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We construct a Lagrangian for general nonlinear electrodynamics that features electric and magnetic
potentials on equal footing. In the language of this Lagrangian, discrete and continuous electric-magnetic
duality symmetries can be straightforwardly imposed, leading to a simple formulation for theories with the
SO(2) duality invariance. When specialized to the conformally invariant case, our construction provides a
manifestly duality-symmetric formulation of the recently discovered ModMax theory. We briefly comment
on a natural generalization of this approach to p-forms in 2pþ 2 dimensions.

DOI: 10.1103/PhysRevLett.127.271601

Nonlinear electromagnetic theories with actions of the
form

S ¼
Z

Lðs;pÞd4x; s≡ 1

2
FμνFμν; p≡ 1

2
Fμν⋆Fμν

ð1Þ

have surfaced historically in relation to topics as diverse as
mitigating classical field divergences due to point charges
[1–4], induced interactions of photons via coupling to
matter [5–9], effective low-energy description of open
string theory [10,11], and construction of regular black
holes [12–15]. Here, Fμν ≡ ∂μAν − ∂νAμ and the Hodge
star is defined by ⋆Fμν ¼ ϵμνσρFσρ=2, while most generally
we view L as an arbitrary function.
There are many reasons one may want to recast (1) in a

language where both the electric potential Aμ and its dual
magnetic potential Bμ (satisfying ⋆Fμν ≡ ∂μBν − ∂νBμ in
the free Maxwell theory) appear explicitly. For one thing,
one may be interested in coupling this theory to both
electrically and magnetically charged matter, as done for
free theories in [16–19]. Furthermore, in many cases, such
as the free Maxwell theory or the celebrated Born-Infeld

(BI) theory [1,10,11,20], the equations of motion are
invariant under continuous rotations of F into ⋆F [21–
37], and it is desirable to have an action principle that
manifests this symmetry [16,38–50].
The purpose of this Letter is to give a democratic

formulation in terms of electric and magnetic potentials
to a general theory of the form (1) and to explore the
properties of this formulation for special cases of current
interest. In our construction, we shall rely on the approach
of [51,52], which, for free fields, provides a polynomial
reformulation of the Pasti-Sorokin-Tonin (PST) theory [40–
42]. It turns out that this approach is well suited for
including interactions, as we shall now demonstrate.
General formulation.—We start by recalling the formu-

lation of [51,52] for free fields,

LMaxwell ¼ −
1

4
Hb

μνHbμν þ aðxÞ
4

ϵbcε
μνλρFb

μνQc
λρ; ð2Þ

where Hb
μν ≡ Fb

μν þ aQb
μν, b ¼ 1, 2, aðxÞ is an auxiliary

scalar familiar from the PST theory, and

Fb
μν ¼ ∂μAb

ν − ∂νAb
μ; Qb

μν ¼ ∂μRb
ν − ∂νRb

μ: ð3Þ

Despite the large number of fields (Ab, Rb, a), this
Lagrangian describes a single propagating Maxwell field
whose electric potential is A1 and magnetic potential is A2.
To see this, we observe that (2) is invariant under the usual
gradient shifts of Ab and Rb (the Lagrangian depends only
on the corresponding field strengths) and has two addi-
tional symmetries,
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δa ¼ 0; δAb
μ ¼ −aub∂μa; δRb

μ ¼ ub∂μa; ð4Þ

where ubðxÞ is an arbitrary doublet of scalar field para-
meters and another gauge symmetry that shifts aðxÞ
arbitrarily and correspondingly corrects the other fields.
Further details can be found in [52]. As a consequence of
these symmetries, any solution of the equations of motion
can be gauged to

Rb ¼ 0; ⋆Fa
μν þ ϵabFb

μν ¼ 0; ð5Þ

leaving a single propagating Maxwell field.
To include interactions in this formalism, we intend to

deform the free action (2) in a way that maintains its gauge
symmetries. To this end, we first note that Hb

μν is invariant
by itself under the transformations (4), while the second
term in (2) changes by a total derivative. As a result, if we
replace Hb

