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FOREWORD

Mathematical research never happens in a vacuum, and this surely rings true for this thesis. Many peo-
ple, directly or indirectly, contributed in some way to this thesis: by giving advice, teaching me new
techniques, sharing their intuition or just having a chat over some drinks. It would be foolish to even
try and list every single person.

Nevertheless, I am very grateful to my colleagues and collaborators Anurag Bishnoi, Francesco
Pavese and Leo Storme, for the guidance in my early years as a mathematician. I was fortunate to
have two young and one experienced researchers taking me under their wings during the start of my
career. �eir generosity brought me my �rst taste of mathematical research and subsequent results.

I thank my colleagues Sara, Timmy, Karen, Sam and Jonathan for the company and necessary dis-
tractions during the six years of PhD. Be it co�ee breaks, math discussions, life advice or cha�ing about
pets, it was a pleasure to have you along for the ride.

In retrospect, I can thank my mathematical ‘parents’, Jan and Philippe, and my actual parents for
the same thing: thanks for le�ing me do my own thing and supporting me along the way, even if at
times you had no idea what I was doing. Your con�dence in my abilities to let me explore things on my
own have surely made me a be�er mathematician/person.

Finally to Chiara, Luca and Ainara. �anks to Chiara for her unrelenting support, her clarity in the
clu�er and her honest advice, even if it was not what I wanted to hear at times. �anks to Luca and
Ainara for making sure I did not overwork myself near the end of my PhD. Any academical frustrations
or grievances swi�ly disappear with their joy and laughter.
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4.1 Rédei’s conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2 Fuglede’s conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.3 �e cylinder conjectures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 New perspectives on old results 23
5.1 A Fourier-based proof of Rédei’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 23

5.1.1 Factorizations: Fourier zeroes, equidistribution and directions . . . . . . . . . . 23
5.1.2 Factorizations for the algebraic graph theorist . . . . . . . . . . . . . . . . . . . 25
5.1.3 �e uncertainty principle in �nite abelian groups . . . . . . . . . . . . . . . . . 26
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INTRODUCTION

In 2019 my advisor Jan De Beule and I organized the summer school Finite Geometry and Friends, bring-
ing together experts from several domains with �nite geometry as the common denominator. �e goal
was the same as the one I had throughout the last six years: to study and investigate the interplay be-
tween �nite geometry and all kinds of related topics. It thus only made sense to give my thesis the same
name.

Personally, I found the most scienti�c satisfaction in exploring new territory and seeing whether
I could contribute with the knowledge I already had. Packed with a bag of hammers, I took a stroll
through combinatorics looking for new nails to try them on. Having obtained a master’s degree at
Ghent University, my bag was of course �lled with �nite geometrical and combinatorial structures. I
never stayed long within one particular topic, and it must be said that having a relatively short a�ention
span with regards to research is both a virtue and a curse. During my short career I have dabbled in
extremal graph theory, harmonic analysis, number theory over �nite �elds, coding theory and others,
and found new results. Admi�edly, my knowledge about these topics is super�cial compared to experts
who have studied and worked in each for years. Both approaches have their merit I suppose.

For this thesis I have made a selection in the variety of topics I have studied during my PhD in order
to tell two coherent stories. �e �rst one deals with three conjectures, two of which have their origins in
tilings of abelian groups, and the third one which grew out of an a�empt to prove one of the former. �e
second part treats a classical problem in extremal combinatorics, known as Erdős-Ko-Rado problems, in
the se�ing of spherical buildings. In both of these domains we were able to solve some open problems
which in their turn of course raised new ones, as mathematics is known to do.

�e organization of the thesis is as follows. �e �rst part treats the preliminaries, with one chapter
about �nite geometry and one more for each later part. Readers familiar with the topics can safely skip
these sections as they see �t.

Part II deals with three intriguing conjectures which we will describe in detail. Currently, relations
between them appear only sporadically in the literature. We aim to remedy this and give a more com-
prehensive overview on how results and techniques from one can be applied to the others. It is my
hope that in doing so, progress can be made towards any of the three conjectures, none of which is fully
resolved as of writing.

�is journey started when I studied the polynomial method in �nite geometry as a �rst year PhD
student. Jan provided me with some notes of prof. Péter Sziklai (Eötvös Loránd University, Budapest)
and himself on the cylinder conjecture, warning me that solving the conjecture was probably out of
reach, but that I could at least learn from what they did. I could however not resist trying to solve the
conjecture anyway, and have found several wrong proofs over the years, each time sparking some hope
that the end may be in sight. To my regret, I did not succeed in this endeavour. However, together with
dr. Jeroen Demeyer (Universiteit Gent) we managed to prove some results for small instances [P1]. �is
at least provided some evidence towards the truth of the conjecture, but that was all we could do at the
time.

�is paper got noticed by prof. Sascha Kurz (University of Bayreuth) who observed that this conjec-
ture had implications in the theory of divisible codes. He emailed Jan and me with some partial results,
and I managed to improve them, resulting in the joint paper [P3], which is described in Chapter 7.
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Introduction

Finally, along the way something happened which occurred several times over the last few years:
I stumbled upon the abstract of an interesting arXiv article, completely outside of my comfort zone,
started looking further, and got pulled into the rabbit hole. �is resulted in a single-authored paper [P4]
in which I gave a counterexample to an instance of Fuglede’s conjecture. To my surprise, I could relate
this conjecture to the one I studied as a �rst year PhD student. All of these results and their context, are
the bulk of Part II.

�e last part, Part III, arose from a research visit of prof. Klaus Metsch (Justus-Liebig-Universität
Gießen) to Jan in the fall of 2020. �ey were so kind to share the problem they were working on and I
was immediately intrigued. �e problem concerns so-called Erdős-Ko-Rado problems for �ags in polar
spaces. Following the work of Pepe, Storme and Vanhove [75], there were a few open cases regarding
Erdős-Ko-Rado problems for generators in polar spaces. �e idea of Klaus and Jan was to generalize the
problem to �ags and improve the bounds in this se�ing, ultimately solving the open cases. �e approach
in [75] can be summarized as looking for bounds on cocliques in certain graphs. �e adjacency matrices
of these graphs turn out to live in a commutative association scheme, which means the theory developed
by Delsarte [32] for subsets of association schemes can be applied to �nd bounds, which are o�en sharp.
Generalizing this algebra for �ags is possible, but the commutativity is lost in the process which means
Delsarte’s results no longer apply. I noticed that a li�le-known paper due to Brouwer might be helpful
to overcome this hurdle and some computational successes with this approach jumpstarted the project,
which resulted in the joint paper [P2]. I spent that winter learning about buildings, groups with BN-
pairs and Iwahori-Hecke algebras, and in the end we have a beautiful approach to this problem (if I can
say so myself!). Even though we have not succeeded in realizing the original goal of solving open cases
from [75], we have found bounds for all possible types of �ags in projective and polar spaces in one
sweep.

As as student, I had never truly grasped the importance of projective and polar spaces, which seemed
like niche topics studied only in select places around the world. During this project my appreciation
of these subjects grew immensely, exploring its relations with �nite simple groups, spherical buildings,
algebra and representation theory. Although it takes some work to get acquainted with these topics, I
can safely say that I am a more well-rounded mathematician because of it. Due to the stronger and more
conceptual framework they provide, I have no doubts that more interesting results will follow from this
new point of view.
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SUMMARY OF RESULTS

We give a summary of the main results in this thesis, which have appeared in our papers [P1, P2, P3,
P4]. We have reprinted these references at the top of the bibliography for convenience. We refer to the
relevant parts of the thesis for de�nitions. For Part II about the three conjectures they are the following.

1. �eorem 5.3.3: constructing a counterexample to Fuglede’s conjecture in (Z/pZ)4, p odd.

2. �eorem 6.2.11: the connection between Rédei’s conjecture and the cylinder conjecture is made
explicit for the �rst time in the literature.

3. Corollary 6.2.13: a computer-assisted proof that the weaker cylinder conjecture is true for primes
up to 13.

4. Corollary 7.2.10: the generalization of the strong cylinder conjecture to higher dimensions in the
context of divisible codes is equivalent to the original.

5. Corollaries 7.4.3 and 7.4.5: the generalization of the strong cylinder conjecture to non-prime �elds
is false in general.

6. Section 7.4.3: a computer-assisted proof that the strong cylinder conjecture is true for prime pow-
ers up to 7.

For Part III on combinatorics in spherical buildings they are as follows.

7. Algorithms 1 and 2: two explicit algorithms to compute the eigenvalues of the opposition graph
on �ags in spherical buildings.

8. �eorems 10.1.1 and 10.1.6: if Ω denotes the set of �ags in a spherical building of type An, then
an EKR-set herein has size at most |Ω|

1+q(n+1)/2 .

9. �eorems 10.2.2 and 10.2.6: for type Bn the analogous bound depends on the parameter e of the
corresponding polar space, but in most cases it is |Ω|

1+qn+e−1 .

10. �eorems 10.3.2 and 10.3.3: for type Dn we �nd the bound above with e = 0.

11. �eorem 11.1.1: the multiplicity of the smallest eigenvalue of the opposition graph on maximal
�ags in type A2m−1 is m q2m−q

q−1 .

12. �eorem 11.2.9: we construct a basis for the eigenspace of the smallest eigenvalue of the opposi-
tion graph on maximal �ags in type A2m−1.

ix
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P R E L I M I N A R I E S
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CHAPTER 1

FINITE GEOMETRY

We review the theory of projective and polar spaces in a nutshell, both of which �t into the bigger
picture of spherical buildings. �e la�er were introduced by Jacques Tits in order to study the �nite
simple groups of Lie type. By �nding a natural domain on which they act, he could prove theorems in
a geometrical way, complementing the known algebraic techniques at the time. His book [87] laid the
foundations for the whole theory. We aim to give a working knowledge of projective and polar spaces
for this thesis. We refer to the book by De Bruyn [31] and the course notes by Cameron [76] for a more
extensive introduction to these topics.

1.1 Incidence geometry

An incidence geometry is a tuple (S, I, T, t), where S is a non-empty set of elements, I is a symmetric
and re�exive relation on S , and t : S → T is a surjective function onto a �nite set T = {1, . . . , r},
called the type function. Two elements of the same type are by de�nition not incident, unless they are
equal. �e number r is called the rank of the incidence structure, it is the number of di�erent types.
In Part III we will study �ags of certain incidence geometries and their combinatorics. A �ag of an
incidence geometry is a set of elements that are pairwise incident. A �ag is maximal when it is not
contained in a �ag of larger size. Since distinct elements of the same type are never incident, a �ag can
contain at most one element of each type. An automorphism of (S, I, T, t) is a bijection ϕ : S → S
with (x, y) ∈I if and only if (ϕ(x), ϕ(y)) ∈I and t(x) = t(y) if and only if t(ϕ(x)) = t(ϕ(y)) for all
x, y ∈ S .

We denote by Fq the �nite �eld of order q, where q is a prime power, and by V (n, q) the n-
dimensional vector space over Fq . �e projective space PG(n − 1, q) is the incidence geometry that
consists of all non-zero subspaces of V (n, q), the incidence being symmetrized set-theoretic contain-
ment, and the type of an element being its vector space dimension. Elements of type 1, 2, 3 and n are
respectively called points, lines, planes and hyperplanes throughout. �e projective dimension of
PG(n − 1, q) is n − 1, and a k-dimensional subspace of V (n, q) has projective dimension k − 1 as an
element of PG(n − 1, q), although we will rarely use this notion of dimension and use vector space
dimension throughout.

�e a�ne space AG(n, q) is the incidence geometry that consists of all subspaces of V (n, q) and
their cosets, viewing V (n, q) as an abelian group. �e incidence is again symmetrized set-theoretic
containment, and the type of a coset v+W is the vector dimension dim(W ). Equivalently, AG(n, q) can
be obtained by removing a hyperplane from PG(n, q) and all elements incident with it. We can reverse
this procedure, which is commonly referred to as the projective completion of an a�ne geometry or
adding the hyperplane at in�nity.

1.2 Classical groups of Lie type and their geometries
�e incidence geometries we will meet in Part III are all related to classical groups of Lie type. �ese
groups contain the �nite simple groups of Lie type as subgroups, for which Carter’s book [24] is an ex-
cellent reference. For a more axiomatic and in-depth treatment on the incidence geometries we will en-
counter, we refer to the books by Tits [87] and by Buekenhout and Cohen [22]. Denote by V := V (n, q)

3



Chapter 1. Finite geometry

the n-dimensional vector space over Fq . In this case we will also write PG(V ) for the corresponding
projective geometry.

A sesquilinear form onV is a map f : V ×V → Fq such that f(αv+βw, u) = αf(v, u)+βf(w, u)
and f(v, αw + βu) = ασf(v, w) + βσf(v, u) for all α, β ∈ Fq , v, w, u ∈ V and some �eld automor-
phism σ of Fq . A sesquilinear form is non-degenerate if f(v, w) = 0 for all w ∈ V implies v = 0.
It is hermitian if σ is an involution and f(v, w) = f(w, v)σ . In order for this to exist, we need that
q is a square and σ will map α ∈ Fq to α

√
q . A bilinear form is a sesquilinear form with σ = 1. A

bilinear form is symmetric if f(v, w) = f(w, v) and alternating if f(v, v) = 0 for all v ∈ V . One
can show that a non-degenerate alternating form on V requires dim(V ) to be even. A quadratic form
on V is a map Q : V → Fq for which Q(αv) = α2Q(v) for all α ∈ Fq and v ∈ V , and such that
Q(v + w)−Q(v)−Q(w) is a bilinear form on V .

An incidence geometry corresponding to a sesquilinear form f or a quadratic form Q arises in the
following way. A non-zero vector v is isotropic if f(v, v) = 0 orQ(v) = 0 respectively and a subspace
W is totally isotropic if f |W×W or Q|W respectively is trivial. �e Witt index of f or Q is the
dimension of the largest totally isotropic subspace. Remark that if a one-dimensional subspace of V
contains an isotropic vector, it must be totally isotropic by the de�ning properties of f and Q.

We can now consider the incidence geometry that consists of all the totally isotropic subspaces in
each of the cases above, with incidence being symmetrized set-theoretic containment and the type of
each element being its dimension (as a subspace of the underlying vector space). �ese incidence ge-
ometries are known as the classical polar spaces. �e elements of largest dimension in a polar space
are typically called generators. It is possible to de�ne polar spaces axiomatically as incidence geome-
tries starting from the generators (which must all be isomorphic to PG(r − 1, q), where r is the rank).
However, it has been shown by Tits that if the rank is at least three, these must be classical. We will
therefore restrict ourselves to these geometries.

Onto the groups now. If GL(V ) denotes the group of invertible linear transformations of V , then
PGL(V ) is the projective linear group obtained by taking the quotient of GL(V ) with the scalar
multiples of the identity matrix. It may be clear that this group acts on PG(V ), as everything happens
‘up to scalar’ in this incidence geometry.

We can now look at interesting subgroups of GL(V ) with respect to a �xed sesquilinear form f on
V . An isometry τ of V with respect to f is an element of GL(V ) that leaves the sesquilinear form
invariant, i.e. f(τ(v), τ(w)) = f(v, w) for all v, w ∈ V .

�e classical groups of Lie type we consider are PGL(n, q) and the isometry groups of various non-
degenerate sesquilinear or quadratic forms. In fact, as we like to work projectively, we will take for each
of these isometry groups its quotient with its center. �is center will consist of scalar multiples of the
identity and so this will be the same procedure as going from GL(V ) to PGL(V ).

1. the projective symplectic group PSp(2n, q): the quotient of the isometry group of a non-
degenerate alternating form on V (2n, q).

2. the projective orthogonal groups PGO+(2n, q),PGO(2n + 1, q) and PGO−(2n + 2, q): the
quotient of the isometry group of a non-degenerate quadratic form of Wi� index n in V (2n, q),
V (2n+ 1, q) and V (2n+ 2, q) respectively.

3. the projective unitary groups PGU(n, q): the quotient of the isometry group of a non-degenerate
hermitian form on V (n, q), recalling that q must be a square.

4



1.2. Classical groups of Lie type and their geometries

Even though the de�nitions depend on the choice of the respective form, it is possible to show that
in each case for given n they are unique up to change of basis, see [24].

Each of these groups acts as a group of automorphisms on the corresponding polar space. Starting
from a rather simple foundation, a sesquilinear or quadratic form on a �nite-dimensional vector space,
we hence �nd interesting and intimately connected geometrical and algebraical objects. �e striking
parallels between the groups and the geometries underscore the motivation and the beauty of the theory
of spherical buildings. Perhaps surprisingly, we will not give the de�nition of a spherical building. For
our purposes it su�ces to think of them as the geometry of �ags in projective and polar spaces and we
will see how the groups come into play in Part III. As a small preview, the fact that each of the groups
above have a similar description in terms of automorphism groups of an incidence geometry can be
algebraically deduced from the fact that they possess so-called BN -pairs. It is known that from such
groups one can construct a spherical building [43]. On the geometrical side of the picture, by consider-
ing maximal �ags in projective or each of the polar spaces we can also construct a spherical building in
a combinatorial way, indicating yet again that both approaches are di�erent sides of the same coin. We
defer the relevant de�nitions and context of these notions to Part III.

Finally, we remark that in this short overview, we have not considered the exceptional groups of Lie
type de�ned over �nite �elds known as E6, E7, E8, F4 and G2, related to the exceptional Lie algebras
labelled in the same way. �ere are a few reasons not do so, and we will return to this question in
Section 10.4.
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CHAPTER 2

FOURIER ANALYSIS ON ABELIAN GROUPS

We will introduce the basic notions of Fourier analysis on abelian groups, with a particular focus on the
elementary abelian groups (Z/pZ)d, where p is a prime. �is chapter serves as a crash course, a more
detailed reference for this subject are the online course notes by Keith Conrad [26]. Our starting point
is the space of complex-valued functions on a �nite set.

2.1 �e Hilbert space of complex-valued functions L2(Ω)

De�nition 2.1.1. Let Ω be a �nite set. �enL2(Ω) is the Hilbert space of functions f : Ω→ C endowed
with the inner product 〈f, g〉 =

∑
x∈Ω f(x)g(x).

We may denote the inner product as 〈f, g〉Ω if needed. �is space comes with a natural orthonormal
basis of indicator functions {δx | x ∈ Ω}, where

δx(y) =

{
1 if x = y

0 otherwise.

�is also shows that dim(L2(Ω)) = |Ω|. Following convential notation, we de�ne the indicator
function 1A of a set A ⊆ Ω as 1A :=

∑
a∈A δa. If A = {a} is a single element set, we will use both

1a := 1{a} and δa.

De�nition 2.1.2. �e support of a function f ∈ L2(Ω) is the set suppf := {x ∈ Ω | f(x) 6= 0}.

2.2 Characters of �nite abelian groups

If the set Ω happens to be a �nite abelian groupGwe can use this structure to derive further interesting
properties. We will write the group operation of G additively. Other conventional notation in �nite
groups used throughout the thesis includes A+B := {a+ b | a ∈ A, b ∈ B} and similarly A−B, and
A− a := A− {a} for subsets A,B ⊆ G.

De�nition 2.2.1. A character of a �nite abelian groupG is a group homomorphism to C×, and hence
an element in L2(G). Its conjugate character χ is the function de�ned by χ(g) := χ(g).

�e trivial character is 1G, which maps every element to 1. Since G is �nite, the image of any
character will be contained in the unit circle S1 = {z ∈ C | |z| = 1}. It’s an exercise to check that if χ
and ψ are two characters, then their product is again a character, where ‘product’ means the pointwise
multiplication of functions: (χ · ψ)(g) := χ(g)ψ(g). Remark that χ · χ = 1G for any character χ. It
follows that the set of characters is in fact a group, which leads us to the following de�nition.

De�nition 2.2.2. �e dual group Ĝ is the group of characters of G.

It may be clear that Ĝ is also abelian and one can show that |Ĝ| = |G|.
Some basic properties of characters are the following. We refer to [26] for the short proofs.
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Chapter 2. Fourier analysis on abelian groups

�eorem 2.2.3. Let G be a �nite abelian group. �en

∑
g∈G

χ(g) =

{
|G| if χ = 1G
0 otherwise,

and
∑
χ∈Ĝ

χ(g) =

{
|G| if g = 0

0 otherwise.

From this lemma one can deduce that the group of characters provides another orthogonal basis
of L2(G), which are moreover group homomorphisms, a property that the indicator functions do not
have.

Corollary 2.2.4. Let G be a �nite abelian group and χ, ψ ∈ Ĝ. �en

〈χ, ψ〉 =

{
|G| if χ = ψ

0 otherwise.

Proof. Replace χ by χ · ψ in �eorem 2.2.3.

By the orthogonality relations, it follows that we can easily expand any function f ∈ L2(G) in the
basis of characters as

f =
∑
χ∈Ĝ

cχχ, where cχ =
〈f, χ〉
〈χ, χ〉

=
〈f, χ〉
|G|

by Corollary 2.2.4. (2.1)

�e Fourier transform of a function f ∈ L2(G) is essentially a way of keeping track of these coe�-
cients (up to scalar).

De�nition 2.2.5. LetG be a �nite abelian group. If f ∈ L2(G) then its Fourier transform f̂ ∈ L2(Ĝ)
is de�ned as

f̂(χ) = |G|cχ = 〈f, χ〉.

We can hence rewrite (2.1) as

f =
1

|G|
∑
χ∈Ĝ

f̂(χ)χ.

Finally we recall the convolution product on L2(G).

De�nition 2.2.6. Let G be a �nite abelian group and f1, f2 ∈ L2(G). �en the convolution product
f1 ? f2 is de�ned as

(f1 ? f2)(g) =
∑
h∈G

f1(h)f2(g − h).

Two properties of the convolution product that we will use later on are the following.

Proposition 2.2.7. Let G be a �nite abelian group, g, h ∈ G and f1, f2 ∈ L2(G). �en

• δg ? δh = δg+h,

• f̂1 ? f2 = f̂1 · f̂2.

�ey are both immediate from the de�nition.
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2.3 Elementary abelian groups
We will specialize the notions introduced in the previous section to the particular instance where G is
a �nite elementary abelian group.

De�nition 2.3.1. A (�nite) elementary abelian group is a �nite group in which every non-trivial
element has the same order.

One can see that the order of every element must be a prime p. Moreover, such a group can be con-
sidered as a vector space over the �nite �eld Fp of order p and is therefore isomorphic to (Z/pZ)d for
some d ≥ 1. Since the geometry of subgroups of (Z/pZ)d and their cosets is an a�ne space, we can use
geometrical notions and intuition for these groups. We will for instance commonly refer to elements of
(Z/pZ)d as points, and subgroups (and their cosets) as subspaces.

We will describe the characters of (Z/pZ)d in the following theorem. For any two elements a, b ∈
(Z/pZ)d, where a = (a1, . . . , ad) and b = (b1, . . . , bd), de�ne the bilinear form 〈a, b〉 :=

∑d
i=1 aibi,

which we can interpret to take values in {0, . . . , p− 1} in the following.

�eorem 2.3.2. �e characters of (Z/pZ)d are {χa | a ∈ (Z/pZ)d}, where χa = e
2πi
p 〈a,·〉.

Proof. Clearly, χa is a group homomorphism for every a ∈ (Z/pZ)d. One can check that they are
orthogonal and since |G| = |Ĝ|, it follows that they exhaust the characters of G.

Remark that 〈a, x〉 = c if and only if x is a point on the hyperplane de�ned by the equation a1X1 +
· · ·+ adXd = c.

For the elementary abelian groups there is a canonical isomorphism betweenG and Ĝ, even though
this is not the case in general: we can simply map a to χa. We will make use of this canonical isomor-
phism to write f̂(a) instead of f̂(χa).
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CHAPTER 3

ALGEBRAIC GRAPH THEORY

We will develop the theory of association schemes with Part III in mind. We do not aim to give a
comprehensive background, as this would lead us too far. �e interested reader can refer to the books
by Bannai and Ito [8], Bannai, Bannai, Ito and Tanaka [7] and Cameron [23] for more details. In the
second section, we will develop some tools to �nd eigenvalues and eigenvectors of large matrices from
smaller ones, which are amenable to computations by hand.

3.1 Association schemes
Association schemes give an algebraic approach to study relations between elements of a �nite set
Ω. Given a ‘nice’ set of relations, the idea is to consider the adjacency matrices of each relation and
the algebra spanned by them. By carefully investigating this algebra, using tools from representation
theory, semide�nite programming, and others, we can then derive combinatorial properties of subsets
of Ω. �is will be the core of our methods in Part III.

