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Trend Removal in Measurements of Best Linear
Time-Varying Approximations – with Application to
Operando Electrochemical Impedance Spectroscopy

Noël Hallemans, Member, IEEE, Rik Pintelon, Fellow, IEEE, Xinhua Zhu, Thomas Collet,
Meisam Dabiri Havigh, Benny Wouters, Reynier I. Revilla, Raf Claessens, Kristof Ramharter, Annick Hubin

and John Lataire, Member, IEEE

Abstract—Equilibria evolving over time, also called trends,
are often present in ongoing measurements of real-life systems.
These trends are considered as disturbances when computing
the Best Linear Time-varying Approximation (BLTVA) of the
system. Current techniques for dealing with trends in BLTVA
measurements consist of modelling the trend with a finite number
of basis functions. However, in measurements with dominant
trends, the trend cannot always be captured well enough by this
set of basis functions, and, hence, the uncertainty on the BLTVA
increases. As a consequence, one looses low frequency informa-
tion. In this paper, the state-of-the-art method for estimating the
BLTVA is extended by removing the trend with a differencing
operator. It is shown that with this novel technique, low frequency
information becomes more visible. Moreover, the novel method
decreases the variance on the BLTVA, and allows to measure
fewer periods. Hence, the novel technique improves the route for
treating arbitrary out-of-equilibrium, or also called operando,
measurements. As an illustration, it is applied to operando
time-varying impedance measurements of three electrochemical
processes: the charging of a Li-ion battery cell, the electrorefining
of copper and the anodising of aluminium.

Index Terms—trend, odd random phase multisine, time-
varying systems, nonlinear systems, best linear approximation,
time-varying frequency response function, nonparametric esti-
mation, electrochemical impedance spectroscopy

I. INTRODUCTION

DATA-driven modelling of dynamical systems is
elementary for physical insight and diagnosis. One

builds models from measured data, and, in a next step,
infers information about the studied system from these
models. Data-driven modelling is of interest in various
engineering fields. Take, for example, electrochemical
impedance spectroscopy (EIS) [1] [2] on Li-ion batteries
[3]. A frequency dependent model for the impedance of the
battery can be computed from current and voltage data, and
can then be used for monitoring the state-of-charge (SoC)
and state-of-health (SoH) of the battery [4]. Likewise, EIS
allows one to compare the corrosion resistance of different
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types of stainless steels [5], the effect of different additives on
copper electrorefining [6] or to study the impact of aqueous
solutions on organic coatings [7]. Note that all these processes
inherently behave in a nonlinear way. Still, regarding the
modelling, one prefers to work with a linear model, that
is, the so called Best Linear Approximation (BLA) of a
nonlinear system [8]. The main reason for this is that linear
models keep things simple and interpretable. Certainly, linear
models for nonlinear systems are only justifiable when the
nonlinearities are not too strong. Therefore, it is essential to
detect and quantify the nonlinear distortions in measurements,
which has been studied in [9] [10] for time-invariant systems.
Moreover, most real-life processes behave in a time-varying
way. Linear time-invariant models of time-varying systems
were first studied in [11] and [12], where uncertainty bounds
are included due to the time-variation. Later, the explicit
modelling of the time-variation was studied in [13]–[17]
for linear systems. Naturally, nonlinear and time-varying
behaviour is prone to happen simultaneously. These systems
belong to the nonlinear time-varying (NLTV) class. The
detection, classification and quantification of nonlinear
distortions in NLTV measurements has first been studied in
[18]. The subsequent problem of estimating the so-called best
linear time-varying approximation (BLTVA) has thoroughly
been studied in [19] for a general class of NLTV systems.
Furthermore, the response of quite some real-life systems
is subject to trends. Such trends are smooth functions of
time, superimposed to the system’s response, and can be
seen as time-varying equilibria [20] [21]. Examples are
found in econometrics [22], electrochemistry [23] [24] and,
in particular, in measurements of battery packs [25]. When
measuring the frequency response of a system, such trends
are disturbances. They only contain information about the
equilibria, which should be suppressed when computing the
BLTVA. In [19], trends are dealt with by modelling them
with a set of basis functions. However, in situations where
the trend is dominant in the response, this is challenging. It
demands a high number of parameters, hence a high number
of measured periods, and should be done very accurately in
order not to distort the signal of interest. Especially in the
case of a low number of measured periods, which contributes
to shorter measurements or a higher frequency resolution,
dealing with trends in this way is suboptimal.
The contribution of this paper is an extension of the method
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of [19]. A novel trend removal technique is implemented by
making use of a differencing operation. In a first step, the
output time-series is differenced a number of times, such
that the smooth trend contribution is strongly attenuated.
Then, the BLTVA is estimated from the spectrum of the
differenced time-series, without the trend having to be
modelled parametrically as in [19]. Hence, less periods
can be measured. This novel technique also increases the
robustness and decreases the variance of the BLTVA estimate
from measurements subject to arbitrary trends. Also, it makes
it possible to extract low-frequent information, which is
crucial in many applications, from measurements where this
information is hidden beneath the trend. Hence, it contributes
to dealing with operando measurements. Three real-life
measurement examples, where the improvement of the trend
removal by differencing is compared to the method of [19],
are considered in this paper: a Li-ion battery while charging,
the electrorefining of copper and the anodising of aluminium.