μνHbμν by an arbitrary scalar function of Hb
μν, the

resulting interacting theory still automatically respects both
gradient shifts of Ab andRb, and (4), which is crucial for the
emergence of (5).
There are six functionally independent scalars one can

build from Hb
μν (Uab ¼ Uba, Vab ¼ Vba),

Uab ≡ 1

2
Ha

μνHbμν; Vab ≡ 1

2
Ha

μν⋆Hbμν: ð6Þ

Our algorithm to construct a nonlinear generalization of (2)
is then to start with

L ¼ aϵbcFb ∧ Qc þ fðU;11U;12U;22 V;11 V;12 V22Þ; ð7Þ

and constrain f by the requirement that there is an extra
symmetry shifting aðxÞ arbitrarily, so that it is a pure gauge
degree of freedom, or equivalently [52], that the equations
of motion for Ab and Rb,

d½ðfUbc þ fUcbÞ⋆Hc − ðfVbc þ fVcbÞHc þ aϵbcQc� ¼ 0; ð8Þ

d½afðfUbcþfUcbÞ⋆Hc− ðfVbcþfVcbÞHc−ϵbcFcg�¼ 0; ð9Þ

where fUab ≡ ∂f=∂Uab, fVab ≡ ∂f=∂Vab (fU21 ≡ 0≡ fV21),
imply the equation of motion for aðxÞ,

Qb ∧ Kb ¼ 0; ð10Þ

with

Ka ≡ ðfUab þ fUbaÞ⋆Hb − ðfVab þ fVbaÞHb − ϵabHb: ð11Þ

For that, we first note that, multiplying (8) by aðxÞ and
subtracting it from (9), one gets (we use the differential
form notation following the derivations of [52])

da ∧ Kb ¼ 0: ð12Þ

There is a natural way to ensure that (12) implies (10) in a
manner analogous to the free theory [52]. Indeed, if

Ka � ϵab⋆Kb ≡ 0; ð13Þ

then (12) implies Kb ¼ 0 by elementary differential form
algebra. Hence, (10) is satisfied whenever (8) and (9) are
satisfied [53].
One can translate (13) to the following condition on f:

�δacðfUcb þ fUbcÞ − ϵacðfVcb þ fVbcÞ þ δab ¼ 0: ð14Þ

These linear partial differential equations (PDEs) are solved
in full generality by

fðU;VÞ ¼∓ 1

2
Uaa þ gðλ1; λ2Þ; ð15Þ

λ1 ¼ �U12 −
1

2
ðV11 − V22Þ; ð16Þ

λ2 ¼ V12 �
1

2
ðU11 − U22Þ; ð17Þ

where gðλ1; λ2Þ is an arbitrary function (we will henceforth
use the upper signs only). The Lagrangian is then

L ¼ LMaxwell þ gðλ1; λ2Þ; ð18Þ

where λ1;2 can be read off (16), (17), and (6). This
Lagrangian respects a gauge symmetry that shifts a,

δa¼φðxÞ; δAb
μ ¼−aδRb

μ ¼
φ

ð∂aÞ2a∂
νaðQb

νμ−ϵbc⋆Qc
νμÞ:

ð19Þ

The gauge transformation rules do not depend on the
function gðλ1; λ2Þ and, in particular, are the same as in
the free case [52]; λ1;2 are invariant under (4) and (19). The
Lagrangian (18) contains a single arbitrary function of two
variables, as does (1). We shall proceed to show its relation
to the single-field formulation (1) after discussing the
surprisingly simple way additional electric-magnetic sym-
metries can be imposed on (18).
Duality symmetry.—Under the discrete Z4 interchange of

electric and magnetic degrees of freedom, H1 → H2;
H2 → −H1, and hence λ1 → −λ1; λ2 → −λ2. Therefore,
theories with such discreet duality symmetry are described
by gðλ1; λ2Þ satisfying