3.1.1 Basics of association schemes
Let Ω be a �nite set, we will denote the set of square complex-valued matrices whose rows and columns
are indexed by Ω by MatΩ(C). So let R ⊂ Ω×Ω a relation on Ω. �e corresponding adjacency matrix
AR ∈ MatΩ(C) is a square matrix whose entries are for all x, y ∈ Ω given by

(AR)x,y =

{
1 if (x, y) ∈ R
0 otherwise.

�e combinatorial de�nition of an association scheme is the following.

De�nition 3.1.1. LetR = {R0, . . . , Rd} be a set of relations on a �nite set Ω. �enR is an association
scheme if

1. R0 = {(x, x) | x ∈ Ω} is the diagonal of Ω× Ω, i.e. identity relation;

2. R is a partition of Ω× Ω;

3. Rti := {(y, x) | (x, y) ∈ Ri} is an element ofR for all i ∈ {0, . . . , d};

4. for any i, j, k and (x, y) ∈ Rk , the number of z ∈ Ω such that (x, z) ∈ Ri and (z, y) ∈ Rj
depends only on i, j, k and not on the choice of (x, y) ∈ Rk .

One can generalize this de�nition by requiring that some relations partition the diagonal, instead of
one particular relation equalling it. In that case, the set of relations are said to be a coherent con�guration
[50].

When we translate these properties to algebraic ones, by replacing every relation by its adjacency
matrix, we get the following equivalent, but algebraic, de�nition of an association scheme.

De�nition 3.1.2. Let A = {A0, . . . , Ad} be a set of zero-one matrices in MatΩ(C). �en A is an
association scheme if

11
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1. A0 = IΩ, the identity matrix;

2.
∑d
i=0Ai = JΩ, the all-one matrix;

3. Ati ∈ A for all i ∈ {0, . . . , d};

4. the vector space spanned by A is closed under multiplication.

From this last point, we see that AiAj =
∑d
k=0 p

k
ijAk for some numbers pkij . �ese numbers are

called the intersection numbers or structure constants, depending on the source. �e la�er terminol-
ogy appears in more general treatments of association schemes, when considered as *-algebras or table
algebras [12]. We have no need for such a general account and will hence not go deeper into these topics.

We emphasize that this de�nition follows Bannai and Ito [8], as we do not require commutativity in
the de�nition of an association scheme. In Higman’s work [50] this algebra would be called a homoge-
neous coherent algebra, and its combinatorial counterpart a homogeneous coherent con�guration.

If the matrices in A are symmetric, then A is called a symmetric association scheme. If the algebra
generated byA is commutative, we say thatA is a commutative association scheme. IfA is symmetric,
it is necessarily commutative as well.

Example 3.1.3. �e Grassmann scheme Jq(n, k) is a classical symmetric association scheme from �nite
geometry. Here Ω is the set of k-dimensional subspaces of V (n, q). �e relations are Ri = {(x, y) ∈
Ω2 | dim(x ∩ y) = k − i} for 0 ≤ i ≤ k. �e labelling is chosen so that R0 is the diagonal of Ω.
Equivalently, we could consider Ω as the set of subspaces of projective dimension k−1 in PG(n−1, q).

Example 3.1.4. One of the most important classes of association schemes arises from the transitive
action of a �nite group G on a set Ω. �e orbitals, i.e. the orbits of G on Ω × Ω, satisfy all conditions
of De�nition 3.1.1 and thus form an association scheme. We will discuss this scheme in more detail in
Section 9.1.

Note that the Grassmann scheme can in fact be realized as as the last example by considering the
action of PGL(n, q) on the k-dimensional spaces of V (n, q).

3.1.2 Representation theory

As an association scheme A is a �nite-dimensional algebra over C which is closed under conjugate
transpose, it is a semi-simple matrix algebra. For our purposes, it su�ces to know that this is equivalent
to saying thatA is isomorphic to the direct sum of full square matrix algebras Matn(C), see [23, �eorem
3.2]. �is is the core of Wedderburn’s theorem:

A ∼=
s⊕
i=1

Matni(C).

�e irreducible representations are then C-algebra homomorphisms ∆i : A → Matni(C),
1 ≤ i ≤ s, which project to one of the terms. �ey satisfy ∆i(A

∗) = ∆i(A)∗ and any representation of
A is a direct sum of irreducibles. For any irreducible representation ∆i we can de�ne an irreducible
character ρi : A → C by taking traces: ρi(A) = Tr(∆i(A)).
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3.2. �otient matrices and equitable partitions

In a very concrete way, we can change our basis with a unitary matrix U such that U∗AU is block-
diagonal for all A ∈ A and blocks can be repeated:

U∗AU =



. . .
∆i(A)

. . .
∆i(A)

. . .


,

where ∆i(A) is repeated mi times. Each irreducible representation then corresponds to ‘write
the algebra in block form and extract a certain block’. In this way, we also immediately see that∑s
i=1mini = |Ω| and

∑s
i=1 n

2
i = r.

If we have a graph whose adjacency matrix A belongs to an association scheme, we can investigate
its eigenvalues of the graph by looking at the representations of the scheme. �is is especially clear
from the change-of-basis point of view above: we can try to �gure out the eigenvalues of ∆i(A), one
representation at a time. In Part III we will be further aided by the fact that the squareA2 of the adjacency
matrix is central in the algebra. Since the center of Matn(C) is {αIn | α ∈ C}, it follows that each block
∆i(A

2) must be a multiple of Ini . For the corresponding character we thus �nd ρi(A2) = niλi and
we see that λi is an eigenvalue with multiplicity ni of this block. It is only a small step to �nd out the
eigenvalues of A a�er we have done this.

3.2 �otient matrices and equitable partitions
�otient matrices can be used to �nd eigenvalues and eigenvectors of large graphs in an e�cient way,
which is how we will apply them in Chapter 11. �e theory underlying them is well-known and can for
example be found in the book by Brouwer and Haemers [21, Section 2.3] or by Godsil and Meagher [46,
Section 2.2].

De�nition 3.2.1. Let π = {X1, . . . , Xn} be a partition of the vertex set Ω of a graph Γ. �en π is
equitable if the number of neighbours in Xj of a vertex x ∈ Xi depends only on i and j and not on
the choice of x.

A particular class of equitable partitions is found as the orbit partitions of a subgroup of the auto-
morphism group Aut(Γ) of Γ. Equitable partitions are a combinatorial generalization of orbit partitions
in the same sense that association schemes are generalizations of orbital schemes.

We can write the adjacency matrix A of Γ as a block matrix according to the partition π as

A =

A1,1 . . . A1,n

... . . .
...

An,1 . . . An,n

 .

If the partition is equitable, then the row sums of each block Ai,j are constant and we will denote this
value as bi,j .

De�nition 3.2.2. �e matrix B de�ned as (B)ij = bi,j is called the quotient matrix (with respect to
π).

13
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Now de�ne the matrix S to be the |Ω| × n matrix whose columns are the characteristic vectors of
Xi, i = 1, . . . , n. �en one can check that AS = SB. It now takes one line to verify that the spectrum
of the small matrix B is contained in that of the large matrix A and eigenvectors can be transferred
accordingly.

�eorem 3.2.3. If for v ∈ Cn we have Bv = λv then also ASv = λSv.

Proof. We have ASv = SBv = S(λv) = λSv.

Example 3.2.4. In any association scheme, one can �x an element x of Ω and partition the remaining
elements according to which relation they are in with x. �e fourth condition in De�nition 3.1.1 implies
that this partition is equitable for any relation in the scheme.

Example 3.2.5. As a demonstration of the previous observation, consider the Grassmann scheme
Jq(4, 2) and �x a line in PG(3, q). �en we �nd a partition {X0, X1, X2} where Xi consists of the
lines y such that (x, y) ∈ Ri, i.e. dim(x∩ y) = 2− i. If we consider for example the relation R2 and its
corresponding adjacency matrix A2, then the quotient matrix is

B =

0 0 q4

0 q3 q4 − q3

1 (q + 1)2(q − 1) q(q + 1)(q − 1)2


with eigenvalues q4, q and−q2. �e corresponding eigenvectors of length 3 can be ‘stretched’ to eigen-
vectors of A2 of length (q2 + q + 1)(q2 + 1) by �eorem 3.2.3.

�e situation in Chapter 11 is as follows: we know the eigenvalues of a large graph and we would
like to �nd a basis of an eigenspace corresponding to a certain eigenvalue λ. We can look for subgroups
of Aut(G) with a small number of orbits such that the quotient matrix also has eigenvalue λ and eigen-
vectors can be found by hand. A�er varying the subgroup (by conjugating it), we can �nd a large set of
eigenvectors, which turn out to span the relevant eigenspace.
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CHAPTER 4

THE THREE PROTAGONISTS

Good problems and mushrooms of certain kinds
have something in common; they grow in clusters.

George Pólya

4.1 Factorizations of abelian groups: Rédei’s conjecture

In 1941, the concept of factorizations of abelian groups rose to prominence when Hajós proved Minkowski’s
conjecture. �is conjecture, stated around 1900 asks whether in a la�ice-like cube tiling of Rn (meaning
that the centers of the cubes, which are translates of a �xed unit cube, form an n-dimensional la�ice),
there are always two cubes sharing a complete (n−1)-dimensional face. �ree years before proving the
conjecture, Hajós gave a reformulation of it in group theoretical terms, before eventually completing
the proof itself. In Sándor Szabó’s book [81], we �nd the following appreciation of the proof: “According
to S. K. Stein the reformulation of Minkowski’s geometric conjecture to an algebraic problem is nothing less
remarkable than the metamorphosis of a caterpillar into a bu�er�y.”

�e remarkable beauty of this solution, as underscored above, led to a �urry of research into fac-
torizations of abelian groups. �e oldest two of our protagonists have their background in this context.
Before introducing them, let us �rst be clear on the basics.

De�nition 4.1.1. If A1, . . . , Ak are subsets of a �nite abelian group G such that every element g ∈ G
can be uniquely wri�en as a1 + · · ·+ ak , ai ∈ Ai for all i, then we write G = A1 + · · ·+ Ak and say
that this is a factorization of G. �e subsets A1, . . . , Ak will be referred to as factors of G.

Although factors refer to multiplicative notions, we will consistently use the additive notation. From
the de�nition it immediately follows that |G| =

∏
i |Ai|. Factorizations always exist: trivial examples

occur when one of the factors is the group itself, for example G = G + {g} for any g ∈ G. Non-
trivial examples can be found from any subgroup H ≤ G and a set of coset representatives R to �nd
G = H +R. A natural question therefore is: given a non-trivial factorization of G, should it always be
of this form? In other words, should one of the factors, which is a priori just a subset, be a subgroup?
�is is perhaps the main question in the topic of factorizations.

For instance, de�ne a cyclic subset of G to be a subset of the form {0, a, 2a, . . . , ra}, r ∈ N, where
0 ∈ G denotes the identity element. Hajós’ theorem, which implies Minkowski’s conjecture, then reads
as follows.

�eorem 4.1.2. If a �nite abelian group G can be factorized into cyclic subsets, then at least one of the
factors is a subgroup of G.

Di�erent generalizations of this theorem, and of Minkowski’s original conjecture, were conjectured
and (dis)proved. We refer to the previously mentioned book [81] for a thorough treatment of the subject
and its history. One generalization concerning normalized factorizations is particularly relevant for us.

De�nition 4.1.3. A factorization G = A1 + · · ·+Ak is normalized if 0 ∈ Ai for all i.
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Remark that any factorization can be normalized by replacing every factor A by A − a = {a′ −
a | a′ ∈ A} for an arbitrary a ∈ A. It is an exercise to check that this will still be a factorization.

In 1965, László Rédei proved the following result, generalizing Hajós’ theorem.

�eorem 4.1.4. If G = A1 + · · ·+Ak is a normalized factorization and each |Ai| is prime, then at least
one of the factors is a subgroup of G.

A�er a series of reductions, see again [81] for the details, the crux of the proof relies on what is
usually known as Rédei’s theorem in �nite geometry, albeit stated in group theoretical terms.

�eorem 4.1.5. If (Z/pZ)2 = A+B is a normalized factorization, thenA orB is a subgroup of (Z/pZ)2.

�e proof technique of this result was the start of what is nowadays referred to as the polynomial
method in �nite geometry, although the theory of lacunary polynomials would be a more accurate
description. �e la�er is in fact the title of the book [78] that Rédei himself devoted to the study of
lacunary polynomials and it is here that we encounter the �rst of our three conjectures as Problem 5.

Rédei’s conjecture

If (Z/pZ)3 = A+B is a normalized factorization, then A or B lies in a maximal subgroup.

As Rédei himself indicates, the truth of this conjecture paired with �eorem 4.1.5 allows one to
determine all factorizations of (Z/pZ)3. However, he notes that “this problem appears to be very di�cult”.
Its validity has been checked up to p = 11 [81, �eorem 9.1.1].

4.2 Factorizations and harmonic analysis: Fuglede’s conjecture

In a remarkably similar fashion, around the same time, but in a completely di�erent se�ing, the second
of our protagonists shows up. In 1974, Bent Fuglede [42] investigated commuting self-adjoint extensions
of the partial derivate operators ∂

∂xi
and related this to the equivalence of two properties of domains in

Rd, i.e. subsets of Rd with �nite non-zero Lebesgue measure.
On the one hand, a domain Ω is spectral if there exists Λ ⊆ Rd such that {e2πiλ·x | λ ∈ Λ} is a

basis of L2(Ω). On the other hand Ω tiles Rd by translation if there exists T such that Rd is tiled by
{Ω + t | t ∈ T}, ignoring sets of measure zero. Fuglede proved the equivalence between these two
properties under extra assumptions and conjectured that this phenomenon holds in general.

However in 2003, despite many positive results for other special cases, Terence Tao [86] showed that
Fuglede’s conjecture in full generality is false in Rd, d ≥ 5. In particular, he constructed a non-tiling
spectral set in R5 by li�ing a construction in (Z/3Z)5. So how do the notions of tiling and spectral sets
translate to �nite abelian groups and in particular to elementary abelian groups? We have already met
the former, albeit in di�erent terms.

De�nition 4.2.1. A subset A ⊆ (Z/pZ)d is tiling if there exists a factorization (Z/pZ)d = A+B.

For the notion of spectrality, recall that L2((Z/pZ)d) has a basis of irreducible characters (see Sec-
tion 2.1 in Part I). Intuitively, spectral sets are subsets sharing this property.

De�nition 4.2.2. A subset A ⊆ (Z/pZ)d is spectral if there exists B ⊆ (Z/pZ)d such that {χb | b ∈
B} is an orthogonal basis of L2(A). �e set B is called the spectrum.
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4.3. �e cylinder conjectures

Trivially, any singleton set is spectral and as before, subgroups (and their cosets) provide non-trivial
examples. �e comparison to tiling sets is quickly drawn: the obvious (non-trivial) examples are sub-
groups, but do they exhaust the possibilities? Tao shows that for p = 3 and d = 5 they do not, and
constructs a spectral set of size 6. �is set cannot tile since 6 does not divide 35 and a�er li�ing to R5,
keeping the non-tiling and spectral properties intact, this shows that Fuglede’s original conjecture is
false in this case. Since counterexamples to any direction of Fuglede’s original conjecture can be em-
bedded in higher dimensions, this in fact shows that spectrality does not imply tiling for all d ≥ 5. Tao’s
result has been improved by several authors [38, 39, 56] and at present we know that both implications
of Fuglede’s conjecture are false in Rd for d ≥ 3.

On the other hand, researchers have considered the se�ing of �nite abelian groups, and in particular
of elementary abelian groups, motivated by Tao’s counterexample. �e conjecture in this se�ing is the
following.

Fuglede’s conjecture

A subset of (Z/pZ)d is tiling if and only if it is spectral.

Deferring a full breakdown of what is known to a later section, we can brie�y summarize the current
state of a�airs as follows: for p = 2 the conjecture is known to be true for d ≤ 6, but false for d ≥ 10. On
the other hand for odd primes, it is true for d ≤ 2 and false for d ≥ 4. Our contribution to this story is the
construction of a spectral, non-tiling set in (Z/pZ)4 for all odd primes p. �is construction (up to a�ne
transformation) was independently also found by Ferguson and Sothanaphan [40] using completely
di�erent machinery. While not a groundbreaking result on itself, we believe that the cross pollination
between harmonic analysis and �nite geometry with respect to these conjectures has not been as fruitful
as it potentially could be, in either direction. Our result is one step towards an improvement of the
situation. We will describe how tools from the former, commonly used to approach Fuglede’s conjecture,
have natural interpretations in the la�er and argue that this is relevant for Rédei’s conjecture too.

4.3 Direction problems and divisible codes: the cylinder conjec-
tures

As the youngest of the three, the cylinder conjecture was �rst explicitly stated in 2008 by Simeon Ball
[3], although the foundations for it were already present in earlier joint work with Michel Lavrauw [6].
To be more precise, there are a few versions of this conjecture in varying strength, depending on the
context.

While the other two conjectures have their original motivation in a continuous problem, solved
using �nite abelian groups, this one originates from direction problems in �nite geometry, which are a
natural continuation of Rédei’s theorem. Let us restate it here in more geometrical terms, �rst recalling
the concept of determined directions. Denote by π∞ the ‘hyperplane at in�nity’ so that AG(n, q) =
PG(n, q) \ π∞ as point sets.

De�nition 4.3.1. Let S be a subset of points in AG(n, q), then the directions determined by S are
all points of the form 〈s, t〉 ∩ π∞, for all distinct s, t ∈ S.

�eorem 4.1.5 can then be equivalently stated as follows.

�eorem 4.3.2. If S is a set of p points in AG(2, p) then either S is a line or it determines at least p+3
2

directions.
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�e translation from factorizations of abelian groups to direction problems is not immediate and
needs some extra arguments, we will handle this in more detail later on. Stated in this form, it is clear
what kind of generalizations one could look for: di�erent size of S, base �elds of proper prime pow-
ers, or higher-dimensional a�ne spaces. �e �rst case was handled by Szőnyi [84], replacing size p
by arbitrary size n ≤ p. Of course if S has size larger than p, a simple application of the pigeonhole
principle shows that it must determine all directions. �e second case is the celebrated theorem due to
Ball, Blokhuis, Brouwer, Storme and Szőnyi [13].

In the last case it is less clear what the generalization would look like. Results in this direction
typically have the following form: if a set of pn−1 points in AG(n, p) determines few directions, it has
to have a certain structure. Equivalently, many non-determined directions imply structure. Restricting
ourselves to the case of prime �elds, it was shown by Storme and Sziklai [80] that one can take ‘many’
to mean ‘more than (pn−1− pn−2)/2’ and ‘structure’ being ‘S is the set of points of a hyperplane’. �is
was relaxed by Ball and Lavrauw [6] for n = 3 and consequently improved by Ball [3] to the statement
that only p− 1 non-determined directions are necessary to deduce that every hyperplane intersects S
in 0 (mod p) points. A moment’s thought shows that apart from an obvious class of examples, it is not
all that easy to construct examples of point sets of size pn−1 in AG(n, p) with the 0 (mod p) property,
even for n = 3. We will focus on this case for now.

De�nition 4.3.3. A cylinder in AG(3, p) is the set of points on p parallel lines.

�e question whether there are other examples is exactly the content of the (strong) cylinder con-
jecture, as stated in [3].

Strong cylinder conjecture

Let S be a set of p2 points in AG(3, p). If every hyperplane intersects S in 0 (mod p) points, then
S is a cylinder.

�e weak version is stated in the same article and uses the original assumption on the number of
(non-)determined directions.

Weak cylinder conjecture

Let S be a set of p2 points in AG(3, p). If there are at least p directions not determined by S, then
S is a cylinder.

Remark that all cylinders satisfy the assumption of the strong cylinder conjecture, but not necessar-
ily that of the weak cylinder conjecture. To see this, one has to observe that the directions determined by
a cylinder is the union of d concurrent lines in π∞, where d is the number of directions determined by
the base of the cylinder. �erefore, if d ≥ pwe see that the cylinder determines at least p2 +1 directions.

Di�erent versions are also used in [P1], where p+ 1 non-determined directions are assumed and a
generalization in the context of divisible codes is formulated in [P3]. �e former conjecture has been
checked up to p = 13 by computer. �e la�er appears quite naturally in the classi�cation problem of
divisible codes. �ese are linear codes over Fq whose weights are divisible by a �xed integer ∆. For
example, the set S considered in the strong cylinder conjecture corresponds to a p-divisible [p2, 4]p code,
as we’ll see in Section 7.1. �ere we will introduce the notion of projective qr-divisible [qr, v]q-codes
and formulate a generalization of the strong cylinder conjecture for them. Rather surprisingly, when
q is prime and v = r + 3, this higher-dimensional generalization is equivalent to the original strong
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cylinder conjecture. Moreover, we show that the straightforward generalization of the strong cylinder
conjecture, replacing p by a prime power q = ph, is false whenever h ≥ 3. Lastly, the approach used in
[P3] allows us to check the strong cylinder conjecture up to p = 7, with a mix of theoretical results and
computer-aided computations.
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CHAPTER 5

NEW PERSPECTIVES ON OLD RESULTS

�ere is a temptation to think we know all about �nite abelian groups
because they are all direct products of cyclic groups.

Sándor Szabó

In this chapter we will discuss Rédei’s and Fuglede’s conjectures more in depth. �e relation between
harmonic analysis and �nite geometry has not been thoroughly investigated in the literature, even
though the bene�ts are mutual. We will explicitly demonstrate the potential of this approach by showing
how the two-dimensional versions, being Rédei’s theorem and Fuglede’s conjecture in (Z/pZ)2, are
closely related in Corollary 5.1.10 and �eorem 5.2.3. �e fact that tools from harmonic analysis can be
used to prove Rédei’s theorem, and that the la�er in its turn could be used to prove part of Fuglede’s
conjecture in (Z/pZ)2 was found by the author but remained unpublished. �e former of these results
was subsequently also discovered by Lev [61] and the la�er by Kiss, Malikiosis, Somlai and Vizer [55].
Fuglede’s conjecture in (Z/pZ)2 was shown to hold before by Iosevich, Mayeli and Pakianathan [54].
�e lemmas in this chapter are well-known in the literature and can be found in several places [2, 54].

We conclude the chapter by constructing a counterexample to one direction of Fuglede’s conjecture
in (Z/pZ)d, d ≥ 4. �e construction is intrinsically geometrical as opposed to the approach of Fergu-
son and Sothanaphan [40], who found essentially the same counterexample by way of log Hadamard
matrices, inspired by the methods of Aten et al. [2].

We do not claim any grand results in this chapter. Its aim is to lay the fundamentals for any fu-
ture interdisciplinary research in this direction and serve as a reference for future work towards both
conjectures. We hope that by exploring the interaction between harmonic analysis and �nite geometry,
we can inspire researchers to develop alternative approaches to long-standing conjectures which so far
have not been considered before in the literature.

5.1 A Fourier-based proof of Rédei’s theorem

We will �rst make some general observations regarding factorizations of (Z/pZ)d and then apply this
to the case d = 2 to obtain an alternative proof of Rédei’s theorem.

5.1.1 Factorizations: Fourier zeroes, equidistribution and directions

Consider G = (Z/pZ)d and recall its dual group of characters Ĝ = {χa := e
2πi
p 〈a,·〉 | a ∈ (Z/pZ)d},

where 〈(a1, . . . , ad), (b1, . . . , bd)〉 =
∑
i aibi ∈ Z/pZ is interpreted as an element in {0, . . . , p − 1}.

Assume that G = A + B is a factorization, then pd = |A||B|. We can assume that 1 < |A|, |B| < pd

to avoid trivial factorizations. Moreover, as we saw before, we can also assume that the factorization is
normalized and so A ∩B = {0}.

We can rewrite the equality G = A + B using the convolutional product on L2(G) as follows.
Recalling the notation 1S for the characteristic functions of a subset S ⊆ G as usual, we can see that
for all x ∈ G
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1 = 1G(x) =
∑
g∈G

1A(g)1B(x− g) = (1A ? 1B)(x).

In other words, we have the functional equality 1G = 1A ? 1B and a�er applying the Fourier
transform, see Proposition 2.2.7, we �nd

δ0 = 1̂G = 1̂A · 1̂B (5.1)

where δ0 ∈ L2(Ĝ) is the indicator function of the trivial character χ0. It follows that for every
non-zero x ∈ G, we �nd either 1̂A(x) = 0 or 1̂B(x) = 0. In general we can conclude the following
lemma.