The remainder of this paper is organised as follows.
First, in Section II, the class of excitation signals, the systems
considered and the experimental conditions from [19] are
recalled and extended. In Section III, the novel trend removal
step by differencing is detailed. Then, in Section IV, a model
for the spectrum of the differenced output signal is built and
in Section V the BLTVA is estimated. The extended algorithm
is finally validated on a simulation example (Section VI)
and shown on three measurement examples (Section VII). In
both simulation and measurement examples the improvement
with respect to the method of [19] is illustrated. Finally,
conclusions are drawn in Section VIII.

II. MEASUREMENTS CONSIDERED

In data-driven modelling, one builds models of dynamical
systems, starting from measurements. The system is excited
with an input signal u(t), and its response y(t) is measured.
A model is then built relating y(t) to u(t). In this paper, the
framework of [19] is considered, that is, the assumptions and
definitions on the class of odd random phase multisine inputs
u(t) (Definition 1 of [19]), nonlinear time-varying systems
(Definition 2 of [19]) and filtered band-limited white noise
v(t) (Assumption 1 of [19]). The BLTVA of the considered
class of NLTV systems is defined next.

Definition 1 (BLTVA). The Best Linear Time-Varying Approx-
imation of the considered class of NLTV systems is defined as
the time-varying transfer function G(s, t), such that

y0(t) = L−1{G(s, t)U(s)}+ ys(t), (1)

with the nonlinear distortion signal ys(t) uncorrelated with
- but not independent of - the input signal u(t) and where
U(s) = L{u(t)}, with L{•} the Laplace transform.

The BLTVA G(s, t) is then expanded as a truncated series of
rescaled Legendre polynomials bp(t) [19]

G(s, t) =

Np∑
p=0

Gp(s)bp(t), (2)

such that the final input-output relation, also subject to a trend
ytrend(t) and output noise v(t), yields

y(t) = ytrend(t) + y0(t) + v(t), (3a)

with

y0(t) =

Np∑
p=0

L−1{Gp(s)U(s)}bp(t) + ys(t), (3b)

and the trend, ytrend(t), satisfying Assumption 1.

Assumption 1 (Trend). The trend ytrend(t) is a polynomial
function of time, of which the terms of degree higher than d
can be neglected.

In practical applications, one cannot measure continuous
signals for an infinitely long time. Hence, the measured
input and output signals are windowed and sampled. The
sampling rate fs is chosen such as to satisfy the Shannon-
Nyquist theorem. Regarding the windowing, the signals are
measured for an integer number of periods of the multisine.
That is, measured during the measurement window [0, T ] with
T = PTp, P the number of periods and Tp the period
of the multisine. By measuring P consecutive periods of
the multisine, one increases the frequency resolution of the
measurement, fres = 1/T , with respect to the frequency
resolution of the multisine, f0 = 1/Tp. It contributes to the
identifiability of the time-variation [13]. The available time-
series then yields

D = {u(n), y(n)}n=0,1,...,N−1, (4)

where x(n) is a shorthand notation for x(nTs), x = u, y,
Ts = 1/fs is the sampling period and N = T/Ts is the number
of samples. However, modelling the sampled data y(n) in the
time domain is a complicated task due to a convolution and
the unknown nonlinear distortion signal ys(t). Therefore, the
choice is made to model the frequency domain data

D = {U(k), Y (k)}k=0,1,...,N/2, (5)

where the scaled discrete Fourier transform (DFT) is used

X(k) =
1

N

N−1∑
n=0

x(n)z−nk , (6)

with k the DFT bin corresponding to frequency fk = k/T
and zk = ej2πk/N . Note that U(k) is only nonzero for the
harmonics from the set

Kexc = PHexc, (7)

where Hexc represents the set of excited harmonics of the odd
random phase multisine u(t), [19], Section II.

III. TREND SUPPRESSION BY DIFFERENCING

In this section, a technique is detailed for suppressing the
trend contribution from the time-series y(n) by differencing.
This operator suppresses the smooth trend contribution, such
that computing the BLTVA from the resulting frequency
domain spectra in a next step outperforms [19].
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The time series yd(n) is defined as the d-th order difference
of the extended series ỹ(n)

yd(n) = ∆d ỹ(n) = ∆ ... ∆ ∆︸ ︷︷ ︸
d times

ỹ(n), (8)

with the differencing operator

∆ ỹ(n) = ỹ(n)− ỹ(n− 1) (9)

and

ỹ(n) =

{
0 n = −1,−2, ...,−d
y(n) n = 0, 1, ..., N − 1.