gð−λ1;−λ2Þ ¼ gðλ1; λ2Þ: ð20Þ

Next, one may ask for the full SO(2) duality symmetry with
respect to rotating Ab and Rb in the b-plane. Under such a
rotation by an angle α, the pair ðλ1; λ2Þ simply rotates as a
vector by an angle 2α; therefore, only the radial part is
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invariant. Hence, the SO(2)-invariant theories are encoded
in full generality by

gðλ1; λ2Þ ¼ hðwÞ; w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 þ λ22

q
; ð21Þ

and their Lagrangian is given by

L ¼ LMaxwell þ hðwÞ: ð22Þ

One can show that

w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detH

p
; ð23Þ

where Hab ≡ ð⋆Ha
μν − ϵacHc

μνÞð⋆Hbμν − ϵbdHdμνÞ=2.
Conformal invariance.—Another symmetry one may

require from (1) is conformal invariance [34–36], which
can be expressed by a condition of the form

UabfUab þ VabfVab ¼ f: ð24Þ

Then, gðλ1; λ2Þ is a homogeneous function of degree one,

g ¼ λ1g̃ðλ1=λ2Þ; ð25Þ

where g̃ðxÞ is an arbitrary function.
If we require both SO(2) symmetry and conformal

invariance, (22) reduces to

L ¼ −
1

2
Hb ∧ ⋆Hb þ aϵbcFb ∧ Qc þ δw; ð26Þ

where δ is an arbitrary real number, and w is given by (23).
As we shall show below, this construction provides an
explicit duality-symmetric formulation of the ModMax
theory recently introduced in [34] (see also [35–37]).
Analysis of the equations of motion.—As explained

under (13), Eqs. (8) and (9) imply

Kb ¼ 0 ð27Þ

for theories of the form (18). Plugging (27) into (8), we
deduce

da ∧ dRb ¼ 0; ð28Þ

exactly the same equation as for the free field case [52].
This, in turn, implies that the fields Rb can be gauge
transformed to zero (see [52] for details),

Rb ¼ 0; Hb ¼ Fb: ð29Þ

Note that the two equations (27) are Hodge-dual to each
other due to (13) and can hence be expressed as a single
equation (g1 ≡ ∂g=∂λ1; g2 ≡ ∂g=∂λ2),

⋆F1 þ F2 ¼ g2ð⋆F1 − F2Þ − g1⋆ð⋆F1 − F2Þ; ð30Þ

which includes the free case (5) given by gðλ1; λ2Þ ¼ 0.
Taking into account that (with Rb ¼ 0)

λ1 ¼
1

2
Gμν⋆Gμν; λ2 ¼ −

1

2
GμνGμν; ð31Þ

where Gμν ≡ ⋆F1
μν − F2

μν, gðλ1; λ2Þ is expressed through G,
while the right-hand side of (30) is equal to −∂g=∂G.
Therefore, (30) is an expression for ⋆F1 þ F2 in terms of
⋆F1 − F2. This means that, similar to the free field case,
there is only one independent field strength, while all the
auxiliary fields have been gauged away. Hence, we are
really dealing with a theory of one dynamical gauge field,
as intended.
Relation to the conventional single-field formulation.—

The two formulations of nonlinear electrodynamics, given
by (1) and (18), are related by nonlinear algebraic equations
involving derivatives of the corresponding Lagrangians.
We now proceed to establish this relation. If one solves (30)
for F1, by Lorentz invariance, the resulting expression must
be of the form (see, e.g., [33])

F1 ¼ αðs; pÞF2 þ βðs; pÞ⋆F2; ð32Þ

where s and p are the two independent invariants of F2,

s ¼ 1

2
F2
μνF2μν; p ¼ 1

2
F2
μν⋆F2μν; ð33Þ

and α and β depend on the specific form of g. If we apply
the exterior derivative operator to (32), the left-hand side
vanishes, and F1 disappears from the equation. What
remains is the equation of motion for the theory (1), where
F is identified with F2 and