Lemma 5.1.1. If G = A+B is a factorization, then supp(1̂A) ∩ supp(1̂B) = {0}.

�e next step is to make sense of the zeroes of the Fourier transforms. For this, we will need the
following well-known lemma.

Lemma 5.1.2. Let ξ = e
2πi
p , then

∑p−1
i=0 ciξ

i = 0, ci ∈ Q if and only if all ci are equal.

Proof. �e p-th roots of unity are exactly {1, ξ, . . . , ξp−1}, the roots of Xp − 1 ∈ Q[X]. As this poly-
nomial factors over Q[X] into the irreducible factors X − 1 and Xp−1 + · · · + X + 1 by Eisenstein’s
criterion (a�er the transformation X → X + 1), this directly implies that the only possibility for a sum
of p-th roots to be zero is if all coe�cients are equal.

From the de�nition of the Fourier transform, it then follows that we can write

1̂A(x) =
∑
a∈A

χa(x) =
∑
a∈A

e−
2πi
p 〈a,x〉.

By Lemma 5.1.2 this means that 1̂A(x) = 0 if and only if every value in Z/pZ appears equally
o�en as an inner product 〈a, x〉 as a ranges over A. Remark that geometrically the equation 〈·, x〉 = c
is the de�ning equation of a hyperplane, and as c ranges over Z/pZ we �nd a whole parallel class of
hyperplanes. �is leads us to the following notion.

De�nition 5.1.3. A set S ⊆ G is equidistributed over a parallel class of hyperplanes {π1, . . . , πp} if
|S ∩ πi| = |S|/p for all i.

A necessary condition for equidistribution is of course that |S| ≡ 0 (mod p). We can conclude the
following lemma.

Lemma 5.1.4. We have 1̂A(x) = 0, x 6= 0, if and only ifA is equidistributed over the parallel hyperplanes
de�ned by the equation 〈·, x〉 = c, c ∈ Z/pZ.

Clearly, 1̂A(0) = |A| will never be zero. When d = 2 it is immediate to see that if a set of p points
equidistributed over a parallel class of lines, then it does not determine the direction of that class and
vice versa. In this way we �nd an equivalence between the geometrical notion of determined directions
and zeroes of the Fourier transform.

Remark 5.1.5. Again when d = 2, the vector x = (x1, x2) is sometimes called the direction of the line
〈·, x〉 = c in the harmonic analysis literature. However, this does not agree with the usual geometrical
de�nition as (−x2, x1, 0) ∈ PG(2, p) would be the point at in�nity of this line. Nevertheless, since we
are mostly concerned with the number of (non-)determined directions, this distinction will not be that
important.
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5.1. A Fourier-based proof of Rédei’s theorem

For factorizations, we immediately �nd the following corollary from the preceding lemma and
Lemma 5.1.1.

Corollary 5.1.6. Let (Z/pZ)d = A+B be a factorization and consider any parallel class of hyperplanes,
then at least one of A or B is equidistributed over this parallel class.

When d = 2, we can assume that |A| = |B| = p to avoid trivial cases. Moreover, as there are p+ 1
parallel classes of lines we can furthermore assume without loss generality that A is equidistributed
over at least (p+1)/2 of these. Equivalently this means thatA determines at most (p+1)/2 directions.
From here on out, we want to prove that A is a coset in G, and since the factorization is normed, this
implies that in factA is a subgroup. �is is the crux of the whole proof which Rédei solved by the use of
lacunary polynomials. We will show that it is entirely possible to stay in the realm of Fourier analysis
and �nd the same result.

Before doing so, we remark that the reduction made above is essentially the same one as in Rédei’s
book [78]. However, Fourier analysis of �nite abelian groups is not mentioned in his book, although
it is very well possible that Rédei knew about this. Without this prior knowledge, the p-th roots of
unity seemingly appear from thin air and we therefore believe that the context of Fourier analysis
sketched above provides a more conceptual explanation which will also allow us to generalize to higher
dimensions in later sections.

5.1.2 Factorizations for the algebraic graph theorist
For the reader that is more acquainted with algebraic graph theory, and Cayley graphs in particular, we
o�er a di�erent perspective on the same ma�er.

For any subsetS of a �nite abelian groupG, we can construct the (directed) Cayley graph Cay(G,S).
�is graph has as vertices the elements of G and arcs (g, g+ s) for all g ∈ G and s ∈ S. In general this
graph will be directed, but when S = −S we identify arcs in opposite directions to �nd an undirected
graph. Finally, it has a loop at every vertex if 0 ∈ S but none otherwise.

Now take a factorization G = A+B, and construct the Cayley graph Cay(G,A). One can see that
the set B corresponds to a set of vertices such that every vertex of Cay(G,A) receives exactly one arc
from B, with the understanding that if 0 ∈ A, every vertex in B receives a loop-arc from itself. �is is
related to the notion of perfect codes in simple, undirected graphs.

Consider the adjacency operator M on L2(G) de�ned as (Mf)(g) =
∑
a∈A f(g − a). Note that

the de�nition here is a bit unusual in the sense that it replaces f(g) by the sum over its in-neighbours
(from which it receives arcs), while ordinarily one sums over its out-neighbours (to which it sends arcs)
[21, Section 1.4.9].

In the language of Fourier analysis, one would writeMf = 1A ?f . Clearly we haveM1G = |A|1G,
recalling 1G(g) = 1 for all g ∈ G. For the characteristic function 1B , we can see that M1B = 1G since
every vertex receives an arc from B. Pu�ing the two together, we see that f := 1B − 1

|A|1G is an
eigenfunction of M with eigenvalue 0.

In fact, the eigenfunctions for Cayley graphs are known: every character χ ofG gives an eigenfunc-
tion of M with eigenvalue

∑
a∈A χ(a) and so the irreducible characters are an orthonormal basis of

eigenfunctions. Writing f in this basis of eigenfunctions is essentially taking its Fourier transform:

f =
∑
χ∈Ĝ

cχχ, where |G|cχ = f̂(χ) =
∑
g∈G

f(g)χ(g).
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Since f is an eigenfunction with eigenvalue 0, the only non-zero coe�cients correspond to char-
acters with eigenvalue 0, i.e. χ such that

∑
a∈A χ(a) = 0. In other words, only characters satisfying

1̂A(χ) = 0 survive. �e other non-trivial characters satisfy

0 = f̂(χ) =
∑
g∈G

(
1B −

1

|A|
1G

)
(g)χ(g) =

∑
b∈B

χ(b) + 0,

as 1̂G(χ) = 0 for all non-trivial characters. Pu�ing it all together, we see that for non-trivial charac-
ters either 1̂A(χ) = 0 or 1̂B(χ) = 0 (or both), which we obtained in a much shorter way in Lemma 5.1.1.
Restated in graph-theoretical terms, the setsA andB are design-orthogonal, meaning in this se�ing that
the non-trivial part of the characteristic function ofB, which is 1B− |B||G|1G, belongs to the 0-eigenspace
of Cay(G,A), while that of A is orthogonal to it.

5.1.3 �e uncertainty principle in �nite abelian groups
Returning to the original question, in order to prove that A is a coset, we will use an improvement of
the uncertainty principle for (Z/pZ)2 due to Biró and Lev [11]. A generalization of this idea was also
recently found by Lev [61]. �e uncertainty principle in the context of Fourier analysis of �nite abelian
groups, o�en a�ributed to Donoho and Stark [34], states that the support of a complex-valued function
on an abelian group and its Fourier transform cannot both be small.

�eorem 5.1.7. Let G be a �nite abelian group. If f : G → C is a non-zero function and f̂ its Fourier
transform, then

|supp(f)||supp(f̂)| ≥ |G|. (5.2)

We refer to the nice survey of Wigderson and Wigderson [91] for a new proof of this theorem along
with several other instances of uncertainty principles.

For general �nite abelian groups, this is the best one can do, but for elementary abelian groups it
can be improved. Consider �rst the group Z/pZ. Applying the AM-GM inequality to equation (5.2) one
can �nd |supp(f)|+ |supp(f̂)| ≥ 2

√
p. �is has been considerably improved by Biró [10] and Tao [85]

independently to the stronger inequality

|supp(f)|+ |supp(f̂)| ≥ p+ 1. (5.3)

Both uncertainty principles are sharp inequalities as witnessed by the characteristic functions of
cosets in the respective groups. It is therefore natural to wonder if equation (5.2) can be improved if we
set these examples aside. Biró and Lev [11, �eorem 1] succeeded in showing that for G = (Z/pZ)2 we
can.

�eorem 5.1.8. Let p ≥ 3 and f : (Z/pZ)2 → Q a non-zero function then

1

2
min{supp(f), supp(f̂)}+

1

p− 1
max{supp(f), supp(f̂)} ≥ p+ 1, (5.4)

except if f is constant on the cosets of a proper subgroup H of (Z/pZ)2.

Remark that f is assumed to be rational-valued. For our purposes, this is not an issue, as we are
mostly interested in characteristic functions of subsets which are {0, 1}-valued.

In order to apply this theorem to f = 1A, we need another observation on its Fourier transform.

26



5.2. A Rédei-based proof in harmonic analysis

Lemma 5.1.9. Let D be the set of directions determined by A ⊆ (Z/pZ)2, |A| = p. �en |supp(1̂A)| =
|D|(p− 1) + 1.

Proof. Recall from Lemma 5.1.4 that the zeroes of 1̂A correspond to non-determined directions and
vice versa. However, the correspondence is not one-to-one: if 1̂A(x) = 0, then also 1̂A(cx) = 0 for
every non-zero c ∈ Z/pZ and hence every non-determined direction corresponds to p − 1 zeroes on
a line through the origin in the dual plane ̂(Z/pZ)2. �e same argument shows that a (p − 1)-to-1
correspondence also holds between non-zeroes of 1̂A and directions determined by A. Lastly, we know
that 1̂A(0) = |A|, from which the equality now follows.

Since |D| ≥ 1, clearly |supp(1̂A)| ≥ |supp(1A)| = p. Now assume p ≥ 5 and apply �eorem 5.1.8
to �nd

p

2
+
|D|(p− 1) + 1

p− 1
≥ p+ 1, (5.5)

from which |D| ≥ p+3
2 follows, unless 1A is constant on the cosets of some proper subgroup of

(Z/pZ)2.

Corollary 5.1.10. If a set A of p points in (Z/pZ)2 determines at most p+1
2 directions, it is a line.

Proof. For p = 2, 3 this is trivial. For p ≥ 5 this immediately follows from equation (5.5): since A
and the only proper subgroups have size p, this means that A is in fact a coset of (Z/pZ)2 itself, as we
wanted to prove.

Phrased di�erently, if the support of its Fourier transform is ‘small’, i.e. at most p2+1
2 , then the

set is a coset. �is is an instance of the ‘structure versus randomness’ phenomenon that o�en occurs
in Fourier analysis. In this context, this dichotomy can be informally understood as saying that a set
whose characteristic function has large Fourier support is random-like, while a small Fourier support
should imply some kind of structure on the set. From Lemma 5.1.4 one can already see how just one
zero of the Fourier transform imposes some kind of ‘structure’. �e corollary above can be understood
as an extension of this situation.

To conclude this section, we give an example to show that this bound is sharp. It has been shown
by Lovász and Schrijver that this is in fact the only extremal construction [63].

Example 5.1.11. Let X = {x ∈ Fp | x(p−1)/2 = 1} ∪ {0} and S = {(x, 0, 1), (0, x, 1) | x ∈ X}, in
projective coordinates where the line at in�nity isX3 = 0. �en the directions determined by S are the
points (x,−1, 0), x ∈ X and (1, 0, 0), for a total of p+3

2 directions.

5.2 A Rédei-based proof in harmonic analysis
Now that we have seen how ideas from harmonic analysis can be applied to �nd results in �nite ge-
ometry, we can wonder whether we can go in the other direction. As an example, we will develop the
notions regarding Fuglede’s conjecture and show that in (Z/pZ)2, one direction can be proved using
Rédei’s theorem. Recall that Fuglede’s conjecture states the equivalence of a set being tiling and a set
being spectral. Let us expand on the la�er property.

Lemma 5.2.1. A subset A ⊆ (Z/pZ)d has spectrum B if and only if |A| = |B| and for all distinct
b, b′ ∈ B we have 1̂A(b− b′) = 0.
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Proof. If B is a spectrum of A, then by de�nition {χb | b ∈ B} is an orthogonal basis of L2(A). �is
implies that |B| = dim(L2(A)) = |A| and

0 = 〈χb, χb′〉L2(A) =
∑
a∈A

χb(a)χb′(a) =
∑
a∈A

χb′−b(a) = 1̂A(b′ − b),

for all distinct b, b′ ∈ B.
For the other direction, we conclude from the second condition that {χb | b ∈ B} is an orthogonal

set of vectors in L2(A) and there are dim(L2(A)) of them, implying that B is a spectrum.

Recall that 1̂A(x) = 0 implies 1̂A(cx) = 0 for c ∈ F∗p and so one can intuitively understand
the second point as saying that 1̂A vanishes on the directions determined by B, where the la�er are
understood as the lines {c(b − b′) | c ∈ F∗p, b 6= b′ ∈ B}. �ere are other consequences from the
de�nition which we record for convenience.

Lemma 5.2.2. Let A ⊆ (Z/pZ)d be a spectral set with spectrum B. Either A is a singleton or the full
group or |A| = |B| = kp for some k ∈ {1, . . . , pd−2}.

Compare this to the restriction whenA is tiling: in that case we saw that |A| divides pd. For spectral
sets we �nd more possibilities for their sizes.

Proof. Recall that the dimension of L2(A) equals |A|. �erefore, if A is a singleton, then L2(A) is one-
dimensional and any character of G spans this space. On the other end we see that A = G is also
spectral since the set of characters is an orthogonal basis of L2(G). �erefore, we can assume that
1 < |A| < |G|.

From the second point in Lemma 5.2.1 and the fact that |B| > 1, we �nd a zero of 1̂A and hence
by Lemma 5.1.4 we see that there is a parallel class of hyperplanes over which A equidistributes. �is
implies that |A| ≡ 0 (mod p). Lastly, if |B| > pd−1, then B determines every direction by the pigeon-
hole principle, which means that 1̂A(x) = 0 for all non-zero x ∈ G and hence 1̂A is a multiple of δ0.
A�er taking the Fourier transform, this implies that 1A is a multiple of 1G, which is a contradiction.
�is proves the lemma.

We are now in the position to give a short proof of Fuglede’s conjecture in (Z/pZ)2, as �rst obtained
by Iosevich, Mayeli and Pakianthan [54]. �e �rst half of the proof, based on Rédei’s theorem, was also
(independently) realized by Kiss, Malikiosis, Somlai and Vizer [55].

�eorem 5.2.3. A subset A of (Z/pZ)2 is tiling if and only if it is spectral.

Proof. Singletons and the full group are clearly both tiling and spectral, so we may assume that 1 <
|A| < p2.

Suppose that A is tiling, then (Z/pZ)2 = A + B and by the previous we can assume that |A| = p
and hence also |B| = p. �en by Rédei’s theorem it follows that either A or B is a coset of (Z/pZ)2. A
coset is spectral: we can take its spectrum to be the subgroup {χcb | c ∈ Fp} for any χb ∈ Ĝ such that
1̂A(χb) = 0. By this last condition, one can readily verify the conditions of Lemma 5.2.1. If on the other
hand B is a coset, then A is a set of coset representatives as they tile (Z/pZ)2 together. In this case we
can take B to be the spectrum and again the the conditions of Lemma 5.2.1 are satis�ed.

For the converse, if A is spectral with spectrum B, then by Lemma 5.2.2 we see that |A| = |B| = p.
�ere is at least one parallel class of lines over whichA equidistributes, again by Lemma 5.2.1 and taking
C to be one of the lines in this parallel class, we see that (Z/pZ)2 = A+ C .

Remark 5.2.4. Fuglede’s conjecture in Z/pZ is also trivially true: the only possibilities for a spectral
set are the singleton sets and the full group by Lemma 5.2.2 and likewise for tiling sets by the divisibility
condition. In this way we can already see that Fuglede’s conjecture is true in (Z/pZ)d for d ≤ 2.
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5.3 To higher dimensions

In the previous section we have discussed the case of G = (Z/pZ)2 in detail and found several a�rma-
tive results. It is natural to wonder if they can be extended to higher dimensions. For d = 3 there are
immediate connections to Rédei’s conjecture, since this conjecture also deals with tiling sets. In fact, the
problems arising in three dimensions are already as di�cult as it gets as may be clear from the following
summary on the state of Fuglede’s conjecture in (Z/pZ)d.

• p = 2: the conjecture is true for d ≤ 6. �ere exists a non-tiling spectral set for d ≥ 10.

• p odd: the conjecture is true for d ≤ 2. �ere exists a non-tiling spectral set for d ≥ 4.

In other words, for small dimensions both directions hold, while the ‘spectral implies tiling’ part is
false whenever the dimension becomes large. �e other direction is still open, but there is the following
partial result from Aten et al. [2].

�eorem 5.3.1. Let A ⊆ (Z/pZ)d and |A| ∈ {p, pd−1}, then A is tiling if and only if it is spectral.

Recall that p and pd−1 are the minimal and maximal sizes respectively for non-trivial tiling or spec-
tral sets in (Z/pZ)d.

�is dichotomy between small and large dimensions also occurs over the reals. We have already
mentioned the results of Tao [86] (disproving ‘spectral implies tiling’ in Rd, ≥ 5), Kolountzakis and
Matolcsi [56] (disproving ‘tiling implies spectral’ in Rd, d ≥ 5), improvements by Farkas and Révész
[39] for both to d = 4 and �nally to d = 3 by Farkas, Matolcsi and Móra [38].

5.3.1 Counterexamples to Fuglede’s conjecture in higher dimensions
In this section we will show that Fuglede’s conjecture fails in general for d ≥ 4 when p is odd. �is
result was independently found by Ferguson and Sothanaphan [40] making use of log Hadamard ma-
trices, which directly extends the work of a group of undergraduates under the guidance of Iosevich,
Pakianathan and Petridis [2]. In the la�er paper a counterexample for the ‘spectral implies tiling’ direc-
tion was found in (Z/pZ)4 for p ≡ 3 (mod 4) and in (Z/pZ)5 for all p.

Before doing so, we make a small detour and show why p = 2 is di�erent from odd primes with the
proof, by proving Fuglede’s conjecture in the a�rmative for d = 4. Essentially, the space is too small to
allow for non-trivial things to happen and we need to go up to d = 10 to �nd counterexamples.

Proposition 5.3.2. Let A ⊆ (Z/2Z)4, then A is a tiling if and only if it is spectral.

�is result also appears as Proposition 5.2 in [40], with more or less the same proof. For the proof,
we need a small improvement of Lemma 5.2.2 when p = 2, see [2, Corollary 5.5]. Suppose that A is a
spectral set in (Z/2Z)d with spectrumB, where |A| > 2. Now if b1, b2 and b3 are three distinct elements
in B, then from 1̂A(b1 − b3) = 1̂A(b2 − b3) = 0 we deduce that χb1−b3(a) and χb2−b3(a) take values
−1 and 1 equally o�en as a runs over A, hence |A|/2 times. On the other hand from 1̂A(b1 − b2) = 0
and the fact that χb1−b3(a)χb2−b3(a) = χb1−b2(a) we see that |A|/2 should be even, which implies that
|A| = 0 (mod 4).

Proof. In fact, we will show that any set satisfying the necessary size restrictions is simultaneously tiling
and spectral. Both for tiling sets and spectral sets, it follows from the restrictions on their sizes that for
non-trivial A, we have |A| ∈ {2, 4, 8}. In all cases except for |A| = 4, the equivalence follows from
�eorem 5.3.1, so suppose for the remainder of the proof that |A| = 4.

If A is the set of four points of a two-dimensional plane, then A is a coset of a subgroup, which
is both tiling and spectral, as we saw before. So suppose that A is not contained in a plane. By

29
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Corollaries 3.2 and 4.3 from [2], the property of being a tiling set or spectral set remains unchanged
a�er a change of basis. �erefore, a�er a transformation of the coordinates, we can suppose that
A = {(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0)}. �en one can check that

• A tiles with {(0, 0, 0, 0), (0, 0, 0, 1), (1, 1, 1, 0), (1, 1, 1, 1)}

• A has spectrum {(0, 0, 0, 0), (1, 0, 1, 0), (1, 1, 0, 0), (0, 1, 1, 0)}.

Returning to the case of odd p, our construction is based on ideas from [86] and [2]: we will look
for a set A of 2p points in (Z/pZ)4 such that there are plenty of parallel classes over which it equidis-
tributes. �is will give us enough room to �nd a spectrum B, but since 2p does not divide p4, it can
never be tiling. Lastly a standard embedding argument shows that this will also give a counterexample
in (Z/pZ)d, d ≥ 4.

A �rst naive idea to look for such a set of 2p points would be to consider the union of two disjoint
lines, but this fails to work. We will not go into detail why, but a�er some work one �nds that 1̂A should
vanish on the non-zero vectors in a two-dimensional subspace, which quickly leads to a contradiction.

Since we would like for our setA to have lots of intersections of size two with hyperplanes, it makes
sense to look for a set of 2p points on an algebraic curve of degree two. Indeed, the counterexamples
constructed in [2] are sets of points on degree two curves. Since the union of two lines does not work,
these curves have to be irreducible.

A construction that works is the following: a�er identifying (Z/pZ)4 with AG(4, p) in the usual
way, consider two planes in AG(4, p) intersecting in a point at in�nity and an irreducible conic in each
of these planes through the common point at in�nity. Now take the union of these two conics to �nd a
set of 2p a�ne points. One can immediately see that there are plenty of hyperplanes intersecting this
set in exactly two points. All that remains to do is to coordinatize and see that one can in fact �nd a
spectrum B such that the hyperplanes de�ned by the vectors b− b′ indeed intersect in two points. �is
is the content of [P4].

So �x a non-square n ∈ Fp and de�ne the sets A and B in AG(4, p) as

A =
{

(t2, t, t, 1) | t ∈ Fp
}
∪
{

(nt2, nt, t, n) | t ∈ Fp
}

and
B =

{
(1, 2i, 0, i2) | i ∈ Fp

}
∪
{

(0, 0,−2ni, ni2) | i ∈ Fp
}
.

Remark that when p ≡ 3 (mod 4) we can choose n = −1, which corresponds, up to invertible
linear transformation, to the counterexample constructed in [2].

�eorem 5.3.3. �e set A is spectral and non-tiling in (Z/pZ)4 with spectrum B.

Proof. As B is de�ned as the union of two one-parameter sets, the vector b− b′ is one of the following
expressions:

b− b′ =


(0, 2(i− j), 0, i2 − j2) (i 6= j)

(0, 0,−2n(i− j), n(i2 − j2)) (i 6= j)

±(1, 2i, 2nj, i2 − nj2)

where i, j ∈ Fp.

For each of the cases, we will show that 〈b− b′, ·〉 = c has two solutions in A.
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5.3. To higher dimensions

1. b− b′ = (0, 2(i− j), 0, i2 − j2) where i, j ∈ Fp, i 6= j.
�e equation 〈b− b′, a〉 = c, can be rewri�en in two parts as

2(i− j)t+ (i2 − j2) = c,

2(i− j)nt+ n(i2 − j2) = c.

As i 6= j, it is clear that each equation has exactly one solution in t and so there are two solutions
for t, and hence for a, in total.

2. b− b′ = (0, 0,−2n(i− j), n(i2 − j2)) where i, j ∈ Fp, i 6= j
�is case is similar to the previous one as the resulting equations are

−2n(i− j)t+ n(i2 − j2) = c

−2n(i− j)t+ n2(i2 − j2) = c.

3. b− b′ = ±(1, 2i, 2nj, i2 − nj2) where i, j ∈ Fp
Now we �nd the union of two quadratic equations Q1(t) and Q2(t):

t2 + (2i+ 2nj)t+ (i2 − nj2) = ±c
nt2 + (2ni+ 2nj)t+ (ni2 − n2j2) = ±c.

Denoting the discriminants by D1 and D2 respectively, one can compute that

nD1 = D2 = 4n(2nij + (n2 + n)j2 ± c)

Recalling the fact that n is a non-square in Fp, this means thatQ1(t) = 0 has two solutions if and
only if Q2(t) = 0 has zero and vice versa, and if one has a unique solution, then the other does
too. Collecting everything, this means we can always �nd two solutions again, which concludes
the proof.