(10)

By taking this d-th order difference, one suppresses the trend.
This because the trend ytrend(t) is a smooth function of time,
and hence, when the number of samples is high enough, taking
the difference between two subsequent samples of the trend
results in very small values. The larger the order d, the more
the trend is suppressed. However, when differencing too many
times, the response of the multisine gets suppressed too. Thus,
the parameter d should be chosen wisely. In [26], a method is
proposed to choose the optimal order d ∈ N for differencing
a time series consisting of the superposition of a trend and a
random time series. Due to the random phases in the excitation
signal, the response in (3) can also be seen as the superposition
of a trend and a random time series. Hence, based on [26],
the order d is chosen such that the variance of the differenced
output time series is smallest

d = arg min
d≥0

var
(
∆d y(n)

)
, (11)

with y(n) the series ỹ(n) subsampled floor(fs/(2fmax)) times
and fmax the highest excited frequency from the multisine.
Subsampling ỹ(n) makes sure to fulfill the randomness as-
sumption. The DFT of the differenced time series yd(n) is
studied next in Theorem 1.

Theorem 1. The DFT of yd(n) yields

Yd(k) =
1

N

N−1∑
n=0

yd(n)z−nk = Fd(k)Y (k) + Ld(k), (12a)

with

Fd(k) = (1− z−1k )d, Ld(k) =
1

N

d−1∑
m=0

λmz
−m
k (12b)

and

λm =

d−m∑
r=1

(−1)r+m+1

(
d

r +m

)
y(N − r). (12c)

Proof. See Appendix A.

Accordingly, the ∆d operator implements a highpass filter
Fd(k) (the DC-value (k = 0) is filtered out, and the DFT at
the Nyquist frequency (k = N/2) is amplified by a factor
2d) with an additional transient term Ld(k), which is a
polynomial of order d − 1 in z−1k . The coefficients of this
polynomial depend on the last d samples of y(n).

It will now be demonstrated that the differencing operation

for removing the trend is stronger than just a filtering in
the frequency domain. For a polynomial trend of degree d
differencing d times suppresses the trend. However, due to
the fact that the samples at negative indices are not available,
boundary effects arise. This is demonstrated in Theorem 2.

Theorem 2. For a polynomial time-series of degree d,

p(n) =

d∑
m=0

αmn
m, (13)

the DFT of ∆dp̃(n) only contains the effect of boundary
conditions, which is a polynomial of degree d− 1 in z−1k for
k 6= 0.

Proof. Using the facts that ∆mnm = m! and ∆m+1nm = 0,
(for infinitely long time-series) one finds that

pd(n) = ∆dp̃(n) = αdd! +

d−1∑
m=0

γmδ(n−m), (14a)

with δ the Dirac function and

γm = −αdd! +

m∑
r=0

(−1)r
(
d

r

)
p(m− r). (14b)

Taking the DFT of pd(n) yields for k 6= 0

Pd(k) =
1

N

N−1∑
n=0

pd(n)z−nk =
1

N

d−1∑
m=0

γmz
−m
k . (14c)

The sum of d Dirac functions in (14a) is caused by the
fact that the true values of the samples at negative indices are
replaced by zeroes in (10). In the remainder of this article,
this will be referred to as the effect of the boundary conditions.

Theorem 2 demonstrates that a polynomial of degree d
is strongly suppressed by using a differencing operator, and
that the remainder after differencing can be captured by a
polynomial of degree d − 1 in z−1k . This important result
will be used to suppress ytrend(n) in the output signal. An
alternative proof of Theorem 2 is given in Appendix B.

Note that, in practice, the trend ytrend(n) will not exactly
be a polynomial of degree d. Nonetheless, as stated in
Assumption 1, one can assume that the higher order terms
are relatively small. When applying the differencing operator
d times, the trend will still be strongly suppressed. For the
remainder of this text, it is assumed that the trend after
differencing is negligible.
There remains one issue: the measurements y(t) do not
only contain the trend, but also the system’s response to the
multisine, and noise, see (3),

y(n) = ytrend(n) + y0(n) + v(n). (15)

Hence, the transient Ld(k) (12) will also contain a differencing
transient of the system’s term y0(n) and noise term v(n):

Ld(k) = Ld,trend(k) + Ld,0(k) + Ld,v(k). (16)
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Favorably, these supplementary, smaller, transient terms can,
simultaneoulsy with the effect of the boundary conditions, be
captured by a polynomial in z−1k of degree d− 1.