αðs; pÞ ¼ −
∂L
∂p ; βðs; pÞ ¼ ∂L

∂s : ð34Þ

Thus, our democratic formulation reproduces dynamically
the theory (1) for a single electromagnetic field with self-
interactions.
One can recast (32) as the following equations in terms

of the invariants:

g1 ¼
2α

α2 þ ðβ þ 1Þ2 ; g2 ¼
α2 þ β2 − 1

α2 þ ðβ þ 1Þ2 : ð35Þ

Here, g is specified as a function of λ1 and λ2. The latter can
be extracted from (32), (16), and (17) as

λ1 ¼ 2αð1þ βÞs − ½α2 − ð1þ βÞ2�p;
λ2 ¼ ½α2 − ð1þ βÞ2�sþ 2αð1þ βÞp; ð36Þ
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so that

w≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 þ λ22

q
¼ ðα2 þ ðβ þ 1Þ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ p2

q
: ð37Þ

For any concrete gðλ1; λ2Þ, (35) provides a 2 × 2 system of
nonlinear algebraic equations for α and β as functions of s
and p. Given a solution of this system, one can reduce the
equations of motion of the democratic theory to the single-
field form (32). Conversely, to recast a given single-field
theory of the form (1) in terms of the democratic formu-
lation (18), one needs to obtain α and β from (34), then λ1
and λ2 from (36), and then g from (35).
Single-field formulation for duality-symmetric theo-

ries.—There is little one can say in general about solutions
to (35) and (36), but extra structures emerge for special
classes of theories. For the SO(2)-invariant case of (22), one
gets

λ1
w
h0 ¼ 2α

α2 þ ðβ þ 1Þ2 ;
λ2
w
h0 ¼ α2 þ β2 − 1

α2 þ ðβ þ 1Þ2 : ð38Þ

Eliminating h0 gives λ1ðα2 þ β2 − 1Þ ¼ 2αλ2, and then

β2 þ 2s
p
αβ − α2 ¼ 1; ð39Þ

which is, in view of (34), exactly the same as the general
SO(2)-invariance condition in the single-field formalism
[21,23,28,31,35,36,46]. The remaining equation can then
be written as

½αsþðβþ1Þp�h0j
w¼

ffiffiffiffiffiffiffiffiffiffi
s2þp2

p
½α2þðβþ1Þ2� ¼α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2þp2

q
: ð40Þ

If one is moving from the single-field formalism to the
democratic one for SO(2)-invariant theories, (39) is sat-
isfied from the start, and (40) is what must be solved to
reconstruct hðwÞ.
The ModMax theory.—For the conformally invariant

case (26), Eq. (40) becomes linear, and it can be solved
together with (39),

αðs; pÞ ¼ − sinh γ
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ s2
p ; ð41Þ

βðs; pÞ ¼ sinh γ
sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ s2
p − cosh γ: ð42Þ

With these functions, (32) reproduces the equations of
motion of the ModMax theory introduced in [34] and
defined by the Lagrangian

Lðs; pÞ ¼ − cosh γsþ sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ p2

q
: ð43Þ

Thus, with the identification

δ ¼ coth
γ

2
; ð44Þ

a democratic description of the ModMax theory is provided
by (26). This solution corresponds to δ > 1 (γ > 0) or δ <
−1 (γ < 0). For the region −1 < δ < 1, which can be given
as δ ¼ tanhðγ=2Þ, we get the same action (43), but with an
overall minus sign. This is what happens if we replace
Fμν → ⋆Fμν; γ → −γ in the Lagrangian (43), so it is the
ModMax theory written in terms of the dual magnetic
potential. The case δ ¼ 1 [54] corresponds to the
Białynicki-Birula electrodynamics [55,56].
Other duality-invariant theories.—While we have out-

lined the general way to connect the single-field and
democratic formulations, it involves solving nonlinear
algebraic equations, which is only possible explicitly in
special cases. Furthermore, the functions appearing in the
democratic Lagrangian may be complicated for known
simple single-field theories and vice versa.
We demonstrate here the conversion procedure for the

generalized BI theory [34,36],

LGBI¼
ffiffiffiffiffiffiffi
UV

p
−T; U≡2uþeγT; V≡−2vþe−γT;