�is idea does not seem to extend to the three-dimensional case and rightly so, since Fuglede’s
conjecture in (Z/pZ)3 is true for small primes: for p = 2, 3 it was checked by hand in [2], computer-
aided for p = 5 by Birklbauer [9] and for p = 5, 7 independently by Fallon, Mayeli and Villano [37].
�e main open problem is hence the following.

Problem 1. Se�le Fuglede’s conjecture in (Z/pZ)3, p ≥ 11.

Remark that by �eorem 5.3.1 it su�ces to show that there can be no spectral sets of size kp, 1 <
k < p. Ideally, we would also like to complete the picture for the other dimensions.

Problem 2. Does there exist a non-spectral tiling set in (Z/pZ)d, d ≥ 4 for p odd and d ≥ 10 for p = 2?

Perhaps some constructions from coding theory might fully resolve the case p = 2. Factorizations
of (Z/2Z)d have been investigated from this point of view [25, 72], and it was for example shown that
if (Z/2Z)d = A+B is a normalized factorization and d ≤ 9, then A or B lies in a maximal subgroup,
which was aptly dubbed ‘the Rédei property’.

Problem 3. Se�le Fuglede’s conjecture for (Z/2Z)d, d ∈ {7, 8, 9}.
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CHAPTER 6

THE CYLINDER CONJECTURES

Algebra is the o�er made by the devil to the mathematician. �e devil
says: ‘I will give you this powerful machine, it will answer any question
you like. All you need to do is give me your soul: give up geometry and
you will have this marvellous machine

Sir Michael Atiyah

To �nite geometers, the problem in (Z/pZ)2 raised and solved by Rédei was interesting both for
its relation with blocking sets in PG(2, p) and its method of proof. Both of these subjects have been
pushed further, culminating in the celebrated result due to Ball, Blokhuis, Brouwer, Storme and Szőnyi
[13]. In this chapter we will see how the conjecture he made for (Z/pZ)3 has generated equally many
results, but without a satisfactory conclusion so far. Following the previous chapter, we will describe
two roads one can take towards the conjecture: one from the perspective of harmonic analysis and the
other from direction problems and the polynomial method, which is well-studied in the literature. �e
reason for these parallel approaches is that in two dimensions non-determined directions and Fourier
zeros correspond, as witnessed by Lemma 5.1.4, but the connection breaks apart from three dimensions
on. However, on both sides progress has been made, and a solution to Rédei’s conjecture seems within
reach.

We will be mostly concerned with the original conjecture in (Z/pZ)3 in this chapter. In the next
one, we will generalize it to a�ne geometries of arbitrary dimension over non-prime �elds and see its
relation to coding theory.

6.1 �e road less taken: harmonic analysis

So far, techniques from harmonic analysis have received li�le a�ention with respect to this problem
as will be clear from the length of this section. Even in Szabó’s book [81, �eorem 9.1.1], the proof
of Rédei’s conjecture for primes up to 11 uses only elementary geometrical arguments. Nevertheless,
interesting results have been proved that should be seen in this light.

Recall from Corollary 5.1.6 that if (Z/pZ)3 = A + B is a factorization, then any parallel class of
hyperplanes has the property that A or B equidistributes over it. �is is quite a strong restriction, as
this means by the pigeonhole principle that at least one of A or B must equidistribute over many such
classes. One might then conjecture that if a set equidistributes over su�ciently many parallel classes
of hyperplanes, it must have some structure. �is is not too far-fetched, as this is again an instance of
the ‘structure versus randomness’ dichotomy, recalling that broadly speaking, randomness is understood
having large Fourier support. �is is also the case here since a parallel classes of equidistribution cor-
respond to Fourier zeros and vice versa.

In the case of a set of p points in (Z/pZ)3, a result in this fashion has been proven by Ball, Gács and
Sziklai [5], even though harmonic analysis does not explicitly appear there. Instead they are able to li�
strong results in two dimensions through the polynomial method.

�eorem 6.1.1. LetA be a set of p points in (Z/pZ)3. �en either 〈A〉 6= (Z/pZ)3 or |supp(1̂A)| is larger
than (roughly) 7p3/9.
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�e precise bound in this theorem is in fact p3−(p−1)
(
2dp−1

6 e+ 1
) (
p+ 2dp−1

6 e
)
/2 ≈ 7p3/9. In

other words,A is either structured (contained in a plane) or it has large Fourier support. As supp(1̂A)∩
supp(1̂B) = {0}, this means that one can approach Rédei’s conjecture through the following problem.

Problem 4. Let B be a set of p2 points in (Z/pZ)3. Show that either 〈B〉 6= (Z/pZ)3 or |supp(1̂B)| is
larger than (roughly) 2p3/9.

�is problem is actually stronger than the original conjecture as we do not use that B is part of a
factorization. However, one should compare this problem to Rédei’s approach in Corollary 5.1.10, which
is similar. Moreover, we will see later in Lemma 6.2.15 that we can assume that B does not contain a
line, so one could try to investigate the following reformulation.

Problem 5. Let B be a set of p2 points in (Z/pZ)3. Show that either B contains a line or |supp(1̂B)| is
larger than (roughly) 2p3/9.

As far as we can tell from the literature, this approach to Rédei’s conjecture has not been investigated
yet, even though results such as �eorem 6.1.1 exist. Geometrically, we want to show that a non-planar
set of p2 points in (Z/pZ)3 equidistributes over at most 7p2/9 parallel classes. Even proving that it
equidistributes over at most cp2 parallel classes, for some c < 1, would already be interesting. �e
reason is that from the perspective of the polynomial method, the number of parallel classes over which
a set equidistributes seems to provide less information than its number of non-determined directions as
evidenced by Lemma 6.2.16 later on.

6.2 �e familiar road: the polynomial method

Since Rédei’s proof (and Megyesi’s addition) of the fact that p points in (Z/pZ)2 ∼= AG(2, p) not all on
a line determine at least p+3

2 points, the applications of lacunary polynomials have greatly expanded
into di�erent directions. We refer to [4] for an overview of the di�erent variations and applications of
this method. �e results in this area are typically of the following type: ‘given a set of points in an
a�ne space, how many directions do they determine’, and the natural follow-up question ‘given a set
determining few directions, what kind of structure does it have’? Let us give a few examples in three
dimensions, some of which we have mentioned before. We will state them only for prime �elds, as
non-prime �elds need a bit more background. So let S be a set of p2 points in AG(3, p).

�eorem 6.2.1. [80] If there are more than (p2 − p)/2 directions not determined by S, then S is a plane.

�eorem 6.2.2. [3] If there are more than p−1 directions not determined by S, then every plane intersects
S in 0 (mod p) points.

�eorem 6.2.3. [82] For the number N of directions determined by S one of the following holds:

• S is a plane and N = p+ 1;

• S is cylinder on the projective triangle and N = pp+3
2 + 1;

• N ≥ 2
3 (p− 1)p+ 2p.

Of course, not everything is yet known. Just to grow some appreciation for how tricky these prob-
lems can get, we mention the following open problem: when q ∈ {3, 5, 7, 11} there exist sets of q2 − 1
points in AG(3, q) not determining the q + 1 points of a conic at in�nity, but any superset determines
strictly more directions. However, this phenomenon cannot occur when q is not a prime and it is con-
jectured that when q is prime, the values above are the only ones for which this is possible [29].
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6.2.1 Factorizations and directions
So let’s return to Rédei’s conjecture and see how determined directions come into play. In the plane case,
this was rather straightforward, by making use of harmonic analysis. However, in three dimensions we
need di�erent arguments, due to Szabó [81]. Let G be an abelian group as before.

Lemma 6.2.4 (Lemma 1.4.3 [81]). Let G = A+B such that 0 ∈ A, |A| = p is prime. �en G = A′ +B
is a factorization, where A′ = {0, a, 2a, . . . , (p− 1)a} , a ∈ A \ {0}.

Proposition 6.2.5. If (Z/pZ)3 = A+B then A and B determine distinct directions.

We will only consider non-trivial factorizations, and so we make the assumption |A| = p, |B| = p2

from here on out.

Proof. Consider two distinct elements a1, a2 ∈ A. Since also G = (A − a2) + B and a1 − a2 is an
element in A − a2, we can factorize G as A′ + B by the preceding lemma, where A′ = 〈a1 − a2〉 is a
subgroup. Moreover in any factorization the factors cannot have more than one element in common,
which implies that B has at most one element in the subgroup 〈a1 − a2〉. �e same is true for the
intersection of B and every coset of 〈a1 − a2〉, as G = (g +A′) +B is a factorization for every g ∈ G.
In geometrical terms, this says that B has at most one point on the line 〈a1 − a2〉 and all lines parallel
to it, which is exactly the parallel class corresponding to the direction determined by a1, a2 ∈ A.

�erefore in order to prove Rédei’s conjecture, we would like to play o� the directions determined by
A andB against each other and show that eitherA is contained in a plane, orB is in fact a plane. From
�eorem 6.2.1 we can see that it would su�ce to show that a non-planar set of p points must determine
at least p

2−p
2 directions. �is is however too much to ask for as the following example shows.

Example 6.2.6. For p ≡ 1 (mod 3), consider the set X = {x ∈ Fq | x(p−1)/3 = 1} ∪ {0} and take
S = {(x, 0, 0, 1), (0, x, 0, 1), (0, 0, x, 1) | x ∈ X} ⊆ AG(3, p), wri�en in projective coordinates, where
π∞ : X4 = 0. �e directions determined by S are the points (−1, x, 0, 0), x ∈ X and their cyclic
permutations (in the �rst three coordinates), which gives a total of p+ 2 determined directions.

Compare this example to Example 5.1.11 in the plane case. We see that the number of determined
directions can be as small as linear in p. On the other hand, perhaps the following is true.

Conjecture 6.2.7. A non-planar set of p points in AG(3, p) determines at least p+ 1 directions.

For p = 2, 3 the theorem is vacuous, while for p = 5, 7 it can be checked by hand since four
non-planar points already determine six directions.

6.2.2 Directions and blocking sets
Conjecture 6.2.7 has implications to blocking sets, just like we mentioned for the plane case.

De�nition 6.2.8. A blocking set in PG(n, q) is a set of points such that every hyperplane contains at
least one point of that set.

Trivially the set of all points is a blocking set, so we are interested in the smallest examples. �at is
to say, the set of points on a line is also clearly a blocking set, so really we are interested in the smallest
non-trivial blocking sets (meaning that they do not contain a line). �e relation between direction
problems and blocking sets is due to the following observation.

Observation 6.2.9. A set of q points in AG(n, q) together with its determined directions is a blocking set.
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A blocking set as above is o�en called ‘of Rédei type’. An equivalent de�nition for a blocking set S
of Rédei type is that there exists a hyperplane π such that |S \ π| = q. In this way, Rédei’s theorem can
be stated as saying that for q = p prime the smallest non-trivial blocking set of Rédei type in PG(2, p)
has size 3p+3

2 . It was shown later by Blokhuis [14], using the polynomial method, that this lower bound
holds for any non-trivial blocking set.

Now, one can embed a blocking set of PG(n, q) in a larger space PG(m, q) m > n, and still �nd a
blocking set. �erefore, one can even say that the smallest non-trivial blocking set in PG(n, p) has size
3p+3

2 . However, just as we considered the unique blocking set of PG(1, q) to be trivial when embedded
in PG(2, q), we could do the same other embeddings. In that case, we focus on blocking sets which
span the space in which they are considered. We refer to the survey by Metsch [68] for an overview of
known results regarding this topic.

In general, not much is known about the smallest possible size of this type of blocking sets, even less
so for geometries over prime �elds. Conjecture 6.2.7 can be restated as saying that a spanning blocking
set of Rédei-type in PG(3, p) has size at least 2p+ 1. We are far from a solution, and Metsch notes that
“this problem seems to be very di�cult in general.”

6.2.3 Strong, weak and weaker conjectures

We already introduced two versions of the cylinder conjectures for a set S of p2 points in AG(3, p) from
before:

• strong: if every hyperplane intersects S in 0 (mod p) points, then S is a cylinder.

• weak: if there are at least p directions not determined by S, then S is a cylinder.

By �eorem 6.2.2 it is now clear that the strong version implies the weak one. We add one more to
this list.

• weaker: if there are at least p+ 1 directions not determined by S, then S is a cylinder.

�e relevance of the last one is twofold: for its connection with Conjecture 6.2.7 and since it gives
a tiny bit more information which will be useful for the polynomial method as we will see later. Using
�eorem 6.2.3, we can rephrase the weaker cylinder conjecture as follows.

Conjecture 6.2.10. Let p > 11, then for the numberN of directions determined by S one of the following
holds:

• S is a plane and N = p+ 1;

• S is cylinder on the projective triangle and N = pp+3
2 + 1;

• S is a cylinder if pp+3
2 + 1 < N ≤ p2;

• N > p2.

�e weak cylinder conjecture comes from the intuition that it is hard to construct sets of p2 points
in AG(3, p) determining few directions, except for cylinders. However, so far this has not been proven,
there is only the partial result �eorem 6.2.2. Recall moreover that all cylinders satisfy the 0 (mod p)
property, but only a subset satis�es the assumptions of the weak(er) conjectures. �e deeper motivation
behind these conjectures is of course a possible proof of Rédei’s conjecture.

�eorem 6.2.11. �e weaker cylinder conjecture and Conjecture 6.2.7 imply Rédei’s conjecture.
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Proof. By Proposition 6.2.5 and the assumptions of the theorem we can assume that in a non-trivial
factorization (Z/pZ)3 = A+B, |A| = p, |B| = p2, A is non-planar and B is a cylinder. �en the �rst
part of [81, �eorem 9.1.1], which we reproduce for completeness, shows thatB must in fact be a plane.
For suppose B were a cylinder, so that B = C + D, where D is a subgroup. A�er quotienting D out,
we �nd a factorization of (Z/pZ)2 = (Z/pZ)3/D = (A + D)/D + (C + D)/D. By Rédei’s theorem
one of the factors is a subgroup and hence either A + D or B = C + D is a subgroup of (Z/pZ)3 of
size p2. �e former option implies that A itself is contained in a maximal subgroup, which contradicts
our assumption, so the la�er must be true.

�e following section is devoted to the proof of the weaker cylinder conjecture using the polynomial
method for the primes up to p = 13. Rédei’s conjecture itself has been checked up to p = 11 [81,
�eorem 9.1.1], while the strong cylinder conjecture is shown to be true up to p = 7. �e la�er result,
whose proof will be deferred to the next chapter, relies on combinatorial properties only. As there is a
counterexample for a generalization of the strong cylinder conjecture inAG(3, q) for q = 8, there is no
hope to extend these combinatorial techniques any further.

6.2.4 �e weaker cylinder conjecture for small primes
We can describe the strategy as follows: we will project S to a plane from a well-chosen point and try to
say something about the resulting multiset in AG(2, p). �is idea has also been applied for the strong
cylinder conjecture by Blokhuis, Marino and Mazzoca [18] where some partial results were obtained.
In our case we will model the weight (the number of times it appears in the multiset) of each point
(X,Y ) by a function w(X,Y ). �e assumption on the non-determined directions then provides some
algebraic information on this function w. In particular, its degree cannot be too high, which makes
a computer search for suitable weight functions amenable. Remarkably, the assumption of the weak
cylinder conjecture will not su�ce for our purposes, which explains the introduction of its weaker
li�le brother. Proceeding in this way we can prove that such a weight function can only be found by
projecting a cylinder.

Identify the set {0, . . . , p− 1} with the elements of Fp and de�ne the lift function to be the inverse
of this identi�cation. Our main goal is then to prove that projection leads to a weight function of the
following form.

�eorem 6.2.12. Let S be a set of p2 points in AG(3, p) not determining at least p+ 1 directions and not
a cylinder. �en we have a function w(X,Y ) : AG(2, p)→ Fp with the following properties:

1. w(X,Y ) is of the form XY g(X,Y ), where the total degree of g is at most p− 5.;

2.
∑
x,y∈Fp lift(w(x, y)) = p2.

A computer search reveals that a function as in �eorem 6.2.12 cannot exist for small primes. �e
code is available on request.

Corollary 6.2.13. �e weaker cylinder conjecture is true for all p ≤ 13.

Proof. De�ne a zero line to be a line in F2
p such that w(x, y) = 0 for all points (x, y) on that line. �e

zero lines correspond exactly to the linear factors of w(X,Y ), as its degree is at most p − 3. So, there
can be at most p− 3 zero lines and there is certainly a parallel class of lines without a zero line.

Now we change coordinates such that there is no zero line with equation of the form Y = c and
such that w(X,Y ) has a factor X(X − Y ) (instead of XY earlier). Since the total weight on every
line with equation Y = c is non-zero, it follows that it must equal p by �eorem 6.2.2 (every line is the
projection of a plane in AG(3, p), which intersects S in 0 (mod p) points).
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�e idea of the algorithm is to cutw into 1-dimensional strips and then glue these together. As a �rst
(and easy) step, for every �xed value of y ∈ Fp \ {0} we determine all possibilities for the polynomial
wy(X) := w(X, y) ∈ Fp[X]. Here, the conditions are:

1. wy(0) = 0 and wy(y) = 0;

2.
∑
x∈Fp lift(wy(x)) = p;

3. wy(X) is a polynomial of degree ≤ p− 3.

Once this is done for y = 1, one can easily deduce the possiblities for the other y 6= 0. For a �xed y, the
number of polynomials is rather small: there are only 43 such polynomials for p = 7; there are 6863
polynomials for p = 11 and 87995 for p = 13.

Now we must “glue” together these 1-dimensional strips of w to a function on F2
p. When we do

this, we get extra conditions coming from the fact that the total degree of w must be at most p − 3.
For example, the coe�cient of Xp−3 of the univariate wy(X) must equal the coe�cient of Xp−3 of the
bivariate w(X,Y ). �erefore, we have a gluing condition saying that the coe�cient of Xp−3 in w1(X)
and w2(X) must be the same. In general, the number of conditions for adding a strip is equal to the
number of strips that we already have. So, if the number of 1-dimensional strips isN , one expects about
Nk/p(

k
2) possibilities for k glued strips.

�is gluing is done using a backtracking algorithm. In the implementation we used hash tables to
speed up checking the allowed strips that could be added to a given list of strips. We stop when we have
glued p− 2 strips. At that point, the whole function w(X,Y ) is determined.

�is way, we �nd some almost solutions which satisfy the �rst requirement of �eorem 6.2.12 but
possibly not the second. For p = 7 and p = 11, the smallest possible value for

∑
x,y∈Fp lift(w(x, y)) is

p2 +p and for p = 13 it is p2 +2p, which shows that for these values of p, there is no function satisfying
both conditions.

We will show the existence of a weight function as in �eorem 6.2.12 in a few steps. So suppose
for the remainder of this section that S is a set of p2 points in AG(3, p) not determining at least p+ 1
directions and not a cylinder. Remark that by �eorem 6.2.2 every plane intersects S in 0 (mod p)
points.

We will embed S in the projective completion of AG(3, p), so that every point is represented with
coordinates (X0, X1, X2, X3) and the plane X3 = 0 is the hyperplane at in�nity π∞.

�e �rst step will be to consider an explicit point in π∞ from which we will project S. We will
choose this point as π∞ ∩ π1 ∩ π2, where π1 and π2 are two intersecting planes in AG(3, p) disjoint
with S. If S were a cylinder, then this point is necessarily the unique direction determined by each of
the p parallel lines it contains. We will see that we can always �nd such a point.

Lemma 6.2.14. �ere exist two intersecting planes in AG(3, p) disjoint with S.

Proof. De�ne a zero plane to be a plane disjoint with S and a rich plane to be a plane that contains at
least 2p points of S, recalling that every plane intersects S in 0 (mod p) points. �en it may be clear
that in the parallel class of a zero plane there must be a rich plane and vice versa. �erefore, it su�ces
to show that there are two intersecting rich planes.

Now take a line ` having at least two points in common with S and consider the planes containing
it. Counting the points of S in these planes shows that there must be at least one rich plane on `. So
take any two points x, y ∈ S and a rich plane through xy. Now take another point z ∈ S, not in this
plane to �nd a second rich plane through xz, intersecting the �rst.
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We may now change bases so that π1 : X0 = 0, π2 : X1 = 0 and π∞ : X3 = 0 remains unchanged.
It follows that the point of projection has coordinates (0, 0, 1, 0). We then specify the coordinates of
points in S as

S = {(ai, bi, ci, 1) | i = 1, . . . , p2},

whose projection will be the multisetS′ = {(ai, bi) | i = 1, . . . , p2}. Remark that ai and bi are non-zero
for all i, which will be important later on.

Next we will show the weights of S′ are indeed contained in {0, . . . , p − 1}. No point of weight p
in S′ is equivalent to the fact that no line is contained in S. �is is an important lemma due to Blokhuis
(personal communication), which we will prove in a more general form later on.

Lemma 6.2.15. Let S be a set of p2 points in AG(3, p) such that every plane intersects it in 0 (mod p)
points. If S contains a line then it is a cylinder.

Proof. See the generalization �eorem 7.3.3 later on.

As indicated before, we will identify {0, . . . , p − 1} with Fp, and so we can de�ne the function
w : AG(2, p) → Fp mapping every point to its weight in S′. It is a standard fact that every function
f : F2

p → Fp can be represented by a polynomial whose degree in both X and Y is at most p − 1 [83,
p7], so that we can write

w(X,Y ) =

p−1∑
i=0

p−1∑
j=0

ci,jX
iY j . (6.1)

Remark that by Lemma 6.2.14 we see w(x, 0) = w(0, y) = 0 for all x, y ∈ Fp.

We will now derive some algebraic properties on this polynomial, eventually culminating in the �rst
condition of �eorem 6.2.12 and wrapping up the proof. �e degree bound will follow from considering
the Rédei polynomial of S, which is a standard tool in the polynomial method.

�e Rédei polynomial R(X,Y, Z,W ) of S is de�ned as as

R(X,Y,W,Z) :=

p2∏
i=1

(aiX + biY + ciZ +W ) (6.2)

= W p2 +

p2∑
i=1

σj(X,Y, Z)W p2−j , (6.3)

with σj(X,Y, Z) the j-th elementary symmetric polynomial on the set {(aiX + biY + ciZ) | i =
1, . . . , p2}, and σ0(X,Y, Z) := 1. Note that deg σj ≤ j. Now de�ne

G(X,Y, Z,W ) =

p2∑
i=1

(aiX + biY + ciZ +W )p−1 .

Denote the plane with equation xX + yY + zZ +wW = 0 as π[x, y, z, w]. �en, since (ai, bi, ci, 1) ∈
π[x, y, z, w] is equivalent with aix+ biy + ciz + w = 0, it is clear that

G(x, y, z, w) = p2 − |π[x, y, z, w] ∩ S| (mod p) .

As a warm-up, we can prove �eorem 6.2.2, i.e. that the strong cylinder conjecture implies the weak
one.
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Lemma 6.2.16. Suppose that S does not determine k > 0 directions. �en σj(X,Y, Z) is identically zero
for 1 ≤ j ≤ min{k − 1, p}.

Proof. Every parallel class of planes in AG(3, p) corresponds to a line in π∞. We denote such a line by
L[x, y, z] if it has equationsX3 = xX0 +yX1 +zX2 = 0. Remark that ifL[x, y, z] determines a parallel
class of planes over which S equidistributes, we �ndR(x, y, z,W ) = (W p−W )p as the multiplicity of
a solution w ∈ Fp for the equation R(x, y, z,W ) = 0 is exactly the number of points of S in the plane
π[x, y, z, w]. It follows that also σj(x, y, z) = 0 for j 6= 0, p2 − p.

Since any set of more than p points in AG(2, p) determines all directions, we see that a non-
determined direction implies the existence of p + 1 parallel classes over which S equidistributes: they
correspond to the pencil of p+ 1 lines in π∞ through this point. Each of these lines give rise to a zero
of σj(X,Y, Z) and so in the dual plane, this pencil corresponds to a line on which σj(X,Y, Z) is zero.
Since the degree of σj(X,Y, Z) is at most j < p + 1, and there are k such lines in the dual plane, this
means that for j < min{k, p+ 1}, σj(X,Y, Z) ≡ 0, i.e. it is identically zero.