In the next section, it is detailed how the frequency
domain data from which the trend has been suppressed,

D = {U(k), Yd(k)}k=0,1,...,N/2, (17)

can be modelled. It will be shown, both on simulation
(Section VI) and on measurements (Section VII), that an
improvement in performance occurs when removing the trend
by differencing rather than modelling the trend with basis
functions as in [19].

IV. FREQUENCY DOMAIN OUTPUT MODEL

Similarly to (20) of [19], using (3) and (12a), the output
spectrum of the differenced time-series can be modelled by

Yd(k) = Fd(k)
(
Ybltv(k) + Ys(k) + V (k)

)
+ L(k), (18)

where it is assumed that the remainder of the trend can be
captured by a polynomial in z−1k , by using Theorem 2. Ex-
pressions for Ybltv(k) and Ys(k) are derived in [19], Section II.
Final expressions are recalled here for the sake of readability.
The output spectrum of the BLTVA Ybltv(k) and the nonlinear
distortions Ys(k) of the system are, respectively, given by

Ybltv(k) =
∑

k′∈Kexc

Np∑
p=0

Gp(jωk′)U(k′)Bp(k − k′) (19a)

and

Ys(k) =
∑
k′∈Knl

Np∑
p=0

Ys,p(k
′)Bp(k − k′), (19b)

where Bp(k) is the DFT of bp(t) and Knl = {0, P, 2P, ...}.
The transient term L(k) comprises the differencing system’s
and noise transients Ld,0(k) and Ld,v(k), and the effect of
the boundary conditions. As shown in Theorem 2, all of
these transient effects can simultaneously be modelled by
one polynomial of degree d− 1 in z−1k . Moreover, L(k) also
comprises the sum of the filtered system and noise transients,
which can be modelled by a polynomial in k.

Comment: Note that in the expression of the differenced
output spectrum Yd(k) (18), both the noise V (k) and the
signal of interest Ybltv(k) are shaped by the filter Fd(k). As
a result, both Ybltv(k) and V (k) are attenuated at the low
frequencies, while at the high frequencies they are amplified.
Hence, at each frequency the signal-to-noise ratio (SNR)

SNR(k) =

√
E{|Ybltv(k)|2}
E{|V (k)|2}

(20)

remains equal before and after differencing. Hence, no SNR
is lost by differencing.

V. BLTVA ESTIMATION

The methods of Sections III and IV of [19] are now
modified such as to estimate the BLTVA from the differenced
spectrum Yd(k). First, a noise estimation is needed, which
enables to enclose uncertainties on the BLTVA and eliminate
regressors that have no contribution above the noise floor.
The major modifications with respect to [19] are threefold:
(i) the spectrum Yd(k) (18) is modelled instead of Y (k), (ii)
the trend is largely suppressed and its remainder is captured
by a polynomial in z−1k , and (iii) a weighting depending on
the differencing filter is introduced in the least squares fit.

Similar to (58) of [19], the output spectrum after differencing
(18) can be modelled in a local band by

Yd(k, θ) =
∑

k′∈Knl,w

Np∑
p=0

θp(k
′)Fd(k)Bp(k − k′)

+

Na∑
r=0

αr

(
k − kc
kNw − kc

)r
+

d−1∑
m=1

γmz
−m
k , (21)

for k ∈ Kw = [k1, ..., kc, ..., kNw ] and Knl,w = Knl ∩ Kw.
The first double sum models both the filtered Ybltv(k) and
Ys(k). The second sum models the filtered system’s and
noise transients, and the out of band behaviour. The third
sum models Ld,0(k), Ld,v(k) and the effect of the boundary
conditions. A maximal value for the hyper parameter Np is
chosen by the user and Na is automatically set to

Na = floor(3P/4)−Np − d+ 1. (22)

This model in the local band can be rewritten in matrix
notation,

Yw,d = Kθ + FV, (23)

where Yw,d is the data in the local band, the regression matrix
K contains the regressors in (21), θ is a column vector with
the parameters θp(k′), αr and γm,

F = diag
(
Fd(k1), Fd(k2), . . . , Fd(kNw)

)
(24)

and V ∼ Nc(0, CV ) with covariance matrix

CV = diag
(
σ2
V (k1), σ2

V (k2), ..., σ2
V (kNw)

)
. (25)

In order to counteract the effect of the noise shaping in
(18), when estimating the parameters θ, it is natural to use
a weighted linear least squares cost function

VWLS(θ, Yw,d) = (Yw,d −Kθ)HW (Yw,d −Kθ), (26)

with W = (FFH)−1, such that the low frequencies are
more weighted than the high ones. The parameters are then
estimated as

θ̂ = arg min
θ
VWLS(θ, Yw,d) = (ΦHΦ)−1ΦHW 1/2Yw,d, (27)

with Φ = W 1/2K.
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The noise variances σ̂2
V (k) can be estimated using Theorem 1

of [18] from residuals ε, which are obtained as

ε = W 1/2(Yw,d −Kθ̂)
= (I − Φ(ΦHΦ)−1ΦH)W 1/2Yw,d. (28)

The truncation value m in Theorem 1 of [18] can be obtained
using a variation of Algorithm 1 of [19] where the differenced
output spectrum Yw,d and the weighting W over frequency
are taken into account.