ð45Þ

where u≡ ðsþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p
Þ=2, v≡ ð−sþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ s2

p
Þ=2,

and T is an arbitrary constant (related to the string tension
in [10]). The BI theory corresponds to γ ¼ 0. From (38),

h0 ¼
ffiffiffiffi
U

p
−

ffiffiffiffi
V

pffiffiffiffi
U

p þ ffiffiffiffi
V

p : ð46Þ

From (36),

w ¼ T
2

�
e−γ

U
V
− eγ

� 
1þ

ffiffiffiffi
V
U

r !
2

: ð47Þ

Introducing eλ ≡ ffiffiffiffiffiffiffiffiffiffi
V=U

p
, one can multiply (46) by ∂w=∂λ

and integrate to obtain

hðλÞ ¼ 4T sinh2
λ

2
coshðλþ γÞ;

wðλÞ ¼ −4T cosh2
λ

2
sinhðλþ γÞ: ð48Þ

These formulas provide an implicit definition for hðwÞ
corresponding to the generalized BI theory in the demo-
cratic formulation (22).
Conclusions.—We have provided a democratic formu-

lation (18) for the nonlinear electrodynamics (1) that
explicitly features both electric and magnetic gauge poten-
tials. It includes two auxiliary gauge fields and an auxiliary
scalar, all of which are pure gauge degrees of freedom. The
propagating degrees of freedom are those of (1).
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The SO(2) duality invariance is expressed in this
formalism by the strikingly simple condition (21), which
takes the place of the nonlinear PDE given by (39) and (34)
responsible for the same property in the single-field
formalism (this PDE is sometimes referred to [31,46] as
the Courant-Hilbert equation after the classic treatise [57]).
This makes it easy to specify arbitrary SO(2)-invariant
interactions in (22), without any need to satisfy additional
constraints. In particular, polynomial interactions can be
straightforwardly introduced by choosing hðwÞ in (22) as a
polynomial in w2. If conformal symmetry is imposed in
addition to the SO(2) invariance, the theory further sim-
plifies to (26), which is a democratic formulation of the
ModMax theory introduced in [34].
Our formulation has been developed as a nonlinear

extension of the approach employed for free fields in
[51,52]. In the free field context, this approach is closely
related to the PST formulation [40–42], which is recovered
by integrating out the auxiliary form fields. The relation is
less obvious for the interacting theories discussed here
since the equations of motion are no longer linear. If the
auxiliary gauge fields can be successfully integrated out, a
PST-like formulation of nonlinear electrodynamics will be
produced.
Our approach to constructing the Lagrangian (18) has

been rather systematic in that we started with a simple
Lagrangian ansatz that automatically respects all the
necessary gauge symmetries except for the symmetry that
shifts the auxiliary scalar. Then, enforcing this last sym-
metry fixed the form of the Lagrangian. An advantage of
the resulting theory (18) is that all the gauge symmetries are
realized in a universal manner, independent of the form of
interactions [58].
The approach adopted here naturally lends itself to

generalizations to higher form field interactions, and it
would be interesting to explore them. An educated guess is
that for (2k − 1)-form fields in 4k dimensions, the most
general nonlinear democratic Lagrangian is

L ¼ Lfree þ gðλiÞ; ð49Þ

where the first term is the free Lagrangian from [52] and the
second term is an arbitrary function of all independent
Lorentz scalars λi built out of the tensor ⋆Ha − ϵabHb. The
equations of motion will imply a deformed twisted self-
duality relation that expresses, as in (30), ⋆Fa þ ϵabFb

as a function of the opposite chirality combination
⋆Fa − ϵabFb. The SO(2) symmetry condition will further
constrain g to depend on a specific set of combinations of
λi. Similarly, for the chiral 2k-forms in 4kþ 2 dimensions,
a natural guess is of the same form (49), with the free part
given as in [51,52], while now λi are all independent
Lorentz scalars built out of the tensor ⋆H −H. These
structures will be explored in more detail in future works.
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