Remark that f(X,Y, Z) = XpY −XY p is a non-zero homogeneous polynomial of degree p+1 that
vanishes on PG(2, p), which shows that this lemma cannot be extended any further. With this lemma,
we can now prove �eorem 6.2.2, with a di�erent proof as compared to the original [3].

�eorem 6.2.2. If there are more than p − 1 directions not determined by S, then every plane intersects
S in 0 (mod p) points.

Proof. We expand G(X,Y, Z,W ) using Newton’s binomium to �nd

G(X,Y, Z,W ) =

p2∑
i=1

p−1∑
j=0

(
p− 1

j

)
(aiX + biY + ciZ)jW p−1−j

=

p−1∑
j=0

(
p− 1

j

) p2∑
i=1

(aiX + biY + ciZ)j

W p−1−j

=

p−1∑
j=0

(
p− 1

j

)
Sj(X,Y, Z)W p−1−j ,

where we de�ned the j-th power sum polynomials Sj(X,Y, Z) along the way. �ese symmetric poly-
nomials are related to the elementary symmetric polynomials σj(X,Y, Z) by the Newton identities:

kσk =

k∑
j=1

(−1)j−1Sjσk−j .

We know that σj(X,Y, Z) is identically zero for 1 ≤ j ≤ p − 1 by Lemma 6.2.16 and hence so
are all Sj(X,Y, Z), 1 ≤ j ≤ p − 1. Observing that S0 ≡ 0 (as this equals p2 times 1) shows that
G(X,Y, Z,W ) ≡ 0, which combined with G(x, y, z, w) = p2 − |S ∩ π[x, y, z, w]| (mod p) completes
the proof.

Interlude: the end goal

We make a small detour and look beyond our proof for small primes. A closer look at the Rédei polyno-
mial, the elementary symmetric polynomials and the power sum polynomials reveal enough information
to indicate a proof strategy for the cylinder conjectures for all primes p. So let S be a set of p2 points in
AG(3, p) satisfying the assumption of the strong cylinder conjecture.
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Proposition 6.2.17. �e set S is a cylinder if and only if R(X,Y, 0,W ) is a p-th power.

Before we go on to the proof, two remarks are in order. First, one could view R(X,Y, 0,W ) both
as the Rédei polynomial of the multiset S′ or as the evaluation Z = 0 of the original one. Secondly,
one needs to be careful about the subtleties when working with polynomials. Every plane π[x, y, z, w]
intersects S in a multiple of p points, which means that we can write R(x, y, z,W ) =

∏
w∈W (W −

w)mw , where mw = |S ∩ π[x, y, z, w]| and is hence a multiple of p, say mw = pnp. �en clearly
R(x, y, z,W ) =

∏
w∈W ((W − w)nw)p is also a p-th power, but this does not say anything about

whether S is a cylinder or not.

Proof. If S = {(ai, bi, ci, 1) | i = 1, . . . , p2} is a cylinder, then we know that the multiset S′ consists of
p distinct pairs (ai, bi), each of weight p. Denote for convenience byB this set of p distinct pairs, which
geometrically correspond to the base points of the cylinder S. In other words, using Equation (6.2):

R(X,Y, 0,W ) =

p2∏
i=1

(aiX + biY +W )

=
∏

(ai,bi)∈B

(aiX + biY +W )p,

which is clearly a p-th power. On the other hand, if R(X,Y, 0,W ) is a p-th power, then every factor
must appear a multiple of p times. However, every (ai, bi) can only appear up to p times in S′, which
means that there are p pairs of weight p in S′ showing that S is a cylinder.

Looking back at Equation (6.3), this means proving that S is a cylinder boils down to showing that
σj(X,Y, 0) ≡ 0 whenever p does not divide j and that σkp(X,Y, 0) is a p-th power for all 0 ≤ k ≤ p.
�e Newton identities show that this can rephrased in terms of the power sum polynomials.

Proposition 6.2.18. For k ≥ 0, we have σj(X,Y, 0) ≡ 0 for 0 ≤ j ≤ k (except possibly for j divisible
by p) if and only if Sj(X,Y, 0) ≡ 0 for the same range of j.

Proof. Combine the Newton identities with induction on j, recalling σ0(X,Y, 0) ≡ 1.

Combining Proposition 6.2.17 and Proposition 6.2.18, we can summarize this as follows.

Corollary 6.2.19. Suppose that σkp(X,Y, 0) is a p-th power for all 0 ≤ k ≤ p. �en the following are
equivalent:

1. the set S is a cylinder,

2. σj(X,Y, 0) ≡ 0 for all 0 ≤ j ≤ p2, except possibly those j that are divisible by p,

3. Sj(X,Y, 0) ≡ 0 for all 0 ≤ j ≤ p2.

�is reveals a possible proof strategy of the cylinder conjectures. Unfortunately, we are still far away
from proving any of these points.

We conclude the interlude with the observation that although one would like to �nd thatSj(X,Y, 0) ≡
0 for all j, these conditions are in fact not independent. For instance one easily sees that Skp(X,Y, Z) =
Sk(Xp, Y p, Zp). A second dependence can also be deduced, based on the fact that no ai or bi is zero.
First, recall Lucas’s theorem for the computation of binomial coe�cients modulo a prime.
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�eorem 6.2.20. Let a, b be two non-negative integers, wri�en in base p as a =
∑n
i=0 aip

i and b =∑n
i=0 bip

n, 0 ≤ ai, bi ≤ p− 1 for all 0 ≤ i ≤ n. �en(
a

b

)
=

n∏
i=0

(
ai
bi

)
(mod p),

where
(
k
`

)
= 0 if ` > k.

Example 6.2.21. We will show that S2(X,Y, 0) ≡ 0 is equivalent to Sp+1(X,Y, 0) ≡ 0. �e former
power sum equals

S2(X,Y, 0) =

 p2∑
i=1

a2
i

X2 + 2

 p2∑
i=1

aibi

XY +

 p2∑
i=1

b2i

X2.

�e la�er power sum polynomial is

Sp+1(X,Y, 0) =

p+1∑
k=0

(
p+ 1

k

) p2∑
i=1

aki b
j−k
i

XkY p+1−k.

By Lucas’s theorem, only the terms with k ∈ {0, 1, p, p+1} have non-zero binomial coe�cient, all four
equal to 1, so that we can write:

Sp+1(X,Y, 0) =

 p2∑
i=1

ap+1
i

Xp+1 +

 p2∑
i=1

api bi

XpY +

 p2∑
i=1

aib
p
i

XY p +

 p2∑
i=1

bp+1
i

Y p+1.

�e equivalence is now clear a�er observing that xp−1 = 1 for all non-zero x ∈ Fp, so that the coe�-
cients appearing in both are equal.

One could formulate this property in more generality as a relation betweenSj(X,Y, 0) andSj+p−1(X,Y, 0),
as long as p divides neither index, but since we have no use for it, we will not give the technical details.
End of interlude.

Returning to the ma�er at hand, we will show that Sj(X,Y, Z) ≡ 0 for all 0 ≤ j ≤ 2p − 1. We
already know that this holds for 0 ≤ j ≤ p and with some work, Example 6.2.21 could be extended to
give the same result for p+ 1 ≤ j ≤ 2p−2. However, S2p−1(X,Y, Z) is the most important one, as we
will see later. To show that this power sum is identically zero, the assumption of the weaker cylinder
conjecture, and its consequence that σp(X,Y, Z) ≡ 0, is crucial.

We start with a lemma.

Lemma 6.2.22. Let aij ∈ Fp, where 1 ≤ i ≤ d, 1 ≤ j ≤ n are both indices and

R(X1, X2, . . . , Xn) :=

d∏
i=1

(ai1X1 + ai2X2 + . . .+ ainXn),

G(X1, X2, . . . , Xn) :=

d∑
i=1

(ai1X1 + ai2X2 + . . .+ ainXn)p−1.

�en
G ·R = Xp

1

∂R

∂X1
+ . . .+Xp

n

∂R

∂Xn
.

42
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Proof. Clearly

∂R

∂Xj
=

d∑
i=1

R(X1, . . . , Xn) · aij
ai1X1 + ai2X2 + . . .+ ainXn

,

so

n∑
j=1

Xp
j

∂R

∂Xj
= R(X1, . . . , Xn)

d∑
i=1

ai1X
p
1 + ai2X

p
2 + . . .+ ainX

p
n

ai1X1 + ai2X2 + . . .+ ainXn

= R(X1, . . . , Xn)

d∑
i=1

(ai1X1 + ai2X2 + . . .+ ainXn)p

ai1X1 + ai2X2 + . . .+ ainXn

= R(X1, . . . , Xn) ·G(X1, . . . , Xn)

Lemma 6.2.23. If σj(X,Y, Z) ≡ 0 for 0 ≤ j ≤ p, then it also holds for p+ 1 ≤ j ≤ 2p− 1

Proof. Apply Lemma 6.2.22 to R(X,Y, Z,W ) and G(X,Y, Z,W ). Since G(X,Y, Z,W ) is identically
zero, we �nd

Xp ∂R

∂X
+ Y p

∂R

∂Y
+ Zp

∂R

∂Z
+W p ∂R

∂W
= 0

Now compute, using σj(X,Y, Z) = 0, for j = 1, . . . , p,

∂R

∂X
=

p2∑
j=p+1

∂σj(X,Y, Z)

∂X
W p2−j

∂R

∂Y
=

p2∑
j=p+1

∂σj(X,Y, Z)

∂Y
W p2−j

∂R

∂Z
=

p2∑
j=p+1

∂σj(X,Y, Z)

∂Z
W p2−j

∂R

∂W
=

p2−1∑
j=p+1

(p2 − j)σj(X,Y, Z)W p2−j−1.

From which

W p ∂R

∂W
=

p2−1∑
j=p+1

−jσjW p2+p−j−1

Xp ∂R

∂X
+ Y p

∂R

∂Y
+ Zp

∂R

∂Z
=

p2∑
j=p+1

(
Xp ∂σj

∂X
+ Y p

∂σj
∂Y

+ Zp
∂σj
∂Z

)
W p2−j .

43
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Hence,

0 =

2p−1∑
j=p+1

−jσjW p2+p−j−1

+

p2−p∑
j=p+1

(
(−j − p+ 1)σj+p−1 +Xp ∂σj

∂X
+ Y p

∂σj
∂Y

+ Zp
∂σj
∂Z

)
W p2−j

+

p2∑
j=p2−p+1

(
Xp ∂σj

∂X
+ Y p

∂σj
∂Y

+ Zp
∂σj
∂Z

)
W p2−j (6.4)

�is �rst summation shows that σj(X,Y, Z) ≡ 0 for p+ 1 ≤ j ≤ 2p− 1.

Remark that the assumption σp ≡ 0 is necessary to let the summation start from j = p+ 1. In fact,
from the second summation in the last proof, one can recursively �nd more σj that are identically zero,
in the same vein as Example 6.2.21. However, we do not need this information in the following.

�is lemma, together with Proposition 6.2.18 shows that Sj(X,Y, Z) ≡ 0 for 1 ≤ j ≤ 2p − 1. We
can now relate this to information about the weight function. Recall that the projected set is the multiset
S′ = {(ai, bi) | i = 1, . . . , p2} ⊆ AG(2, p) so that

Sj(X,Y, 0) =

p2∑
i=1

(aiX + biY )j

=

p2∑
i=1

j∑
k=0

(
j

k

)
(aiX)k(biY )j−k

=

j∑
k=0

(
j

k

)
XkY j−k

p2∑
i=1

aki b
j−k
i .

Since Sj(X,Y, Z) ≡ 0, this means that
∑p2

i=1 a
k
i b
j−k
i =

∑
x,y∈Fp w(x, y)xkyj−k = 0 unless possi-

bly
(
j
k

)
= 0 (mod p).

�is information will lead to the degree bound in �eorem 6.2.12 by the following lemma.

Lemma 6.2.24. Let w(X,Y ) be any polynomial de�ned by (6.1). �en we have∑
x,y∈Fp

w(x, y)xky` = cp−k−1,p−`−1

for all 0 ≤ k, ` ≤ p− 1.

Proof. Consider any monomial ci,jXiY j in w(X,Y ). �en we have

∑
x,y∈Fp

ci,jx
k+iy`+j =

{
ci,j if p− 1 divides both k + i and `+ j;

0 otherwise,

as
∑
x∈Fp x

e = −1 if p− 1 divides e and 0 otherwise.

From this lemma we conclude that Sj(X,Y, 0) =
∑j
k=0

(
j
k

)
XkY j−kcp−k−1,p−j+k−1. In other

words, if Sj(X,Y, Z) ≡ 0, we can see that
(
j
k

)
cp−k−1,p−j+k−1 = 0 for all 0 ≤ k ≤ j. �erefore,
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the coe�cients of all terms of degree 2p − 2 − j will vanish, as long as
(
j
k

)
6= 0. When j ≤ p − 1,

this is always true, but already for j = p the only non-zero binomial coe�cients are
(
p
0

)
=
(
p
p

)
= 1.

�is is where the vital role of j = 2p − 1 comes into play, as the relevant binomial coe�cients are
never zero and moreover aki b

2p−1−k
i = aki b

p−k
i for all 0 ≤ k ≤ p, using again that xp−1 = 1 for all

non-zero x ∈ Fp. In summary, S2p−1(X,Y, 0) ≡ 0 su�ces to see that all terms of degree p in w(X,Y )
have coe�cient zero, but Sp(X,Y, 0) ≡ 0 does not do the job. We record this in full generality in the
following theorem.

Proposition 6.2.25. Let 2 ≤ s ≤ p, if Ssp−1(X,Y, 0) ≡ 0 then there are no terms of degree p − s in
w(X,Y ).

Proof. By Lemma 6.2.24, all terms of degree p − s have coe�cient zero if and only if cp−k−1,k−s+1 =∑
x,y∈Fp w(x, y)xkyp+s−k−2 =

∑p2

i=1 a
k
i b
p+s−k−2
i = 0 for all s− 1 ≤ k ≤ p− 1.

We see that in

Ssp−1(X,Y, 0) =

sp−1∑
k=0

(
sp− 1

k

) p2∑
i=1

aki b
sp−1−k
i

XkY sp−1−k,

the binomial coe�cient never vanishes by Lucas’s theorem. �erefore, if this power sum polynomial is
identically zero, we have in particular that for s− 1 ≤ k ≤ p− 1

0 =

p2∑
i=1

aki b
sp−1−k
i =

p2∑
i=1

aki b
p+s−k−2
i ,

again reducing the powers modulo p− 1.

�is immediately implies that in order to show that S is a cylinder, it su�ces to prove that a subset
of power sum polynomials is identically zero, which improves on Corollary 6.2.19.

Corollary 6.2.26. Let S be a set of p2 points in AG(3, p) such that every plane intersects it in 0 (mod p)
points. If Ssp−1(X,Y, 0) ≡ 0 for all 2 ≤ s ≤ p, then S is a cylinder.

Proof. We have already seen that there are no terms of degree at least p− 1. By Proposition 6.2.25 the
assumption means that there are no terms of lower degree either, meaning that w(X,Y ) has degree
zero. Since w(0, y) = 0 it follows that w(X,Y ) ≡ 0, but then every point has weight zero, which is
impossible.

Unfortunately, we cannot prove that Ssp−1(X,Y, 0) ≡ 0 for all 3 ≤ s ≤ p, but at least we can obtain
some partial information, which is exactly what we set out to prove in the �rst place.

Corollary 6.2.27. �e weight function w(X,Y ) is of the form XY g(X,Y ), where the total degree of g
is at most p− 5.

Proof. From Sj(X,Y, 0) ≡ 0, 1 ≤ j ≤ 2p − 1, we immediately �nd that w(X,Y ) has degree at most
p− 3. Furthermore, w(0, Y ) is a polynomial of degree at most p− 1 which is zero at all elements of Fp.
It follows thatw(0, Y ) is the zero polynomial. �is means thatw(X,Y ) has a factorX and analogously
also a factor Y . In particular, w(X,Y ) is of the form XY g(X,Y ).
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Discussion

On the one hand, no progress can be made with this approach by further strengthening the assumptions
and requiring more non-determined directions as Lemma 6.2.16 has reached its limits. Interestingly
enough, we can also not weaken the conditions of �eorem 6.2.12 to assume only p non-determined
directions. Let p ≥ 5 and de�ne f(t) := 1− tp−t

t2−t ∈ Fp[t], then

w(X,Y ) := f(X) + f(Y )− f(X + Y )

would satisfy all conditions in the weakened version of �eorem 6.2.12. It is not clear whether this
projection corresponds to a genuine counterexample or not. We know for p = 5 and p = 7 that it does
not, as we will show by di�erent methods that the strong cylinder is true for these values, which is the
content of Proposition 7.4.18 and Proposition 7.4.22 respectively.

Since working on this problem, I had the pipe dream to prove that in general the ‘integral’∫
F2
p

f :=
∑

x,y∈Fp

lift(f(x, y))

of a bivariate function f(X,Y ) in Fp[X,Y ] of degree at most p − 3 is larger than p2 for all p, which
is what we found by computer for small p. For example, a univariate function of degree 1 has integral(
p
2

)
, while for degree p− 1 we can get the much smaller integral

∫
Fp(−Xp−1 + 1) = 1. Intuitively: the

larger the degree, the smaller the integral can become. However, the mismatch between computations
over �nite �elds and the li� function is the inevitable and seemingly impossible hurdle to take with this
approach.
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CHAPTER 7

DIVISIBLE CODES AND CYLINDERS

. . . the source of all great mathematics is the special case, the concrete
example. It is frequent in mathematics that every instance of a concept
of seemingly great generality is in essence the same as a small and
concrete special case.

Paul R. Halmos

In this chapter we will cast the cylinder conjectures into a more general framework, which is suitable
to combinatorial approaches. We have already encountered such an a�empt before, due to Blokhuis,
Marino and Mazzocca [18] when they investigated generalized hyperfocused arcs. We will take a di�er-
ent approach and consider the strong cylinder conjecture as a hypothetical classi�cation of certain linear
codes. In this coding theory perspective, we can sensibly generalize the conjecture to higher dimensions
and non-prime �elds. �e most notable results in this chapter can be summarized as follows.

1. Rather surprisingly, higher-dimensional generalizations of the strong cylinder conjecture are
equivalent to the original one (Corollary 7.2.10), underlining its importance.

2. It was suspected that a generalization of the strong cylinder conjecture to non-prime �elds Fph ,
h > 1 should not hold, based on the existence of sub�elds. We con�rm this suspicion by providing
the �rst counterexample in �eorem 7.4.2 whenever h ≥ 3.

3. Lastly, using a combination of linear programming and geometrical methods, we are able to prove
the strong cylinder conjecture for p ∈ {2, 3, 5, 7} in Section 7.4.3. For p = 5 this recti�es a �awed
proof in [P1]. �ere is no hope in extending this combinatorial approach any further, due to the
counterexample for q = 8.

�e material in this chapter is based on joint work with Sascha Kurz [P3] but is presented in a slightly
di�erent way. We will point out the di�erences whenever relevant.

7.1 Divisible codes and point sets

A linear [n, k]q code C is ∆-divisible if all its weights are multiples of a �xed integer ∆, recalling that
the weight of a codeword is the number of non-zero coordinates. When ∆ and q are coprime, the clas-
si�cation of ∆-divisible codes over Fq is almost trivial, see for example Ward’s survey on ∆-divisible
codes [90], which contains this result. We will focus on the case when ∆ is a power of the �eld size q,
hence looking at qr-divisible codes, where r is a non-negative integer. For a survey on these codes we
refer to [52, 57].

�roughout, we will denote by S a set of points in PG(v − 1, q), mimicking but generalizing our
notation from earlier chapters. Recall that by a k-space of PG(v − 1, q) we mean a k-dimensional
linear subspace of the underlying vector space V (v, q), also using the terms points, lines, planes, and
hyperplanes for 1-, 2-, 3-spaces, and (v − 1)-spaces respectively as before.

De�nition 7.1.1. To each set S of n points in PG(v − 1, q) we can assign a q-ary linear code C(S)
de�ned by its generator matrix whose n columns consist of representatives of the n points of S . �e

47



Chapter 7. Divisible codes and cylinders

set S of n points in PG(v− 1, q) is qr-divisible if and only if C(S) is. Equivalently, S is qr-divisible if
|S ∩H| ≡ |S| (mod qr) for every hyperplane H of PG(v − 1, q).

Remark 7.1.2. One could more generally consider qr-divisible multisets of points in PG(v − 1, q),
which still makes sense from a coding theoretical perspective. However, any multiset of (possibly equal)
points each of multiplicity qr is qr-divisible. In order to avoid these trivial instances, we will restrict
ourselves to sets of points. Nevertheless, interesting questions regarding qr-divisible multisets could be
formulated and investigated if we for example restrict its multiplicities.

For example, the set of points of a k-space is qk−1-divisible and so is the set of points of a collection
of pairwise disjoint k-spaces. �e converse gives an interesting question: for which integers m is each
qk−1-divisible set of m · q

k−1
q−1 points the union of m disjoint k-spaces? We can always assume m ≥ 1

and the maximum value for m implies extendability results of spreads: each set of qk + 1−m disjoint
k-spaces in F2k

q can be extended to a k-spread. �ese results are mostly formulated in the language of
minihypers [47].

An interesting property of qr-divisible sets of points is that the divisibility is preserved (to some
extent) upon intersecting with subspaces, allowing for inductive arguments.

Lemma 7.1.3. ([52, Lemma 7]) Suppose that S is a qr-divisible set of n points in PG(v − 1, q) and X a
(v − j)-space of PG(v − 1, q) with 1 ≤ j < r. �en the restriction S ∩X is qr−j-divisible.

Proof. By induction, it su�ces to consider the case j = 1, i.e. X = H is a hyperplane in PG(v − 1, q).
�e hyperplanes of H are the (v − 2)-spaces of PG(v − 1, q) contained in H . Hence the assertion

is equivalent to |S ∩ U | ≡ |S| (mod qr−1) for every (v − 2)-space U ⊂ PG(v − 1, q). By assumption
we have |S ∩Hi| ≡ n (mod qr) for the q + 1 hyperplanes H1, . . . ,Hq+1 lying above U . �is gives

(q + 1)n ≡
q+1∑
i=1

|S ∩Hi| = q · |S ∩ U |+ |S| ≡ q · |S ∩ U |+ n (mod qr)

and hence n ≡ |S ∩ U | (mod qr−1), as claimed.

On the other hand, it may be clear that if S is a qr-divisible set in PG(v − 1, q), we can embed it in
PG(v′−1, q) for any v′ ≥ v and keep the divisibility property intact. �us, depending on the situation,
it might be useful to assume that S spans the space it is contained in.

Other than disjoint subspaces, there is a natural class of examples, generalizing the notion of cylin-
ders in AG(3, p) from before.

De�nition 7.1.4. Let r be a non-negative integer. An (r + 1)-cylinder is a set of qr+1 points in
PG(v−1, q) that arises as the union of the points of q disjoint a�ne (r+ 1)-spaces L1 \F , . . . , Lq \F ,
where the Li are (r + 1)-spaces and F is an r-space that is contained in all Li.

We remark that our de�nition of a 2-cylinder matches the de�nition of a cylinder as before. By
convention a 1-cylinder is just a set of q points. As the a�ne subspaces mentioned in the de�nition
above will appear o�en, we introduce the notation A(P, F ) for the a�ne subspace 〈P, F 〉\F , where P
is a point and F is an arbitrary subspace. Note that we have dim(A(P, F )) = dim(F ) + 1. Next, we
observe that (r + 1)-cylinders can be easily constructed starting from a set of q points.

Construction 7.1.5. Let r and v′ be non-negative integers, and consider a v′-space V ′ and a disjoint r-
space F in PG(v′+ r− 1, q). If S ′ = {P1, . . . , Pq} is a set of q points in V ′, then an (r+ 1)-cylinder can
be constructed as the set S consisting of the points of A(Pi, F ), i = 1, . . . , q.
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Proposition 7.1.6. �e set of points of an (r + 1)-cylinder is qr-divisible.

Proof. We use the notation of De�nition 7.1.4 for a given (r + 1)-cylinder. �e statement is trivial for
r = 0 so that we assume r ≥ 1. Each hyperplane H intersects F either in dimension r or r − 1. In
the �rst case we have |(Li \ F ) ∩ H| ∈ {0, qr}. In the second case we have |(Li \ F ) ∩ H| = qr−1

for all 1 ≤ i ≤ q. �us, we have |S ∩ H| ≡ 0 (mod qr) for the corresponding set of points S of the
(r + 1)-cylinder.