Using the noise estimates σ̂2
V (k), Algorithm 2 of [19]

can then be adapted, taking into account the differenced
spectrum and the weighting, for only retaining the relevant
regressors in Φ and estimating θ̂ (27). From these estimates,
one computes

Ĝp(jωk) =
θ̂p(k)

U(k)
for k ∈ Kexc, (29a)

and

Ŷs,p(k) = θ̂p(k) for k ∈ Knl \Kexc. (29b)

Finally, the estimate of the BLTVA yields, for k ∈ Kexc,

Ĝ(jωk, t) =

Np∑
p=0

Ĝp(jωk)bp(t). (30)

Comments:
1) The uncertainty computations for estimating the variance

σ̂2
G(jωk, t) of the BLTVA Ĝ(jωk, t) are the same as

Section VI of [19], except that the regression matrix K
should be replaced by Φ = W 1/2K.

2) The estimation of the nonlinear distortion variances from
Ys,p(k) is exactly the same as Section V of [19].

3) The model Ĝ(jωk, t) is only computed at the excited
frequencies. Since the excited frequencies are chosen to
cover the frequency band of interest, there should be, by
design, enough SNR at the excited frequencies to estimate
the model.

VI. SIMULATION EXAMPLE

The modelling procedure of this paper is now applied to a
simulation example in order to show the improvement of the
trend removal by differencing compared to the method of [19].

The system under test, excitation signal u(t) and noise
signal v(t) are chosen the same as in Section VII of [19].
The trend is chosen differently:

ytrend(t) = L−1
{C(s)

s

}
(2t), (31)

which is the step response of the system

C(s) =
5.92 10−4

s2 + 1.25 10−3s+ 9.87 10−6
. (32)

Note that this trend cannot be exactly captured by a finite
number of polynomials.
The signals are measured for P = 20 periods of the multisine,
corresponding to a measurement time of T = 2000 s and

sampled at fs = 20 Hz. This results in time-series (4) with
N = 4 × 104 samples. The hyper parameter Np = 4 is
chosen, and Na is set to 9 by (22).
In a first step, the trend is removed by differencing the output
time-series y(n) d = 3 times, as set by (11). The output
time series y(n) and the differenced time series yd(n) (8)
are shown in Fig. 1. Note that, visually, the trend is not
present anymore after differencing three times. Then, the
frequency domain data (17) is computed by taking the DFT
of respectively u(n) and yd(n). The frequency domain data
before and after differencing are shown in Fig. 2, together
with the true and estimated noise levels. Time-variation can
be noted in the spectra by means of the hyperbolic shapes,
or also called skirts, around the excited frequencies [13]
[19]. Remark how the time-variation is better visible in the
spectrum after differencing and the trend has been attenuated
strongly (bottom figure). This is further investigated in Fig. 3.
It is shown that the transient term of the trend contributes to
suppressing the trend and that only a small transient term has
been added from the system’s term.
The estimated BLA’s Gp(jωk) and their covariances are
shown in Fig. 4. Remark that while the maximal number
of blocks is set to Np + 1 = 5, the procedure correctly
selects 3 blocks. The uncertainty estimation is validated
through a Monte-Carlo simulation with 100 runs. The sample
variances of the estimates Ĝp(jωk) are compared to the mean
value of the estimated total variances. As the estimated total
variances coincide within the 95% uncertainty bounds of the
Monte-Carlo simulation, the procedure is validated.

The improvement of the trend removal by differencing
with respect to the method of [19] is now studied. Applying
the algorithm of [19] to the same data with the hyper
parameters Np = 4, Nq = 2 and Na = 9 fails at estimating
the low frequencies correctly, see the high MSE of the BLA’s
at the two first excited frequencies in Fig. 5. The trend could
not be modelled accurately in a parametric way due to the
discrepancy between the number of required parameters and
number of measured periods. Hence, this shows the merit of
the trend removal by differencing.

