a prespecified proportion of the promotion inflow into the category 

jS . Under the assumption of proportionality the incoming flows and the internal flows 

are not considered as independent, as it is the situation in general manpower models. In 

Nilikantan (2005) maintainability, quasi-maintainability and attainability is examined for 

proportionality policies. 

 

Mixed push-pull models 

Human Resource Management literature distinguishes two recruitment approaches, in 

function of the firm’s competitive strategy (Sonnenfeld et al. 1989; Schuler and Jackson, 

1987). Firstly, vacancies could be filled by external recruitment. Once hired, employees 

grow in terms of skills, knowledge and abilities. In this case, Markov manpower models 

are suitable to investigate personnel dynamics. Therefore, Markov manpower models are 
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also often called push models, because in each time interval [t-1,t) a certain number of 

employees is expected to make a transition from state iS  to state jS , independent from 

vacancies in state jS . Secondly, vacancies could be filled by internal recruitment. 

Therefore, the Manpower Planning literature offers a pull approach, based on Renewal 

models (Bartholomew, Forbes and McClean, 1991; Sirvanci, 1984). In such systems, 

transitions from state iS  to state jS  are only possible in case of vacancies in state jS . 

Vacancies are assumed to follow a binomial distribution, based on the wastage 

probability in state jS . More recently, the consensus has grown that firms seldom apply 

one unique competitive or recruitment strategy, but mix several strategies to enable 

success on several separate markets (Ferris et al., 1999). Consequently, a mix of push and 

pull promotions might occur in the same personnel systems at the same time. Georgiou 

and Tsantas (2002) and De Feyter (2007) therefore introduced mixed push-pull models 

for prediction, control and investigation of asymptotic behavior. 

Georgiou and Tsantas (2002) introduced the Augmented Mobility Model, which allows 

modeling push as well as pull flows within the system. Besides the push flows between 

the active classes in the system, a trainee class is introduced from which individuals can 

be pulled towards the active classes jS  in case vacancies arrive in the active states. 

However, the discussion in Georgiou and Tsantas (2002) is restricted to an embedded 

Markov model, assuming known total size (cfr. above), implying that the total number of 

individuals in the system is fixed or at least known and the vacancies are calculated at an 

aggregated level. For some companies however, it might be more interesting to model 

vacancies at the level of individual states. De Feyter (2007) weakened the assumptions of 

the Augmented Mobility Model, by modeling push and pull flows between all states in 
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the personnel system and by estimating vacancies in all individual states using a binomial 

distribution. 

 

4. Conclusion 

A Markov manpower model implicitly assumes several hypotheses that might not be 

realistic for any organisation. This aspect can be experienced as a disadvantage of the 

Markov manpower models. Nevertheless a Markov manpower model is in anyway an 

interesting tool in for example gaining insights by what-if-analyses. What-if-analyses 

based on a manpower model with Markov assumptions result in properties of the 

evolution of the workforce system under the assumption that the actual promotion rates, 

wastage rates and recruitment vector would be applied in the future. These insights can be 

helpful in deciding whether the actual personnel strategy is a preferable one for the 

future. 

Moreover an analysis based on a Markov manpower model does have the advantage that 

the results can be easily communicated in terms of rates and/or numbers of employees in 

well-defined personnel categories. As a consequence of its simplicity, there are no 

advanced quantitative concepts to know to understand a report on the results from a 

Markov analysis. 

This paper offers a review on Markov manpower models. First of all, it clarified the 

interesting characteristics of those models in comparison with other Operations Research 

techniques. This explains the ongoing efforts of researchers in the field. Moreover, this 

paper offers an overview of all steps during a real-world application and explained the 

specific problems dealt with by academic researchers. Therefore, it is very useful for the 

scientific community to place further research in the current state-of-the-art. Important 
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elements in the operationalisation of these models (finding homogenous groups, 

estimating the model parameters and model validation) are discussed. Under specific 

characteristics of the workforce system, there is paid attention to the main aspects 

prediction, asymptotic behavior and control. An overview is given of properties with 

respect to maintainability and attainability. 

The validity of the Markov models is in a great extent determined by the degree of 

homogeneity of the states. One of the challenges for further research is to get an 

integrated approach in which the definition of the states of the manpower model takes 

into account observable as well as hidden heterogeneity in order to end up with more 

homogeneous states. 

In this context, another point that has to be clarified is in what way a good balance can be 

found between the level of the subdivision of the personnel system on the one hand and 

the quality of the estimated parameters with respect to the corresponding states on the 

other hand. A division of the personnel system into more subgroups can result in states of 

the Markov model that are more homogeneous but not necessarily in parameter 

estimations that are of a better quality. 

In summary, Manpower Planning involves long term strategic management decisions. 

Besides this, strong Operations Research efforts have been taken to solve problems at the 

short term tactical level of personnel management. Personnel Scheduling and Rostering 

assigns the available employees to specific tasks or shifts that should be performed by the 

company (Ernst et al., 2004; Burke et al., 2004). While in personnel scheduling the 

available personnel is more or less fixed, Manpower Planning tries to adapt the long term 

availability of employees in the company and/or the forecasted long-term needs. Of 
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course, in real-world applications, a strong interaction exists between Manpower 

Planning and Personnel Scheduling. Decisions about future personnel availability, taken 

at the long term planning level, will have an impact on the conditions which short term 

planning should take into account. On the other hand, Personnel Scheduling and 

Rostering might incorporate some specific needs about future personnel characteristics 

(e.g. willingness to work flexible hours) which long term planning should consider. 

Operations Research models that integrate both long and short term problems (to become 

an optimal solution at both levels) are still quite rare. This forms an interesting but rather 

complex challenge for future research in Operations Research (Petrovic and Vanden 

Berghe 2007). 
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