So (r + 1)-cylinders yield qr-divisible sets of qr+1 points and the question arises if there are other
isomorphism types. �is is exactly the content of the generalized cylinder conjecture (GCC).

Let (v, r, q) be a triple of non-negative integers where q is a prime power.

�estion 7.1.7. If S is a qr-divisible set of qr+1 points in PG(v − 1, q), does it follow that S must be a
(r + 1)-cylinder?

Remark 7.1.8. �ere are a few things we wish to point out.

1. We say that the generalized cylinder conjecture is true (or false) for a triple (v, r, q) if the answer
to this question is a�rmative (or not). Of course when r = 0, the conjecture is trivially true,
so we assume r ≥ 1 from now on. Moreover, in order to have qr+1 points in PG(v − 1, q), we
need v ≥ r+ 2. On the other hand, Ward’s upper bound on the dimension of divisible codes [90,
�eorem 6] shows v ≤ q(r + 1).

2. �e divisibility assumption is as strong as possible and for good reason. It’s not hard to construct
a qr-divisible set of qn points in PG(v− 1, q), r+ 1 < n ≤ v− 2, as the disjoint union of qn−r−1

di�erent (r + 1)-cylinders, while not being a cylinder itself.

3. �e formulation above di�ers from [P3] as we do not require S to span PG(v−1, q). While the in-
clusion of this condition does allow for more re�ned statements, see for example Corollary 7.4.11,
the upswing of our approach here is the emergence of a threshold dimension vt(r, q) for �xed
r and q. For �xed r, q, the threshold dimension vt(r, q) is de�ned as the largest integer such that
the GCC is true for the triple (vt(r, q), r, q). If the GCC for given r, q is true for all dimensions,
we set vt(r, q) = ∞ (although for dimensions larger than q(r + 1) this is technically a vacuous
statement by Ward’s bound). �is notion is well-de�ned since a counterexample for the triple
(v, r, q) can be embedded in higher dimension to give a counterexample for any (v′, r, q), v′ > v.
In other words, the statement “the GCC is true for the triple (v, r, q)” here corresponds to “the GCC
is true for all triples (ṽ, r, q), ṽ ≤ v” in [P3].

4. As we will see in the next section, it makes no di�erence if we consider point sets in a�ne or pro-
jective geometries. �erefore, the strong cylinder conjecture asserts that the answer is a�rmative
for the triples (4, 1, p), p prime.

5. Finally, we have to remark that the “right” generalization of the cylinder conjecture to non-prime
�eld sizes is a bit unclear in the context of directions determined by a point set, but De�nition 7.1.4
and Question 7.1.7 are at least reasonable in the context of qr-divisible sets.

Although our numerical data is still rather limited, we state:

Conjecture 7.1.9. �e generalized cylinder conjecture is true for (v, r, p) if p is a prime.
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7.2 �e reduction theorem
�e linear programming approach is based on the following three linear equations, commonly referred
to as the standard equations, see e.g. [52, Lemma 6].

Lemma 7.2.1. Let S be a set of points in PG(v − 1, q) with |S| = n, and let ai be the number of
hyperplanes in PG(v − 1, q) containing exactly i points of S (0 ≤ i ≤ n). �en we have

n∑
i=0

ai =
qv − 1

q − 1
,

n∑
i=1

iai = n · q
v−1 − 1

q − 1
,

n∑
i=2

(
i

2

)
ai =

(
n

2

)
· q

v−2 − 1

q − 1
.

Proof. Double-count incidences of the tuples (H), (P1, H), and ({P1, P2}, H), whereH is a hyperplane
and P1 6= P2 are points contained in H .

�e set {ai}i is called the spectrum of S . We can adapt Lemma 7.2.1 to our situation of qr-divisible
sets of points. We only state it for spanning sets, since this is the only situation that we will need it.

Lemma 7.2.2. Let S be a qr-divisible spanning set of qr+1 points in PG(v − 1, q) and let aiqr be the
number of hyperplanes in PG(v − 1, q) containing exactly iqr points of S (0 ≤ i ≤ q). �en we have

(q − 1)

q−1∑
i=0

aiqr = qv − 1, (7.1)

(q − 1)

q−1∑
i=0

iaiqr = q(qv−1 − 1), (7.2)

(q − 1)

q−1∑
i=0

i(iqr − 1)aiqr = q(qr+1 − 1)(qv−2 − 1). (7.3)

Proof. We use the equations from Lemma 7.2.1. Multiplying them by q − 1, using n = qr+1, taking
qr-divisibility into account, and using the fact that aiqr = 0 for i > q gives

(q − 1)

q∑
i=0

aiqr = qv − 1, (7.4)

(q − 1)

q∑
i=0

iqraiqr = qr+1
(
qv−1 − 1

)
, (7.5)

(q − 1)

q∑
i=0

(
iqr

2

)
aiqr =

(
qr+1

2

)
(qv−2 − 1). (7.6)

Finally, dividing (7.5) by qr , (7.6) by qr/2, and recalling aqr+1 = 0 gives the stated result.

Lemma 7.2.3. Let S be a qr-divisible spanning set of qr+1 points in PG(v−1, q). �en, the number aqr of
hyperplanes containing the smallest non-zero number of points of S is at least q

v−1
q−1 −

(
qv−r−1 − q + 1

)
.
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Proof. Using the notation from Lemma 7.2.2, Equation (7.3) minus 2qr − 1 times Equation (7.2) gives

(q − 1)

q−1∑
i=0

qri(i− 2)aiqr = −qr
(
(qv − 1)− (q − 1)qv−r−1 + (q − 1)2

)
.

Since i(i − 2) ≥ 0 and aiqr ≥ 0 for all 2 ≤ i ≤ q − 1, we conclude (q − 1)aqr ≥ qv − 1 − (q −
1)(qv−r−1 − q + 1).

In other words, almost all hyperplanes contain exactly qr points of S . For these hyperplanes we
might apply induction and assume that they are r-cylinders, as we will do later on in the proof of
�eorem 7.2.9.

�e general idea behind the proof of Lemma 7.2.3 is the linear programming method based on the
standard equations, which is a common technique in �nite geometry. To be precise, we maximize or
minimize a certain aj under the constraints of Lemma 7.2.2, where we assume that all ai ∈ R≥0. Bounds
similar as in Lemma 7.2.3 for other aiqr can be obtained easily.

Lemma 7.2.4. Let S be a qr-divisible spanning set of qr+1 points in PG(v − 1, q). �en, the number a0

of hyperplanes disjoint with S is at most (qv−r−1 − q + 2)/2.

Proof. From Lemma 7.2.2, 2qr times Equation (7.1) minus 3qr−1 times Equation (7.2) plus Equation (7.3)
gives

(q − 1)

q−1∑
i=0

qr(i− 1)(i− 2)aiqr = (q − 1)(qv−1 − qr+1 + 2qr).

Since (i−1)(i−2) ≥ 0 and aiqr ≥ 0 for all 0 ≤ i ≤ q−1, we conclude 2qra0 ≤ (qv−1−qr+1+2qr).

Lemma 7.2.5. Let S be a qr-divisible spanning set of qr+1 points in PG(v − 1, q). �en, the number a0

of hyperplanes disjoint with S is at least q
v−r−1−1
q−1 .

Proof. Applying Lemma 7.2.2, qr(q − 1) times Equation (7.1) minus qr+1 − 1 times Equation (7.2) plus
Equation (7.3) gives

(q − 1)

q−1∑
i=0

qr(i− 1)(i− q + 1)aiqr = (qv−1 − qr)(q − 1).

Since (i−1)(i−q+1) ≤ 0 and aiqr ≥ 0 for all 1 ≤ i ≤ q−1, we conclude (q−1)a0 ≥ qv−r−1−1.

Not imposing the spanning requirement would not make a di�erence for Lemma 7.2.3 and Lemma 7.2.4,
but gives the weaker bound a0 ≥ qv−r−2, which would not su�ce for our purposes later on.

Corollary 7.2.6. For every qr-divisible set S of qr+1 points in PG(v−1, q) there is at least one hyperplane
disjoint with S .

Proof. We already remarked that v ≥ r + 2 so Lemma 7.2.5 (and the remark following it) gives the
result.

�us, it makes no di�erence if we speak about point sets in AG(v − 1, q) or PG(v − 1, q). An-
other implication of Corollary 7.2.6 is that the generalized cylinder conjecture is trivially true when the
dimension v is small.

Proposition 7.2.7. Let S be a qr-divisible spanning set of qr+1 points in PG(v−1, q). If v ≤ r+ 2, then
v = r + 2 and S ' AG(v − 1, q).
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Proof. As before, we know v ≥ r + 2, so that v = r + 2. A single hyperplane disjoint with S leaves
only qr+1 possible points, which all have be to contained in S .

We see that the generalized cylinder conjecture is trivially true for all (v, r, q), where v ≤ r + 2.
Equivalently vt(r, q) ≥ r + 2 for all r, q. In other words, the classi�cation of qr-divisible spanning sets
of qr+1 points in PG(v − 1, q) is challenging for v ≥ r + 3 only.

With these auxiliary results in hand, we can prove our reduction theorem which essentially states
that the validity of the generalized cylinder conjecture depends only on the di�erence v− r and not on
the individual values of v and r itself. As a �rst step, we show that we can decrease v and r simultane-
ously and preserve the truthfulness.

Proposition 7.2.8. If the generalized cylinder conjecture is true for (v + 1, r + 1, q), then it is true for
(v, r, q).

Proof. If the generalized cylinder conjecture is false for (v, r, q), we can apply the following construction
to the corresponding counterexample and obtain a counterexample for (v + 1, r + 1, q).

Consider a qr-divisible set S of qr+1 points in V := PG(v − 1, q). For a point P outside of the
ambient space we consider the new ambient space V ′ := 〈V, P 〉 and set S ′ = ∪S∈SA(S, P ). By
construction dim(V ′) = v + 1 and S ′ is a set of qr+2 points in V ′. Now let H ′ by a hyperplane of
V ′. Either H ′ = V or H := H ′ ∩ V is a hyperplane of V . In the �rst case the have S ′ ∩ H ′ = S ,
which is of cardinality qr+1. In the second case we have |S ∩ H| ≡ 0 (mod qr). If P is in H ′, then
|S ′ ∩H ′| = q · |S ∩H| ≡ 0 (mod qr+1). If P is not contained in H ′ then each of the qr+1 a�ne lines
A(S, P ) is met byH ′ in a single point not equal to P , so that |S ′∩H ′| = qr+1. �us, S ′ is qr+1-divisible
and one can see that it is not a cylinder, if S is not.

�e second step consists of the converse.

�eorem 7.2.9. If the generalized cylinder conjecture is true for (v, 1, q) then it is true for all triples
(v + r − 1, r, q), r ≥ 1.

Proof. We will prove the result by induction on r. So �x r ≥ 2 and assume that the generalized cylin-
der conjecture is true for (v + r − 2, r − 1, q), meaning that every qr−1-divisible set of qr points in
PG(v+ r− 3, q) is an r-cylinder. Now let S be a qr-divisible set of qr+1 points in PG(v+ r− 2, q) and
assume �rst that S spans the full space. �e proof will be structured into some intermediate results.

Claim 1. For each pair of distinct points S, S′ ∈ S there exists an (r − 1)-space B such that A(S,B)
and A(S′, B) are both contained in S .
Proof of Claim 1. By Lemma 7.2.3 we see that there are at most qv−2−q+1 hyperplanes in PG(v+r−2, q)
that do not contain exactly qr points from S . Consider the line L = 〈S, S′〉, then L is contained in
qv+r−3−1

q−1 > qv−2− q+ 1 hyperplanes, recalling r ≥ 2. Hence, there is at least one hyperplane contain-
ingLwhich contains exactly qr points of S . IfH is such a hyperplane, we can apply induction on the set
S ∩H : it is a set a qr−1-divisible set of qr points inH ∼= PG(v+r−3, q) by Lemma 7.1.3. We conclude
that S ∩H can be partitioned into ∪qi=1A(Si, B) for some (r − 1)-space B and q points Si ∈ S . Since
S, S′ ∈ S ∩H , there must exist Si and Sj such that A(Si, B) = A(S,B) and A(Sj , B) = A(S′, B).

Claim 2. Let S ∈ S be a point such that there exist distinct (r − 1)-spaces B1 and B2 disjoint with S
and A(S,B1), A(S,B2) ⊆ S . �en, we have A(S, 〈B1, B2〉) ⊆ S .
Proof of Claim 2. For convenience’s sake, denote 〈B1, B2〉 by B. First o�, we observe that dim(B) =
r: since B1, B2 ⊆ B, clearly r is a lower bound for the dimension. On the other hand, since every
hyperplane disjoint with S necessarily intersectsA(S,Bi) inBi, i = 1, 2 (as these are the only points in
A(S,Bi)\S), it follows thatB is contained in every hyperplane disjoint with S . Since there are exactly
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qv+r−1−dim(B)−1
q−1 hyperplanes containing B, we see by Lemma 7.2.5 that dim(B) ≤ r + 1. Moreover, if

equality holds, then every hyperplane containing B is disjoint with S . �is is only possible when B is
a hyperplane itself, i.e. v = r+ 2, which is a trivial case by Proposition 7.2.7. �erefore, we can see that
dim(B) = r.

Now take a point F ∈ B \ (B1 ∪ B2) and consider the line 〈S, F 〉. �ere are qv+r−3−qv−2

q−1 hyper-
planes containing 〈S, F 〉 but not B, which is more than qv−2 − q + 1 and so by the same argument as
before we �nd such a hyperplane H containing exactly qr points of S . �is means we can again apply
induction on 〈S ∩H〉 and �nd an (r− 1)-space B3 such that A(S,B3) ⊆ S . However, B3 is contained
in both H and B. By assumption B is not contained in H , so they must intersect in an (r − 1)-space,
which must necessarily be B3 and hence F ∈ B3. As F was arbitrary, this shows that A(S, F ) ∈ S for
any F ∈ B.

Claim 3. S is an (r + 1)-cylinder.
Proof of Claim 3. We can assume that there exists a point S ∈ S such that there is a unique (r−1)-space
B satisfyingA(S,B) ⊆ S , as otherwise by Claim 2 we can already conclude that S is an (r+1)-cylinder.
Under this assumption, it follows from Claim 1 that A(S′, B) ⊆ S for all S′ ∈ S , so that modulo B we
obtain a set S ′ of q2 points that is q-divisible in PG(v − 1, q). As we assume the generalized cylinder
conjecture for the triple (v, 1, q), we can conclude S ′ = ∪qi=1A(S′i, B

′) for some points S′i and B′. By
construction, we then have S = ∪qi=1A(S′i, 〈B,B′〉) which shows that S is an (r + 1)-cylinder.

�is concludes the proof in the case that S spans PG(v + r − 2, q). If it spans a smaller space, say
PG(v′ + r − 2) for some v′ < v, we can retake the previous proof with v′ instead of v. �e induction
hypothesis now needs to be adapted accordingly, but the point is that our original induction hypothesis
for the tuple (v + r − 1, r − 1, q) implies in particular the truth of the generalized cylinder conjecture
for all tuples (ṽ + r − 1, r − 1, q), ṽ ≤ v, see also Remark 7.1.8.

Combining the previous results, we �nd the promised reduction theorem.

Corollary 7.2.10. For any r ≥ 1, the generalized cylinder conjecture is true for (v, r, q) if and only if it is
true for (v − r + 1, 1, q). Equivalently, vt(1, q) = vt(r, q)− r + 1.

�is means that it su�ces to consider the case r = 1 and investigate the particular threshold vt(1, q)
which we will denote as vt(q) from now on. We will do so in Section 7.4.3 for small q. In particular,
the validity of the case (r + 3, r, q), i.e. with the smallest non-trivial dimension, is equivalent to that of
(4, 1, q).

7.3 One a�ne (r + 1)-space in S su�ces

By combinatorial considerations and a clever change of perspective (see Corollary 7.3.2), Aart Blokhuis
(personal communication) showed that if a p-divisible set of points of size p2 in AG(3, p) contains a
single line, then it must be the union of p parallel lines, i.e. a 2-cylinder. We were able to use this in [P1]
to prove the strong cylinder conjecture for small p and generalized this further in [P3].

Lemma 7.3.1. LetS be a qr-divisible set of qr+1 points in PG(v−1, q). LetK be a subspace of codimension
2 in PG(v − 1, q). Assume that |S ∩ K| = kqr−1 for some integer 0 < k < q. �en, any hyperplane
containing K contains at most kqr points from S .

Proof. Since every of the q+ 1 hyperplanes H1, . . . ,Hq+1 containing K contains at least kqr−1 points
of S , it should contain at least qr points by qr-divisibility. Now suppose for the sake of contradiction
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that |S ∩H1| > kqr , then we �nd

qr+1 =

q+1∑
i=1

|S ∩ (Hi \K)|+ |S ∩K| > (kqr − kqr−1) + q
(
qr − kqr−1

)
+ kqr−1 = qr+1,

which is impossible.

Corollary 7.3.2. Let S be a qr-divisible set of qr+1 points in PG(v − 1, q). Suppose the hyperplane H
contains kqr points of S , where 1 ≤ k < q, then every hyperplane K of H , i.e. K ⊆ H is a subspace of
codimension 2 in PG(v − 1, q), contains either 0 or lqr−1 points of S for some k ≤ l.

Proof. By Lemma 7.1.3 we know that |S ∩ K| ≡ 0 (mod qr−1) holds as S ∩ H is a qr−1-divisible
set. Suppose that K contains lqr−1 points for some integer 0 < l < k. �en, by Lemma 7.3.1, every
hyperplaneH in PG(v−1, q) containingK contains at most lqr < kqr points, which is a contradiction.

For the next proof, denote by [x]q := (qx − 1)/(q − 1) the number of hyperplanes through a space
of codimension x.

�eorem 7.3.3. Let S be a qr-divisible set of qr+1 points in PG(v − 1, q). If S contains a full a�ne
(r + 1)-space then S is a (r + 1)-cylinder.

Proof. Due to Proposition 7.2.7 we can assume v ≥ r+3. Denote byA the a�ne (r+1)-space contained
in S and let A∞ be ‘its part at in�nity’, i.e. the unique r-space so that A ∪ A∞ is an (r + 1)-space of
PG(v − 1, q). Remark that A∞ is disjoint with S : there exists at least one hyperplane disjoint with S
by Corollary 7.2.6, which necessarily intersects A∪A∞ in A∞ as A ⊆ S . Now take a point P ∈ S \A
and let H be a hyperplane containing A and P . By qr-divisibility, we can assume that |S ∩H| = kqr

with 1 ≤ k < q.
Fix a point Q ∈ A and consider the set K of (v − 2)-spaces in H through Q, not containing A∞.

Observe that |K| = [v − 2]q − [v − r − 2]q and that every point in (S ∩ H) \ A is contained in
a := [v−3]q−[v−r−3]q of these spaces. Now double counting pairs {(K,R) | K ∈ K, R ∈ K∩S\A}
we �nd

(kqr − qr)a =
∑
K∈K

|(K ∩ S \A)| ≥ |K|(kqr−1 − qr−1),

by Corollary 7.3.2. As |K| = aq, we see that in fact we have equality so that |K ∩ S| = kqr−1 for all
K ∈ K. Moreover, the point Q ∈ A was arbitrary so we conclude that every (v− 2)-space not through
A∞ contains kqr−1 points of S .

Now retaking the point P ∈ S ∩H \A, we can consider the setK′ of (v−2)-spaces through P , not
containing A∞. Again, this set has size |K′| = [v − 2]q − [v − r − 2]q . Denote by B the (r + 1)-space
〈A∞, P 〉 and x = |S ∩ B|. If we can show that x = qr , we are done. We can now double count the
pairs {(K,R) | K ∈ K′, R ∈ K ∩ S \ {P}}. If R ∈ B then the number of (v − 2)-spaces through P
and R, not containing A∞ is b = [v− 3]q − [v− r− 2]q . For a point not in B, the correct count for the
(v − 2)-spaces is still a and we �nd the following equality:

(kqr − x)a+ (x− 1)b =
∑
K∈K′

|(K ∩ S \ {P})| = |K′|(kqr−1 − 1).

A�er simpli�cation we indeed �nd x = qr , concluding the proof.

54



7.4. Mixed results for the generalized cylinder conjecture

7.4 Mixed results for the generalized cylinder conjecture

7.4.1 Two counterexamples based on sub�elds

When sub�elds of Fq exist, we can construct qr-divisible sets of size qr+1 in PG(v − 1, q) for appro-
priate v which are not (r + 1)-cylinders. �ese constructions were �rst found for small q by LinCode
[58], a computer program wri�en by Sascha Kurz for enumeration of linear codes. For q = 4 a unique
counterexample in dimension 5 was found which we subsequently generalized in Lemma 7.4.4. A few
months later, LinCode found a counterexample for q = 8 in dimension 4, which we could generalize
in �eorem 7.4.2. We are indebted to Francesco Pavese for fruitful discussions regarding this la�er result.

�e la�er counterexample is the most interesting one: it refutes the direct generalization of the
strong cylinder conjecture to non-prime q. For this reason we will discuss it �rst. To be precise, it refutes
the generalized cylinder conjecture for the tuples (4, 1, qh), whenever h ≥ 3. In this construction we
will o�en use that Fqh ∼= Fhq and consider Fqh as a h-dimensional vector space over Fq .

Consider the (relative) trace function Tr : Fqh → Fq , see for example [62, §2.3], and denote by Ta
the elements of trace a, a ∈ Fq . Remark that each set Ta is an a�ne hyperplane in the Fq-vector space
Fqh . De�ne the set T := T 2

0 ⊆ AG(2, qh). In this plane, any line with equation Y = mX + b has slope
m, which corresponds to the point (1,m, 0) at in�nity. �e lines X = c on the other hand correspond
to the point (0, 1, 0).

Lemma 7.4.1. �e set T has the following properties:

1. |T | = q2h−2,

2. any line with slope m /∈ {0, 1,∞} contains qh−2 points of T

3. any line with slope m ∈ {0, 1,∞} contains 0 or qh−1 points of T .

Proof. It is well-known that |Ta| = qh−1 for all a ∈ Fq from which the �rst point follows.
For the second point, consider a line Y = mX + b with slope m ∈ Fqh \ {0, 1}. We claim that

|(mT0 + b) ∩ Ta| = qh−2 for all a ∈ Fq , where mT0 + b := {mx + b | x ∈ T0}. �e elements of
mT0 +b are exactly those satisfying the equation Tr( 1

m (X−b)) = 0. �e corresponding homogeneous
equation Tr( 1

mX) = 0 is Fq-linear and hence de�nes a hyperplane in Fqh , considering it as a vector
space over Fq . Ifm /∈ {0, 1} this hyperplane is clearly not a coset of T0 and hence intersects any Ta in a
space K of a�ne codimension two, where |K| = qh−2. �e original hyperplane with de�ning equation
Tr( 1

m (X − b)) = 0 is a coset and hence intersects T0 in the same number of points.
For the last point, we have to consider the lines Y = c, X = c and Y = X + c, c ∈ Fqh , which

intersect T in 0 points, if c /∈ T0, or qh−1 points if c ∈ T0.

Now for any z ∈ Fqh de�ne Tz := {(x, y, z, 1) | (x, y) ∈ T } ⊂ PG(3, qh).

�eorem 7.4.2. Consider an additive subgroup U ≤ Fqh of size q2, then S = ∪z∈UTz is a qh-divisible
spanning set of

(
qh
)2

points in PG(3, qh), which is not a 2-cylinder if h ≥ 3.

Proof. First of all, the hyperplane π∞ : W = 0 does not contain any points of S . �e set S consists of
q2h−2 points on q2 hyperplanes, all through the same line ` in π∞. �is shows that S is spanning and
by Lemma 7.4.1 we see that the only way that a line can contain qh points is if qh = q2 and it intersects
every of those q2 planes in a point. Since we assume h ≥ 3, this cannot happen. All that remains to
show is qh-divisibility.