VII. OPERANDO ODD RANDOM PHASE
ELECTROCHEMICAL IMPEDANCE SPECTROSCOPY

MEASUREMENTS

Classical odd random phase electrochemical impedance
spectroscopy (ORP-EIS) [27]–[29] is a mature tool for study-
ing stationary electrochemical processes: by exciting the sys-
tem with an odd random phase multisine signal, a stationary
impedance of the system, depending on the frequency, is
estimated from current and voltage measurements. From this
frequency dependent impedance, equivalent circuit models
(ECM) are derived [30], giving interpretation to the elec-
trochemical process. Operando ORP-EIS, on the other hand,
studies how the impedance is evolving while a process is going
on [6]. When dealing with operando measurements, the key
issues are handling large trends, resolving the impedance over
time and taking nonlinearities into account (as electrochemical
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Fig. 1. Time series y(n) (top) and yd(n) with d = 3 (bottom). Note how
the trend disappears by differencing.
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Fig. 2. Top figure: frequency domain data. Blue: U(k), dark orange: Y (k),
yellow: Ytrend(k), black: true noise variances σ2

V (k) and green: mean value
of the estimated noise variances σ̂2

V (k). Bottom figure: frequency domain
data after differencing. Blue: U(k), dark orange: Yd(k), yellow: trend after
differencing, black: true noise variances |Fd(k)|2σ2

V (k) and green: mean
value of the estimated noise variances |Fd(k)|2σ̂2

V (k). The estimated noise
variances are averaged over 100 random phase realisations of the multisine
and the disturbing noise.

processes are inherently nonlinear). This all while keeping the
number of measured periods reasonable. These issues are all
solved with the method of this paper. Three examples are now
studied: the charging of a Li-ion battery, the electrorefining
of copper and the anodising of aluminium, each containing
dominant trends. With the novel method established in this
paper, this dominant trend can be suppressed, resulting in
a significantly reduced uncertainty of the estimated BLTVA
compared to [19], especially at the low frequencies. In the
considered applications, the low-frequent information is espe-
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Fig. 3. Study of the differencing transient Ld(k). From the top row, one
notices that the transient term contributes to suppressing the trend. From
the bottom row one notices that the transient term contributes to a better
visualisation of the time variation, as the trend has been suppressed, and only
a small transient has been added to the system’s term.

0 1 2 3 4 5
-60

-40

-20

0

Fig. 4. Monte-Carlo (MC) simulation for 100 random phase realizations of
the multisine and the disturbing noise. True BLAs Gp(jωk) of the simulation
(upper full lines), mean values of the estimated BLA’s (dots), sample variances
of the estimated BLA’s (lower full lines) and mean values of the estimated
total variances (circles). Blue: p = 0, dark orange: p = 1 and yellow: p = 2.
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Fig. 5. Comparison of the MSE of the estimated BLA’s at the low frequencies
over 100 Monte-Carlo experiments. Plusses: method of [19], full lines: novel
trend removal method. Blue: p = 0, dark orange: p = 1 and yellow: p = 2.
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cially important when ECMs with time-varying components
[3] [6] are fitted on the BLTVA.

A. Li-ion battery

First, a Li-ion battery cell is studied while charging. The
battery is excited with a current signal u(t) consisting of a
mean value of 7.5 mA superimposed by an odd random phase
multisine with an RMS value of 1 mA, period Tp = 20 s
and 269 quasi-logarithmically distributed excited frequencies
within the five decade band [50 mHz, 5 kHz]. The DC-value of
the applied current charges the battery, causing an increasing
trend over time in the output voltage y(t) over the battery. The
input and output signals are measured for P = 40 periods
of the multisine, i.e. for T = 800 s, at a sampling rate of
fs = 15 kHz. The measurement window [0, T ] corresponds
to the SoC increasing from 0 to 30%. The output signal,
where a trend is clearly visible, is shown in Fig. 6 left.
The hyper parameter for obtaining the BLTVA is chosen as
Np = 10. The output time series is differenced d = 1 time
according to (11). The frequency domain data before and
after differencing together with the noise variances are shown
in Fig. 7 (left). Note how low-frequency content becomes
visible in Yd(k). The BLTVA Ĝ(jω, t) for the impedance
of the battery is shown in Fig. 8 (left). As expected, the
battery behaves capacitively and the impedance decreases as
the battery charges. One also sees remarkably more time-
variation at the lower frequencies than at the higher ones,
indicating an increase in the charge transfer reaction rate [3].

B. Copper electrorefining

As a next measurement example the electrorefining of
copper is considered. This is a technique to obtain pure copper.
Impure copper from a consumable anode is reduced onto
a steel cathode by applying a direct current between them.
Note that electrorefining is inherently a nonlinear system.
Computing the time-varying impedance between cathode and
anode is necessary for studying the effect of additives such
as thiourea on the electrorefining process [6]. The excitation
signal u(t) is the direct current of −400µA superimposed by
an odd random phase multisine, with 30µA RMS and excited
frequencies within the band [5 mHz, 15 kHz]. The measured
output signal y(t) is the voltage difference between the cath-
ode and a reference electrode. The signals are measured for
P = 20 periods of the multisine at the sampling frequency
fs = 45 kHz, resulting in a measurement time of T = 4000 s.
The output signal y(t) is shown in Fig. 6 (middle), where a
strong trend is clearly present. The hyper parameter Np = 6 is
chosen and the automatic selection of the differencing order
yields d = 2. The frequency domain signals are shown in
Fig. 7 (middle), also here one notices that low frequency
content becomes more visible after differencing. The estimated
BLTVA of the impedance is shown in Fig. 8 middle. Note
that the impedance varies with a factor 100 over frequency,
and behaves inductively at the very low frequencies and
capacitively at the higher ones.

C. Anodising of aluminium

The last measurement example is the anodising of alu-
minium. This is an important surface treatment step to in-
crease the corrosion resistance of aluminium by intentionally
increasing the thickness of the native oxide layer. In this
measurement example, the time-varying impedance of the
galvanostatic anodising of aluminium (AA2024) in a diluted
sulfuric acid solution (0.1 M H2SO4) is measured to study
the electrochemical process. The applied current u(t) consists
of the superposition of a DC value of −1.5 mA and an odd
random phase multisine of 1.5 mA RMS with 292 excited fre-
quencies within the band [50 mHz, 10 kHz]. The input current
u(t) and output voltage y(t) are measured for P = 29 periods
of the multisine at a sampling rate fs = 30 kHz, resulting
in a measurement time of T = 580 s. The output signal is
shown in Fig. 6 (right), one notices that the trend here is
dominant with respect to the response to the multisine. In this
time frame, both barrier and porous oxide layers are formed on
the aluminium surface. A model for the impedance during this
measurement has been computed using Np = 8. The output
signal was differenced twice (i.e. d = 2). In Fig. 7 (right),
one notes that the time-variation in the spectrum becomes
more visible after differencing. The estimated time-varying
impedance is shown in Fig. 8 (right). Fast variations of the
impedance are seen at the beginning of the anodising process.
This is compatible with the initial growth of the barrier oxide
layer. Which is then followed by a relatively more stable
regime, which is typical from the equilibrium state achieved
during the simultaneous growth and dissolution of the anodic
oxide layer.

D. Improvement with respect to the parametric trend removal

The improvement of the trend removal by differencing with
respect to the method of [19] is now verified on the measure-
ments. Recall that a trend has dominant low-frequency content,
and hence, the nonparametric trend removal improves the
estimate of the BLTVA at the low frequencies. The BLTVA’s
are compared in Fig. 9 for the three measurements, while the
corresponding estimated variances are shown in Fig. 10. The
two methods use the same values for Np, and regarding the
hyper parameter Nq for the method of [19], 6, 3 and 8 are
used for the three measurements, respectively. One notices at
the low frequencies that the BLTVA estimate using the trend
removal by differencing has a much smoother time behavior
and a significantly smaller variance. The fuzzy time behavior
in the BLTVA with the method from [19] could be caused by
bias errors due to unmodelled parts of the trend. One concludes
that the trend removal by differencing improves the robustness
and decreases the uncertainty of the BLTVA estimation.

VIII. CONCLUSIONS

In this paper, an extension of the BLTVA estimation of
a general class of NLTV systems [19] is presented such
that measurements subject to smooth trends can robustly be
treated. It is shown that removing the trend by differencing
decreases the variance of the BLTVA estimate. It allows
to extract information from the low frequency band, which
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Fig. 6. Output signals y(t) of the three electrochemical measurement examples. Left: battery, middle: electrorefining and right: anodising. Only one out of
hundred samples are plotted.
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middle: electrorefining and right: anodising.

could be hidden beneath the trend when using the method
of [19]. Moreover, as the trend should not be modelled by
basis functions anymore, fewer measured periods are required,
leading to shorter measurements or a higher frequency reso-
lution. Other advantages are that the computation time of the
algorithm is reduced and only one hyper parameter should
be chosen by the user: the number of basis functions Np
for the BLTVA expansion. The improvement is shown on
different electrochemical measurements. With this extension,
the technique developped in [18] and [19] is now optimally and
robustly applicable to many real-life problems, for instance
in the electrochemical field. It opens the route for studying
operando processes, that is, processes out of equilibrium.

APPENDIX A: proof of eq. (12).