Any plane through ` clearly intersects S in 0 or q2h−2 points, so assume that π is a plane not
containing `. �en it intersects ` in a point x and its intersection with each of the sets Tz is a line whose
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slope is determined by the pointx. Ifx /∈ {(1, 0, 0, 0), (0, 1, 0, 0), (1, 1, 0, 0)}, then by (2) of Lemma 7.4.1,
we �nd q2 lines in each of the planes intersecting in qh−2 points for a total of qh points. If x = (1, 0, 0, 0)
then the equation of π is aY +bZ+cW = 0. Now if a = 0, then π contains `, which we discussed before.
So we can assume a 6= 0 and divide by it to �nd the equation Y = b′Z+c′W . �e points (x, y, z, 1) ∈ S
have the property that y ∈ T0 and z ∈ U , which means that |π ∩ S| = qh−1 · |T0 ∩ (b′U + c′)|. Since
U is the set of points of a plane in the Fq-vector space Fqh , the set b′U + c′ is that of an a�ne plane
and hence intersects the hyperplane T0 in the empty set (if they are parallel), a line or is contained in it.
�is means |T0 ∩ (b′U + c′)| ∈ {0, q, q2} and hence |π ∩ S| ∈ {0, qh, qh+1}. �e cases x = (0, 1, 0, 0)
and x = (1, 1, 0, 0) are completely analogous.

Corollary 7.4.3. For any integer h ≥ 3, the generalized cylinder conjecture is false for (4, 1, qh).

�e only case with v = 4 and r = 1 and non-prime q that is not covered by the previous construction
is when q = p2. For squares of primes we can still �nd a counterexample, but we have to increase the
dimension slightly. �is one directly generalizes the counterexample for (5, 1, 4) and it applies to a
broader range of v than the previous construction. Here we reuse the isomorphism Fvqh ∼= Fvhq to see
that we can embed every set of points S ′ in Fvq as a set of points S (of the same cardinality) in Fvqh .
Moreover, every k-space in Fvqh corresponds to a kh-space in Fvhq .

Lemma 7.4.4. Let S ′ be a projective 2h-cylinder in Fvq , where h ≥ 2. �en the corresponding embedding

S in Fvqh ∼= Fvhq is a projective qh-divisible set of
(
qh
)2

points in PG
(
v − 1, qh

)
that is not a 2-cylinder.

Proof. First we observe |S| = |S ′| = q2h =
(
qh
)2. An arbitrary hyperplane H in Fvqh has dimension

(v−1)h over Fq . Since Fvq has dimension v over Fq , there exists a subspaceK in Fvq of dimension at least
v − h such that |S ∩H| = |S ′ ∩K|. Note that S ′ is q2h−1-divisible, so that |S ′ ∩K| ≡ 0 (mod qh)
due to Lemma 7.1.3. and we conclude that S is qh-divisible.

Now assume that S is a 2-cylinder and let L be one of the qh-lines. Consider two 1-points P1, P2

on L and denote by P ′1, P ′2 be the corresponding points in S ′. �e line L′ = 〈P ′1, P ′2〉 has multiplicity at
most q in S ′, so that L has a multiplicity of at most q in S , which is a contradiction due to h ≥ 2.

Corollary 7.4.5. For any integer h ≥ 2, the generalized cylinder conjecture is false for
(
2h+ 1, 1, qh

)
.

If v = 2h + 1, then the point set S ′ in Lemma 7.4.4 is an a�ne geometry, so that S is an a�ne
subgeometry. For the special case h = 2 one also speaks of a Baer (sub-)geometry. In general, the
second construction is an instance of the technique of the so-called �eld reduction, which yields a lot
of non-trivial constructions and characterizations of geometric and algebraic structures, see e.g. [60].
Of course one might conjecture that every qr-divisible set of qr+1 points in PG(v − 1, q) is either an
(r + 1)-cylinder or arises from a cylinder over a sub�eld.

In summary, we conclude that for a prime power ph, we �nd for the threshold dimension

vt(p
h)


≥ 3 if h = 1

∈ {3, 4} if h = 2

= 3 if h ≥ 3

7.4.2 Results for small q in arbitrary dimension
In this section we will discuss some triples (v, r, q), q small, for which we can determine the validity of
the generalized cylinder conjecture. Before that, we introduce some notation to make the proofs less
cumbersome.
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If K is a k-space in PG(v − 1, q), then K(S) := |K ∩ S| denotes the number of points in the
intersection, which we will also refer to as the multiplicity of K . If K is a point, then we will say that
K is a 0- or 1-point, whenever K(S) = 0 or 1 respectively. Similarly, if K is a line or a plane, we will
say that K is an m-line or m-plane if K(S) = m.

First o�, we will show that the generalized cylinder conjecture is true in arbitrary dimension, i.e.
vt(q) =∞, whenever q ∈ {2, 3}.

Lemma 7.4.6. Let S be a spanning set of qr+1 points in PG(v−1, q). If every hyperplane of PG(v−1, q)
contains either qr or no point from S , then v = r + 2 and S ' AG(v − 1, q).

Proof. Since only a0 and aqr are non-zero in Lemma 7.2.2, we immediately �nd v = r + 2, so that we
can apply Proposition 7.2.7.

Corollary 7.4.7. �e generalized cylinder conjecture is true for all triples (v, r, 2).

Proof. Immediately from Lemma 7.4.6 (we can without loss of generality assume that the set is spanning)
and Corollary 7.2.10.

An alternative proof using �eorem 7.3.3 is also possible as any two points de�ne an a�ne line.

Proposition 7.4.8. Let S be a 3-divisible set of 9 points in PG(v − 1, 3). �en S is a 2-cylinder.

Proof. Assume to the contrary, that S is not a 2-cylinder, so that Proposition 7.2.7 implies v ≥ 4. we
can again without loss of generality assume that S spans the space. Since the maximum multiplicity
of a hyperplane is 6, each subspace of multiplicity 6 is a hyperplane. Assume that K is a subspace of
multiplicity 4, so that dim(K) ≤ v− 2. We denote the codimension v− dim(K) of K by x, and hence
x ≥ 2. Since there are [x]3 hyperplanes through K , every 1-point outside of K is contained in [x− 1]3
hyperplanes, and every hyperplane through K has multiplicity 6, we have 2[x]3 = 5[x − 1]3, so that
3x−1 = −3, which is impossible. �us, no subspace can have a multiplicity of exactly 4.

From the standard equations we compute a0 =
(
3v−2 − 1

)
/2, a3 =

(
7 · 3v−2 + 3

)
/2, and a6 =(

3v−2 − 3
)
/2, so that a6 ≥ 3. So take a hyperplane H with S(H) = 6. Since S is spanning we

have dim(H) ≤ 6. If dim(H) = 6, then we can assume w.l.o.g. that the 1-points in H are given
by 〈e1〉 , . . . , 〈e6〉, where the ei denote the standard unit vectors. With this, the subspace 〈e1, . . . , e4〉
would have multiplicity 4, which is a contradiction. Now assume that dim(H) = 5 and that the 1-
points in H are given by 〈e1〉 , . . . , 〈e5〉 and a sixth point P . Consider the subspace 〈e1, . . . , e4〉. Since
it does not contain e5 and there is no subspace of multiplicity four, it has to contain P , which means
that the ��h coordinate of the vectors in P are zero. We can repeat this argument for the subspace
〈{e1, . . . , e5} \ei〉, i = 1, . . . , 4 and conclude that the i-th coordinate of the vectors in P are zero for
all 1 ≤ i ≤ 5, which is a contradiction. �us, the remaining possibilities are dim(H) ∈ {3, 4}, i.e.
v ∈ {4, 5}. From �eorem 7.3.3 we conclude that the maximum line multiplicity is at most 2. So, if
dim(H) = 3, then S ∩ H would be a set of 6 points in PG(2, 3) with line multiplicity at most two,
which does not exist. �erefore, we have dim(H) = 4 and v = 5. Using Corollary 7.3.2 we conclude
that every plane π in H has a multiplicity in {0, 2, 3, 5}. By the same reasoning as before, we cannot
have 5 points in PG(2, 3) with line multiplicity at most two and hence S(π) 6= 5. For the spectrum (a′i)
of S ∩ H the standard equations yield the unique solution a′0 = 8, a′2 = 18, a′3 = 14. Now consider
the subspaces spanned by one of the

(
6
3

)
= 20 triples of 1-points in H . As no line contains 3 points and

every plane contains at most 3 points, each triple of points spans a distinct plane, implying a′3 ≥ 20,
which is a contradiction.

Corollary 7.4.9. �e generalized cylinder conjecture is true for all triples (v, r, 3).
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Since cylinders only go up to dimension r + q, this in fact shows that there are no divisible codes
in higher dimensions, which improves Ward’s upper bound of q(r + 1). Using the so�ware pack-
age LinCode [58] we have computationally checked that there is no 3-divisible [9,≥ 5]3-code, no
9-divisible [27,≥ 6]3-code, and no 27-divisible [81,≥ 7]3-code. �is means it might not be necessary
to assume that S is a set and not a multiset to obtain the stated upper bound for the dimension.

We remark that the truth of the cylinder conjecture for (4, 1, 2) and (4, 1, 3) was also proven in [P1].
In principle it is possible to enumerate all projective qr-divisible

[
qr+1, v

]
q

codes using the so�ware
package LinCode [58] and to check whether the corresponding point sets are (r + 1)-cylinders for
given �nite parameters. However, given the currently available so�ware for the exhaustive enumeration
of linear codes, this approach is limited to rather small parameters.

For q = 2, 3 we can verify our theoretical �ndings from before, and for q = 5 we �nd the same
result.

Corollary 7.4.10. �e generalized cylinder conjecture is true for all triples (v, r, 5).

For the case (v, 1, 4) however, we �nd a counterexample from Corollary 7.4.3 for v = 5 and this
turns out to be unique. For higher v, the computer search reveals that there are no other spanning
counterexamples. �erefore Corollary 7.2.10 gives

Corollary 7.4.11. �e generalized cylinder conjecture is true for (r+3, r, 4), r ≥ 1, but false for (v, r, 4),
v ≥ r + 4. Equivalently, vt(4) = 4.

7.4.3 �e strong cylinder conjecture for small q
In this section, we will focus on the case v = r+ 3, and by Corollary 7.2.10 we can restrict ourselves to
the triple (4, 1, q). We will gather some more information on a possible counterexample, which leads
us to be able to prove the generalized cylinder conjecture for (4, 1, 7). �ese structural results also
imply alternative and computer-free proofs for q ∈ {2, 3, 4, 5}. A proof for the q = 5 case was also
claimed in [P1], but the proof contains an error which was corrected in [P3]. Finally, specializing �eo-
rem 7.4.2 to the tuple (4, 1, 8) shows that the combinatorial methods used here quickly reach their limits.

For the results in this section, we will o�en make the following assumption:

(?) S is a q-divisible spanning set of q2 points in PG(3, q) which is not a 2-cylinder.

�e spanning assumption is without loss of generality: if S would not span the full space, it would
consist of the q2 points in an a�ne plane, which is clearly a 2-cylinder.

Furthermore, by our earlier results we will assume q ≥ 4 throughout. Since r is �xed in this section,
we will also refer to a 2-cylinder as a cylinder. Moreover, we can consider S as a set of points in AG(3, q)
by Corollary 7.2.6. Lastly, by �eorem 7.3.3 we can assume that any plane intersects S in at most q2− q
points. Our general strategy is to obtain some structural results on S and �nd a contradiction for small
q. We will heavily rely on the standard equations for planes and points in S as stated in Lemma 7.2.2,
but also similar equations for lines in a kq-plane H and points in S ∩H , obtained by the same double
counting method. �e la�er gives us information on the number of i-lines for each i, which we will also
refer to as the spectrum.

We start o� by investigating the multiplicity of a line with respect toS . Summarizing the conclusions
of Corollary 7.2.6, Corollary 7.3.2 and �eorem 7.3.3, we can state the following lemma.

Lemma 7.4.12. Under (?), the line multiplicities in a kq-planeH are contained in {0, k, k+1, . . . , q−1}.

�e restriction on the possible line multiplicities is quite severe. Indeed, we can investigate the
existence of a set K of kq points in PG(2, q) admi�ing these line multiplicities, independently of the
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(generalized) cylinder conjecture. It turns out that when k is large, such sets cannot exist and hence S
cannot have large intersections with planes. �is idea is illustrated in the next few results.
Lemma 7.4.13. For a set of q(q − 1) points in PG(2, q), there exists a line with a multiplicity not in
{0, q − 1}.
Proof. Otherwise the �rst two standard equations would give a0 = 1 and aq−1 = q2 + q, so that the
third one yields the contradiction(

q − 1

2

)
aq−1 =

q(q − 1)(q2 − q − 2)

2
<
q(q − 1)(q2 − q − 1)

2
=

(
q(q − 1)

2

)
.

Corollary 7.4.14. Under (?), there can be no q(q − 1)-plane.

Proof. If H is a q(q − 1)-plane, then Lemma 7.4.12 and Lemma 7.4.13 yield a contradiction.

Lemma 7.4.15. For a set of q(q − 2) points in PG(2, q), q ≥ 4, there exists a line with a multiplicity not
in {0, q − 2, q − 1}.
Proof. Otherwise the �rst two standard equations would give aq−1 = a0(q − 2)− (q − 2) and aq−2 =
q2 + 2q − 1− a0(q − 1), so that the third yields

0 = aq−2

(
q − 2

2

)
+ aq−1

(
q − 1

2

)
−
(
q(q − 2)

2

)
=

(q − 2)(a0(q − 1)− 3q + 1)

2
,

which implies
a0 =

3q − 1

q − 1
= 3 +

2

q − 1
/∈ N0.

Corollary 7.4.16. Under (?), there can be no q(q − 2)-plane.

Proof. If H is a (q − 2)q-plane, then Lemma 7.4.12 and Lemma 7.4.15 yield a contradiction.

Corollary 7.4.17. �e generalized cylinder conjecture is true for the triple (4, 1, 4).

Proof. �is follows from Lemma 7.4.6, Corollary 7.4.14 and Corollary 7.4.16.

Proposition 7.4.18. �e generalized cylinder conjecture is true for the triple (4, 1, 5).

Proof. By Corollary 7.4.14 and Corollary 7.4.16 we know that aq(q−1) = 0 and aq(q−2) = 0. With this,
the standard equations for S yield the unique spectrum a0 = 11, a5 = 135, and a10 = 10. Now let H
be a 10-plane and bi the number of lines of multiplicity i, where bi = 0 for i /∈ {0, 2, 3, 4}. From the
standard equations we conclude b2 = 51 − 6b0, b3 = −38 + 8b0, and b4 = 18 − 3b0, so that b4 ≥ 0
implies b0 ≤ 6 and b3 ≥ 0, b0 ∈ N0 imply b0 ≥

⌈
19
4

⌉
= 5. Assume b0 = 5 and note that two 4-lines

cannot share a common 1-point P since otherwise counting points on the lines L1, . . . , L6 through P
would yield the contradiction

10 = S(H) =

6∑
i=1

S(Li)− 5 · S(P ) ≥ 2 · 4 + 4 · 2− 5 = 11

using S(Li) ≥ 2 for all 1 ≤ i ≤ 6. �us, the 4-lines are pairwise disjoint, so that 10 = S(H) ≥ a4 ·4 =
12, which is a contradiction. Hence, we have b0 = 6, b2 = 15, b3 = 10, and bi = 0 otherwise.

For a line L of multiplicity 3 in H denote the other 5 planes by H1, . . . ,H5. Since S(Hi) ∈ {5, 10}
for all 1 ≤ i ≤ 5 and |S| = 25, there exists an index 1 ≤ i ≤ 5 with S(Hi) = 10. Due to 1+ b3 ·1 = 11,
there are at least eleven 10-planes, which contradicts a10 = 10.
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Remark 7.4.19. �ere exists a unique projective [10, 3, {6, 7, 8, 10}]5 code C with generator matrix1 1 1 1 1 1 0 1 0 0
4 4 3 2 1 0 1 0 1 0
3 4 4 2 0 1 4 0 0 1

 .

�is code has an automorphism group of order 480 and weight enumerator WC(x) = 1x0 + 40x7 +
60x8 + 24x10. A geometrical interpretation for this set of points was also given in [88]. We remark
that the existence of the above code was excluded in the proof of [P1, �eorem 4] and so the proof
is �awed. More precisely, in the last sentence of the argument showing the existence of a 4-line in a
10-plane where two further 0-lines are constructed, it can happen that they (partially) coincide with the
four 0-lines found before.

Lemma 7.4.20. Under (?) for q = 7, there must exist a 14-plane.

Proof. By Corollary 7.4.14 and Corollary 7.4.16 we know that the non-zero plane multiplicities are
among (a0, a7, a14, a21, a28). If we suppose that a14 = 0, then solving Lemma 7.2.2 for a28 leads to
a0 + a28 = 15, which contradicts Lemma 7.2.5 saying that a0 ≥ 22.

Lemma 7.4.21. Under (?), the maximum line multiplicity with respect to S is q − 2.

Proof. By Lemma 7.4.12 we already know that the maximum line multiplicity is at most q−1. So assume
that L is a line of multiplicity q− 1 and denote by Q1, Q2 the two 0-points on L. Let H be an arbitrary
hyperplane containing L, where S(H) = kq for an integer 1 ≤ k < q.

For each 1-point P on L let L1, . . . , Lq denote the q lines trough P in H that are not equal to L.
Note that Lemma 7.4.12 implies S(Li) ≥ k for all 1 ≤ i ≤ q. From

kq = S(H) = S(L) +

q∑
i=1

S(Li)− q · S(P ) ≥ q − 1 + qk − q = kq − 1

we conclude that q − 1 of the Li, where 1 ≤ i ≤ q, have multiplicity k and one has multiplicity k + 1.
Now consider a 0-point R in H not on L and let L′i be the lines through R and Qi in H , where

1 ≤ i ≤ 2. By L′3, . . . , L′q+1 we denote the remaining q − 1 lines through R in H . Note that the L′i
meet the line L in a 1-points, so that S(L′i) ∈ {k, k + 1} for 3 ≤ i ≤ q + 1. From

kq = S(H) =

q+1∑
i=1

S(L′i)− q · S(R) ≥ S(L′1) + S(L′2) + (q − 1)k

we conclude S(L′1) + S(L′2) ≤ k, so that S(L′1),S(L′2) ∈ {0, k} due to Lemma 7.4.12. �us, for
1 ≤ i ≤ 2 the q + 1 lines through Qi in H are given by the (q − 1)-line L, q−1

k lines of multiplicity 0,
and

(
q − q−1

k

)
lines of multiplicity k. Now we are ready to determine the spectrum (ai) of H :

a0 = 2 · q − 1

k

ak = (q − 1) · (q − 1) + 2 ·
(
q − q − 1

k

)
ak+1 = (q − 1) · 1
aq−1 = 1
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and ai = 0 for all i /∈ {0, k, k + 1, q − 1}. If k = q − 1 or k + 1 = q − 1, then we would have to take
the sum of both values, but we suppress this technical subtlety for the ease of notation. From the third
standard equation we conclude

0 =

(
k

2

)
ak +

(
k + 1

2

)
ak+1 +

(
q − 1

2

)
aq−1 −

(
kq

2

)
= q · (k − 1)(k − q + 1)

2
,

so that k ∈ {1, q − 1}.
So, considering the q + 1 hyperplanes through L in PG(3, q) we conclude that q have multiplicity

q and one has multiplicity q(q − 1), where the la�er contradicts Corollary 7.4.14.

Proposition 7.4.22. �e generalized cylinder conjecture is true for the triple (4, 1, 7).

Proof. A�er 1671 seconds of computation time, LinCode claims that there is no set of 14 points with
line multiplicity at most 5 in PG(2, 7) without lines of multiplicity 1. Using Lemma 7.4.12, Lemma 7.4.20
and Lemma 7.4.21, this implies the truth of the cylinder conjecture for (4, 1, 7).
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CHAPTER 8

INTRODUCTION

But for most practical purposes, you just use the classical groups. �e
exceptional Lie groups are just there to show you that the theory is a bit
bigger; it is pre�y rare that they ever turn up.

Sir Michael Atiyah

Ever since the original result on intersecting families of sets by Erdős, Ko and Rado [36], an abun-
dance of similar ‘EKR-theorems’ in di�erent se�ings has appeared, with a ��ing concept of ‘intersect-
ing’ in each. Along with these results came a plethora of techniques to prove them. Some of the most
powerful ones, both in success rate and scope of applicability, lie in the �eld of algebraic combinatorics
and algebraic graph theory in particular. Typically, the problem at hand is restated to the search of
the largest cocliques in the graphs of the ‘non-intersection’ relation, for which several tools exist. �is
approach is highlighted in the recent book by Godsil and Meagher [46], where EKR-theorems for sets,
vector spaces, words, partitions and permutations are considered. Other instances where this technique
has proven its worth are the results for polar spaces in [53, 75, 79].

One property that these problems have in common is that they are ‘symmetrical’, not in the sense
of a large automorphism group, but because the natural relations between the sets or subspaces of
the relevant geometries under consideration are symmetrical. �is has implications for the relevant
algebraic structures with which one intends to a�ack these problems. Commonly, the adjacency matrix
of the corresponding graph generates a commutative matrix algebra, which is considerably easier to
study as opposed to a non-commutative matrix algebra.

When we drop the symmetry restriction, this nice feature is lost. And yet, researchers have in-
vestigated these kinds of problems as well, but with a di�erent toolbox in hand. Notable examples in
�nite geometry are the papers due to Blokhuis and Brouwer [15], with Szőnyi [17], with Güven [16]
and the paper by Metsch and Werner [70]. All of these deal with �ags in �nite geometries, which are
sets of pairwise incident elements of the geometry. When the �ags have size one and consist of a single
element, the natural relations are symmetrical, but as soon as we consider larger �ags, we not only
lose symmetry, but also the commutativity of the matrix algebras. However, the particular relation of
‘non-intersection’, de�ned appropriately for each geometry, is still symmetrical. In the joint work with
Jan De Beule and Klaus Metsch [P2] we show how to overcome the non-commutativity of the matrix
algebras when dealing with general �ags in �nite geometries and obtain upper bounds for EKR-sets of
�ags.

Some caution needs to be taken when comparing our results to previous papers. It is important
to note each time what the relevant notion of ‘non-intersection’ is, and how the corresponding EKR-
problem is stated. In this thesis and the paper [P2] on which it is based, we will consider oppositeness
of �ags as de�ned in spherical buildings as our starting point, as explained in Section 9.4. Opposition
is typically stricter than other analogues of ‘non-intersection’. For example in [66] ‘non-intersection’
for subspaces of polar spaces is de�ned as the usual non-intersection of subspaces. However, non-
intersecting subspaces in polar spaces are not necessarily opposite. Another common de�nition for
�ags in a projective space is ‘being in general position’. �is is also di�erent, as any two distinct lines in
PG(2, q) are in general position, while they can never be opposite, as we will see later on. �is is also
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made clear in the distinction between oppositeness graphs and Kneser graphs as in Güven’s thesis [49],
where similar results are obtained. In fact, in the geometries we consider, we will see that opposition
of �ags can be de�ned as being in general position with an extra condition. �e reason to consider this
extra condition is the very nice algebraical consequence we discuss in Remark 9.6.4.

�e starting point of our investigation is [19]. �e main theorem in this paper is that the eigenval-
ues of opposition in spherical buildings are powers of q, where Fq is the �eld over which the building
is de�ned. �e terminology of buildings is used as this is the natural framework to study the combi-
natorics of �ags in �nite geometries. Tits [87] showed that the same framework could be approached
starting from the classical groups of Lie type (see Table 9.1) and considering their actions on �ags in the
corresponding geometries, at least when the rank of the geometry is at least three. We will take this
point of view and avoid terminology from building theory where possible, in order to make the thesis
more self-contained.

Although it is not mentioned explicitly in [19], an algorithm can be extracted by which one can
compute all eigenvalues of opposition. �is is the content of Algorithm 1 and Algorithm 2. We will feed
these eigenvalues into the Delsarte-Ho�man bound for cocliques in the opposition graph and hence
obtain an upper bound for EKR-sets of �ags. In fact, to do so we only need the largest and smallest
eigenvalue which, given the machinery, can be found by remarkably elementary combinatorics.

�e main idea to compute these eigenvalues, which is also implicit in [19], is that the oppositeness
relation in a spherical building in fact corresponds to a generator of the Iwahori-Hecke algebra a�ached
to the building. To be more precise: to every spherical building there is associated a �nite Coxeter system
(W,S). We can then de�ne an algebra, called the Iwahori-Hecke algebra, with generators indexed by
the elements of W and depending on some parameters {qs | s ∈ S}. �is algebra can be seen as a
deformation of the group algebra CW and has been studied over the last 60 years. A lot of its structure
is known in the classical types, including its simple modules and hence its irreducible characters. �e
main point is that this Iwahori-Hecke algebra is in fact isomorphic to the non-commutative association
scheme obtained from the group action of the classical groups on maximal �ags. �is means that we can
obtain the eigenvalues of the opposition relation from the irreducible characters of the Iwahori-Hecke
algebra as we explained in the preliminaries. A recent and more detailed description of the connection
between these two di�erent points of view can be found in [48, Section 4].