The differenced time-series yd(n) (8) can be elaborated as

yd(n) =

d∑
m=0

(−1)m
(
d

m

)
ỹ(n−m) (33)

The Z-transform of a shifted time-series y(n) with only
nonzero values within the bounds 0 ≤ n ≤ N − 1 yields

Z{y(n−m)} = z−mY (z) + Im(z) (34)

with Y (z) = Z{y(n)} and

Im(z) =

{
0 for m = 0
−
∑m
r=1 y(N − r)z−(m−r) for m ≥ 1

. (35)

Applying this to (33) yields

Z{yd(n)} =

d∑
m=0

(−1)m
(
d

m

)(
z−mY (z) + Im(z)

)
(36)

= Fd(z)Y (z) + Ld(z) (37)

with

Fd(z) = (1− z−1)d (38)

and

Ld(z) =

d∑
m=0

(−1)m
(
d

m

)
Im(z). (39)

Finally, sampling z along the unit circle, that is evaluating z
in zk = e

j2πk
N and scaling with a factor N yields (12).

APPENDIX B: Alternative proof of Theorem 2

An expression for the DFT of a monomial pm(n) = nm

can be computed to be of the form

Pm(k) =
1

N

N−1∑
n=0

pm(n)z−nk

=
jm

N

dm

dθm

(1− e−jNθ

1− e−jθ
)∣∣∣∣
θ= 2πk

N

=
1

N

∑m−1
r=0 ζrz

−r
k

(1− z−1k )m
for k 6= 0. (40)

Hence, for computing the DFT of (13), one uses (40) and puts
all the terms on common denominator (1 − z−1k )d, resulting
in an expression of the form

P (k) =
1

N

N−1∑
n=0

p(n)z−nk =
1

N

∑d−1
m=0 βmz

−m
k

(1− z−1k )d
. (41)

From (12) and (41), one finds for k 6= 0

Pd(k) = Fd(k)P (k) + Ld(k) =
1

N

d−1∑
m=0

γmz
−m
k , (42)

with γm = βm + λm.
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(ULB). Since September 2019 he has been working
as a researcher with the ELEC department, VUB,
Brussels. His research focuses on data-driven mod-
elling, including linear approximations and kernel-
based regression.



IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT 11

Rik Pintelon (M’90-SM’96-F’98) was born in Gent,
Belgium, on December 4, 1959. He received a
master’s degree in electrical engineering in 1982,
a doctorate (Ph.D) in engineering in 1988, and
the qualification to teach at university level (geag-
gregeerde voor het hoger onderwijs) in 1994, all
from the Vrije Universiteit Brussel (VUB), Brus-
sels, Belgium. In 2014 he received the degree of
Doctor of Science (DSc) from the University of
Warwick (UK) for publications with the collective
title “Frequency Domain System Identification: A

Mature Modeling Tool”. From 1982 to 1984 and 1986 to 2000, Dr. Pintelon
was a researcher with the Belgian National Fund for Scientific Research
(FWO-Vlaanderen) at the Electrical Engineering (ELEC) Department of the
VUB. From 1984 to 1986 he did his military service overseas in Tunesia
at the Institut National Agronomique de Tunis. From 1991 to 2000 he was
a part-time lecturer at the department ELEC of the VUB, and since 2000
he is a full-time professor in electrical engineering at the same department.
From 2009 to 2018 he was a visiting professor at the department of Computer
Sciences of the Katholieke Universiteit Leuven, and from 2013 to 2018 he
was a honorary professor in the School of Engineering of the University
of Warwick. His main research interests include system identification, signal
processing, and measurement techniques. Dr. Pintelon is the coauthor of 4
books on System Identification and the coauthor of more than 260 articles
in refereed international journals. He has been a Fellow of IEEE since 1998.
Dr. Pintelon was the recipient of the 2012 IEEE Joseph F. Keithley Award in
Instrumentation and Measurement (IEEE Technical Field Award). He received
the 2008 IOP outstanding paper award (best paper in Measurement Science
& Technology), the 2014 Martin Black prize (best paper in Physiological
Measurement) and the 2014 Andy Chi award (best paper in IEEE Trans. on
Instrumentation and Measurement).

Xinhua Zhu obtained his B.Eng. in Wuhan Univer-
sity of Technology China, M.sc. in Ulm Unversity
Germany and Ph.D. in SURF research group at Vrije
Universiteit Brussel (VUB) Belgium. He is currently
working as a postdoc researcher in Electrochemical
and Surface Engineering (SURF) research group at
VUB. His research focus on advanced surface and
electrochemical characterization of battery materials
and interfaces.

Thomas Collet received a master’s degree in Ap-
plied Engineering from the University of Antwerp in
2014 and a master’s degree in Chemical and Materi-
als Engineering from the Vrije Universiteit Brussel
in 2016. Since 2017, he has been working on a PhD
in collaboration with Aurubis Belgium and with the
support of Flanders Innovation & Entrepreneurship
(VLAIO) to study the copper electrorefining process.

Meisam Dabiri Havigh obtained his master degree
in Chemical and Materials engineering in 2020 from
the Vrije Universiteit Brussel (VUB) and Université
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