Explaining all topics mentioned above in detail is the content of multiple books. We will hence not
go in full detail, but try to provide a working knowledge in Chapter 9 which su�ces to run Algorithm 1
and Algorithm 2. �e interested reader can �nd more in-depth material about each of the topics in the
following references: for buildings and �nite groups with BN -pairs we refer to the Tits’ book [87] or
the more recent account by Garre� [43], the book of Geck and Pfei�er [45] for an excellent treatment of
Iwahori-Hecke algebras and their representation theory and �nally the treatise on diagram geometry
[22] by Buekenhout and Cohen.

In the following sections, we apply this theory to the classical spherical buildings of rank at least
three, which are geometries related to the classical groups of Lie type. �ere are two reasons we restrict
ourselves to these groups and not consider the exceptional groups. �e �rst one is that the classical
groups consist of in�nite families corresponding to buildings of unbounded rank. �erefore, there is
something to prove for general rank, as opposed to the exceptional groups. Secondly, while we will �nd
sharp upper bounds for EKR-sets of �ags in the classical spherical buildings, we doubt that the same
method will produce sharp bounds for the buildings associated to exceptional groups. We will show an
example in Section 10.4.

Furthermore, there are two more reasons for the restriction on the rank. As indicated before, build-
ings of rank at least three are known to be associated with groups of Lie type by the results of Tits,
which means that it is equivalent to de�ne the geometries coming from the groups or from an ax-
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iomatic building-theoretical point of view. Since we will try to keep the prerequisite knowledge of
building theory to a minimum, we can content ourselves with the discussion of the geometries from the
group-theoretical point of view. �e second reason is that EKR-problems for buildings of rank two are
easy exercises, and hence do not need to be dealt with here.
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CHAPTER 9

GENERALITIES

Groups, as men, will be known by their actions.

Guillermo Moreno

We �rst recall some general theory from association schemes in order to demonstrate how Tits’
theory of groups with BN -pairs �ts into the picture. Most of this information is also well explained
in [20, Chapter 10] albeit for �ags of one element. We will not make this restriction and talk about
the action of classical groups on �ags of any type. �en we move on to the correspondence between
the association scheme from the group action and the Iwahori-Hecke algebra associated to the classical
group.

9.1 Association schemes from group actions
Consider a �nite group G acting transitively on a �nite set Ω. �en the orbitals, which are the orbits of
the diagonal action of G on Ω × Ω de�ned by g(x, y) := (gx, gy), are the relations {R1, . . . , Rm} of
an association scheme which we will denote byA(G,Ω). One can check that these relations satisfy the
axioms of an association scheme, which in general is not commutative.

We can representA(G,Ω) in another way, entirely contained inG. LetB be the stabilizer of a �xed
element x ∈ Ω. �en there is a bijection β : Ω → G/B between Ω and the le� cosets of B where
β(y) = gB if and only if gx = y. If {g1, . . . , gm} is a set of double coset representatives and we identify
a pair (y, z) ∈ Ω×Ω with its image (β(y), β(z)) ∈ G/B×G/B, then the relations can be described as

Ri = {(hB, hgiB) | h ∈ G}.

Finally, the relations Ri are in bijection with the double cosets B\G/B as the mapping Ω × Ω →
B\G/B: (gB, hB) → Bg−1hB maps relation Ri to BgiB. In particular, one can see that when gi is
an involution, the relation Ri is symmetric.

To summarize, we can view association schemes A(G,Ω) from transitive group actions entirely
in the group itself as A(G,G/B), with the relations in correspondence to the double cosets B\G/B,
where B is the stabilizer of an arbitrary element in Ω.

9.2 Actions of classical groups and BN-pairs

In our case, the group G will be a ‘projective’ classical group acting on �ags of a corresponding �nite
geometry. All of these groups are de�ned over Fq , tacitly assuming that in the case of the projective
unitary groups, the prime power q is a square. We record the groups and their geometries below, to-
gether with the Cartan notation and the underlying Weyl group, which will be explained later in this
section. We will refer to these groups as the classical groups from now on.

Since we only consider geometries of rank at least three, we can restrict ourselves to n ≥ 3 in Ta-
ble 9.1, except for the last entry where we assume n ≥ 4. We should also mention that in the case
of PGO+(2n, q), we consider the ori�amme complex of the hyperbolic quadric as the geometry, i.e.
explicitly making the distinction between the two classes of generators. One could also consider it as a
polar space of rank n by not making the distinction. �e underlying Weyl group would then have type
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classical group geometry Cartan notation Weyl group
PGL(n+ 1, q) projective space An(q) An

PGU(2n+ 1, q) hermitian polar space 2A2n(q) Bn

PGU(2n, q) hermitian polar space 2A2n−1(q) Bn

PSp(2n, q) symplectic polar space Cn(q) Bn

PGO(2n+ 1, q) parabolic quadric Bn(q) Bn

PGO−(2n+ 2, q) elliptic quadric 2Dn+1(q2) Bn

PGO+(2n, q) hyperbolic quadric Dn(q) Dn

Table 9.1: �e projective classical groups.

Bn [22, Proposition 7.8.9]. �e le� exponent in the Cartan notation of PGU(n, q) and PGO−(2n, q)
indicates that these groups are ‘twisted’, while the others are ‘untwisted’. �e precise de�nition (see
[24]) of this notion is not too important for our purposes, but we will use this terminology later on.

Each of the above classical groups comes with a transitive action on the �ags of their corresponding
�nite geometries [87]. As we saw in the previous section, a transitive action of a �nite group on a �nite
set leads to an association scheme. However, for the action of classical groups, we can say more. �e
reason is that these are instances of groups withBN -pairs. We will recall some properties these groups
possess, but refer to [43] for a precise de�nition of a group with a BN -pair. �ere it is also explained
that groups with BN -pairs and buildings are tightly interwoven.

Property 9.2.1. A group G with a BN -pair has two subgroups B and N such that the following
properties are satis�ed:

1. B and N generate G.

2. B ∩N = T is normal in N and the quotient W = N/T is generated by a set of involutions S.

3. B\G/B = tw∈WBẇB, where ẇ denotes a representative of w ∈W in N . For the remainder of
this part, we will write BwB instead of BẇB.

4. (W,S) is a Coxeter system, i.e. W is a group with generators S and relations (sisj)
mij =

(sjsi)
mij , where mij ≥ 2 if i 6= j.

5. If ` : W → N denotes the length function on W , then for any w ∈W and s ∈ S we have

(BsB)(BwB) ⊆

{
BswB if `(sw) > `(w)

BswB ∪BwB if `(sw) < `(w).

�e double coset decomposition in (3) is called the Bruhat decomposition of G, and the group W in (4)
is called the Weyl group of G. �e rank of W is de�ned as |S|. �e length function ` in (5) returns for
every w ∈ W its minimal length as a word in the generators S. Although a single element could be
given by di�erent words, it follows more or less from the fact that the relation (sisj)

mij = (sjsi)
mij

has equally many factors on both sides that this function is well-de�ned.

It is well known that a presentation of the Weyl groupsAn,Bn andDn appearing in Table 9.1 can be
given by their Dynkin diagrams. �is works as follows: a node with label i corresponds to a generator
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si ∈ S. �e relations are s2
i = 1 and (sisj)

mij = 1 for i 6= j, where mij − 2 is the number of lines
connecting si and sj .

Since the classical groups are �nite, each of the corresponding Weyl groups is �nite (which is the
de�ning property of a spherical building) and there is a unique longest word with respect to the length
function de�ned on W . �is element is commonly denoted by w0 and its length `(w0) is recorded in
the last column in the table. We remark that `(w0) as stated is only valid for the untwisted groups. In
the Weyl group of the twisted groups, the length function is slightly modi�ed.

�ese Dynkin diagrams will be of great use later on, as they convey more information than just the
presentation of the Weyl group, we will return to this in Section 9.4.

Weyl group Dynkin diagram `(w0)

An
1 2 n− 1 n n(n+ 1)

2

Bn
1 2 n− 1 n

n2

Dn

1 2 n− 2

n− 1

n n(n− 1)

Table 9.2: �e Weyl groups An, Bn and Dn.

Example 9.2.2. One can consider G = PGL(n + 1, q) of type An with B the subgroup of upper
triangular matrices and N the subgroup of monomial matrices, i.e. matrices with exactly one non-zero
element in every row and column. �en T = B ∩ N is the subgroup of diagonal matrices and one
can see that the corresponding Weyl group N/T is isomorphic to the symmetric group Sym(n + 1).
In fact, we will identify the Weyl group of type An with Sym(n + 1), with the adjacent transposition
si = (i, i+ 1), 1 ≤ i ≤ n− 1, as the generating involutions.

In this example, we can explicitly infer the action of the Weyl group on the geometry. �is is harder
to do in general, but the upshot is that it is in fact not necessary. One of the key ideas from the theory of
buildings is that we can investigate the action of the Weyl group on the whole geometry by considering
its action on a speci�c substructure, which we will refer to as a frame. In the example above, a projective
frame consists of n + 1 linearly independent vectors {e1, . . . , en+1} in the underlying vector space
V (n + 1, q), and the action of Sym(n + 1) is the natural action on the indices. We will work out this
example for n = 2 in more detail later on in Example 9.2.3.

Let’s return to the association scheme A(G,G/B), where G is a classical group as in Table 9.1 and
B the stabilizer of a maximal �ag. In fact, through the correspondence of buildings and groups with
BN -pairs [43, Chapter 5], this subgroup B is also one of two parts of a BN -pair. �e subgroup N on
the other hand is the stabilizer of an apartment (i.e. a thin subgeometry of the same type [22, De�nition
6.5.3]), in the language of buildings. We saw that the double cosets B\G/B correspond to the relations
in the scheme A(G,G/B). But now we know more:
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1. �e relations in A(G,G/B) are indexed by the underlying Coxeter group W . We can therefore
write {Rw | w ∈W} instead of {R1, . . . , Rm}.

2. If (x, y) ∈ Rw1
and (y, z) ∈ Rw2

, we can determine which relations are possible for (x, z) by (5).

Example 9.2.3. Although we usually assume n ≥ 3 for type An, retake Example 9.2.2 with n = 2 for
the sake of simplicity. We have the action of PGL(3, q) on the subspaces of PG(2, q). �e subgroup B
can be seen as the stabilizer of the standard �ag {〈e1〉, 〈e1, e2〉, 〈e1, e2, e3〉}, where ei is the i-th basis
unit vector. �e last element of every maximal �ag is PG(2, q) itself, so we can omit this and talk about
{point, line}-�ags.

�e underlying Coxeter group is Sym(3) and hence it follows that there are |Sym(3)| = 6 re-
lations on {point, line}-�ags in PG(2, q), which can be seen in the table below. To �gure out what
the geometrical interpretation of the double coset BwB with w ∈ Sym(3) is, one needs to look at
the action of w on ei de�ned by wei = ew(i). For example, s1s2 = (1 2 3) maps the standard �ag to
{〈e2〉, 〈e2, e3〉, 〈e1, e2, e3〉}, which means that the relation between two �ags corresponding toBs1s2B
is the relation where the point of the second �ag is on the line of the �rst but not vice versa. �is already
shows that A(G,G/B) is not symmetric.

double coset geometric interpretation
B1B p1 = p2, `1 = `2
Bs1B p1 6= p2, `1 = `2
Bs2B p1 = p2, `1 6= `2
Bs1s2B p1 /∈ `2, p2 ∈ `1
Bs2s1B p1 ∈ `2, p2 /∈ `1
Bs1s2s1B p1 /∈ `2, p2 /∈ `1

Table 9.3: �e 6 possibilities for the mutual position of two �ags {p1, `1} and {p2, `2} in PG(2, q).
Remark that s1s2s1 = s2s1s2.

One can now check, both algebraically by (5) in Property 9.2.1 and geometrically, that if ({p1, `1}, {p2, `2}) ∈
Rs1 and ({p2, `2}, {p3, `3}) ∈ Rs2 then ({p1, `1}, {p3, `3}) ∈ Rs1s2 .

9.3 Iwahori-Hecke algebras
For an association scheme we have a corresponding Bose-Mesner algebra, given by basis matrices
A1, . . . , Am. We know by de�nition that the product AiAj can again be expressed as a linear com-
bination in the basis matrices:

AiAj ∈ 〈A1, . . . , Am〉.

�is information is encoded in the complex product of two matrices Ai and Aj , as de�ned in [92],
which returns the basis matrices Ak appearing in this linear combination with non-zero coe�cients.
�is provides us some qualitative information on how the basis matrices are related. However, we are
o�en, if not always, interested in the coe�cients pkij , also called the intersection numbers:

AiAj =

m∑
k=1

pkijAk.

When we look back at the previous section, we see that in fact (5) in Property 9.2.1 corresponds to the
complex multiplication of basis relations in the association scheme A(G,G/B), where G is a classical
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group with a BN -pair. We now would like to make this information more precise, by specifying the
intersection numbers. �is is the content of the next result, due to Iwahori and Matsumoto. We refer to
[45, Section 8.4] in which this result and others can be found, along with more historical context.

Proposition 9.3.1. Let {Aw | w ∈W} be the adjacency matrices of the relations Rw de�ned in the pre-
vious section for a group G with a BN -pair and underlying Coxeter group W . �en we have the following
multiplication rules for all s ∈ S and w ∈W :

AsAw =

{
Asw if `(sw) > `(w)

qsAsw + (qs − 1)Aw if `(sw) < `(w),

where qs = |BsB/B| for all s ∈ S.

�e set BsB/B is the set of le� cosets contained in BsB, which can also be seen as the set of le�
cosets in relation Rs with B. It is known that qs = qt whenever s and t are conjugate in W . Moreover,
qs = qcs , for some cs ∈ N, where q is the order of the underlying �eld of the classical group. When the
group is untwisted qs = q for all s ∈ S. �e integers qs, s ∈ S, are in this context commonly referred
to as the structure constants of A(G,G/B).

Example 9.3.2. For the earlier example of PGL(3, q) we �nd qs = |BsB/B| = q for all s ∈ S. �is
number is also the valency of the relation Rs, which can be seen from Table 9.3.

Remark 9.3.3. If we replace qs by 1 in the multiplication rules above, we would obtain an algebra that
is isomorphic to CW . �is is no coincidence, as both the association scheme and the group algebra CW
can be seen as specializations of a more general algebra, which is a generic Iwahori-Hecke algebra [45,
Section 8.1]. Intuitively, one can see the association scheme A(G,G/B) as a deformation or q-analog
of CW .

�e connection between the association scheme for �ags of incidence geometries and Iwahori-Hecke
algebras has been pointed out before. �e earliest reference we could �nd is due to O� [73, p108]. For
a more recent account, we refer to [74] (in the language of buildings) and [48] (in the language of
coherent con�gurations), where it is reproven that if we remove groups from the equation and focus
on the combinatorial side, the adjacency algebra for buildings obtained is the Iwahori-Hecke algebra as
above. In summary, the main advantage of this connection is that the foundations for the representation
theory of Iwahori-Hecke algebras have been studied intensively in the last 50 years and is immediately
applicable to the combinatorial problem we consider.

9.4 Opposition in spherical buildings

�e connections we made in the previous sections will now be put to use. Let G be one of the classical
groups, W its underlying Weyl group of rank n and w0 the longest word in W .

De�nition 9.4.1. �e relation Rw0
in A(G,G/B) is called the opposition relation.

Remark that w0 is an involution (as w−1
0 has the same length as w0). �erefore, w0 = w−1

0 and we
conclude that opposition is a symmetric relation. Although this de�nition is made in terms of the group
G, it in fact corresponds to a geometrical notion of ‘far awayness’ of maximal �ags of which one can
see an example in Table 9.3.

�is de�nition can be extended to partial �ags. To do so, we need the notion of type and cotype of
a partial �ag.
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De�nition 9.4.2. Let Γ be the geometry corresponding toG. �e type of a subspace in Γ is its vector
space dimension. �e type of a �ag is the set of types of the subspaces appearing in the �ag. �e
cotype of a �ag is its complement in [n] := {1, . . . , n}.

We emphasize again that whenever we use the term ‘dimension’, we refer to the vector space di-
mension so that it coincides with the type. �e type or cotype of a partial �ag can also be de�ned in
terms of G and its Weyl group W .

De�nition 9.4.3. For every J ⊆ [n], we can de�ne a parabolic subgroup PJ of G by PJ := BWJB,
where WJ := 〈si | i ∈ J〉.

It turns out that PJ is the stabiliser of a �ag of cotype J [43]. In fact, it is the stabiliser of the unique
�ag of cotype J contained in the maximal �ag stabilised by B. In other words, we can �nd a bijection
between �ags of cotype J and G/PJ . Remark that when J = ∅, we retrieve the original bijection
between maximal �ags and cosets in G/B.

�is bijection allows us to identify the cotype J ⊆ [n] of a �ag with a set of generators {si | i ∈
J} ⊆ S. We will therefore refer to the la�er set as the cotype of the �ag as well. In this way, since w0

acts on S by conjugation [45, Lemma 1.5.3], we can say that w0 acts on types as well. Furthermore, this
action can most easily be seen by looking at the Dynkin diagram as generators correspond to nodes. In
the case of An and Dn, n odd, the action of w0 corresponds to the unique diagram automorphism of
order 2. In the case of Bn and Dn, n even, it is the identity.

De�nition 9.4.4. Two partial �ags of cotypes J and K are opposite if and only if Jw0 = K and they
can be extended to two maximal opposite �ags.

Alternatively, we can de�ne oppositeness of two partial �ags of cotypes J and K as in [19] by �rst
identifying them as two cosets gPJ and hPK and then requiring that PKh−1gPJ = PKw0PJ .

Example 9.4.5. Retake the running example G = PGL(3, q). From our previous calculations, we see
that s1 stabilises the line 〈e1, e2〉, which is a �ag of cotype {1} or {s1}, and s2 stabilizes the point 〈e1〉,
a �ag of cotype {2} or {s2}. �e element w0 in Sym(3) is s1s2s1 = (1 3) and hence sw0

1 = s2 as
expected. From Table 9.3, we deduce that two maximal �ags are opposite if and only if the point (resp.
the line) of the �rst is not incident with the line (resp. the point) of the second. For partial �ags we see
that an element of cotype {s1}, i.e. a line, can only be opposite to an element of cotype {s2}, i.e. a point.
�is happens whenever the point and line are not incident.

Although oppositeness of �ags is de�ned as a global property, the previous example shows that
checking whether two given {point, line}-�ags in PG(2, q) are opposite can be done locally, or ‘ele-
mentwise’, by running over the elements of the �rst �ag and checking incidence with the element of
opposite type of the second �ag. �is is an instance of a more general phenomenon, which we can
phrase on the level of the groups. �is property can also be seen geometrically, but would require a
separate discussion for each type of Weyl group and will be made clear in later sections.

Lemma 9.4.6. Let gB, hB ∈ G/B then the following are equivalent:

1. Bh−1gB = Bw0B,

2. PJh−1gPK = PJw0PK for all pairs (PJ , PK) of parabolic subgroups s.t. Jw0 = K ,

3. PJh−1gPK = PJw0PK for all pairs (PJ , PK) of maximal parabolic subgroups s.t. Jw0 = K ,

Remark that a maximal parabolic subgroup PJ , where J = S \ {i}, corresponds to the stabilizer of
a subspace of type i in the geometry. �erefore, we can identify the cosets gPJ with the i-dimensional
spaces in the corresponding geometry.
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Proof. Multiplying the equation Bh−1gB = Bw0B on the le� by PJ and on the right by PK shows
that 1) ⇒ 2). �e implication 2) ⇒ 3) is immediate. So suppose that 3) holds. As B ≤ PJ , for any
parabolic subgroup PJ we have Bh−1gB ⊆ PJh

−1gPK . Moreover, by the de�nition of the parabolic
subgroup, we know that PJ = BWJB = ∪w∈WJ

BwB. �erefore, PJh−1gPK = PJw0PK =
(BWJB)(Bw0B)(BWKB) and the la�er can be expressed as a union of double cosets by the multipli-
cation rule (5) in Property 9.2.1. Combining all of this, we �nd that for any pair (PJ , PK) of maximal
parabolic subgroups such that Jw0 = K the following holds:

Bh−1gB ⊆ PJh−1gPK = (BWJB)(Bw0B)(BWKB) ⊆
⋃

u∈WJ ,v∈WK

Buw0vB =
⋃

v∈WK

Bw0vB,

where the last equality follows as uw0v = w0u
w0v ∈ w0WK , recalling Jw0 = K . Since this expres-

sion holds for any maximal K ⊂ S, we obtain that Bh−1gB must be contained in the intersection of⋃
v∈WK

Bw0vB over all K . �e intersection consists of all double cosets Bw0xB such that x ∈ WK

for all maximal K ⊂ S. However, as WK1 ∩ WK2 = WK1∩K2 for all K1,K2 ⊆ S, it follows that
x = 1 and hence Bh−1gB ⊆ Bw0B, from which equality follows, as double cosets are either disjoint
or equal.

9.5 Erdős-Ko-Rado sets of �ags

�e opposition relation, or rather its complement, will serve as the de�ning one for Erdős-Ko-Rado
problems in this context.

De�nition 9.5.1. Let Ω be a set of �ags of cotype J such that Jw0 = J . �en C ⊆ Ω is an EKR-set of
�ags if Rw0 ∩ (C × C) = ∅. In other words, C is an EKR-set of �ags if no two �ags in C are opposite
to each other.

We have the following important feature of EKR-sets of �ags. Consider the projection map φJ :
G/B → G/PJ de�ned by φJ(gB) = gPJ . Geometrically, this amounts to deleting elements in a
maximal �ag such that the remainder is a �ag is of cotype J . In the other direction, we can ‘blow up’ a
partial �ag gPJ of cotype J to a set of maximal �ags φ−1

J (gPJ).

Lemma 9.5.2. If C is an EKR-set of �ags of cotype J , then φ−1
J (C) is an EKR-set of maximal �ags.

Proof. Suppose that φ−1
J (C) contains two opposite �ags gB and hB. �en Bh−1gB = Bw0B, which

implies by Lemma 9.4.6 that PJh−1gPJ = PJw0PJ , which contradicts our assumption.

Geometrically this is quite natural as well: partial �ags that are not opposite cannot suddenly be-
come opposite when extending them to maximal �ags. As said before, we will indicate the geometrical
meaning of oppositeness of �ags and hence EKR-sets in each classical type in more detail in the fol-
lowing sections. �is observation comes in quite handy when we discuss upper bounds for the size of
EKR-sets of �ags: suppose we have an upper bound in the case of maximal �ags, then an upper bound
for an EKR-set C of �ags of cotype J is derived by blowing up C to φ−1

J (C) and applying the bound in
case of maximal �ags to the la�er set. Since |φ−1

J (C)| = |C||φ−1
J (B)|, an upper bound for |C| can then

immediately be computed.
A classical tool to obtain upper bounds for EKR-problems is the Delsarte-Ho�man bound for co-

cliques in a regular graph, see for example [46].

Proposition 9.5.3. Let C be a coclique in a k-regular graph. �en

|C| ≤ v

1− k
α

,
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where v is the number of vertices and α the smallest eigenvalue of the adjacency matrix of the graph.
Moreover, if equality is a�ained, then the characteristic vector of C is contained in the sum of eigenspaces
corresponding to the eigenvalues k and α.

In our case, an EKR-set of maximal �ags corresponds to a coclique in the graph with adjacency
matrixAw0 . �is graph is surely regular, as there is a group acting transitively on it. All that remains to
do to obtain upper bounds, is to �nd the eigenvalues ofAw0 . We recall that in order to do so, it su�ces to
�nd the irreducible representations of the Iwahori-Hecke algebra to which it belongs. �ese irreducible
representations and their corresponding characters are well-studied and known results can be applied
to obtain the eigenvalues. It turns out that the irreducible characters of the Iwahori-Hecke algebra and
those of W are intimately connected, which makes sense in light of Remark 9.3.3. In essence, this is the
approach followed by Brouwer in [19].

9.6 Tying it all together: Brouwer’s recipe for the eigenvalues
of oppositeness

With this approach, Brouwer could show that the eigenvalues of oppositeness are powers of q, when
the group is de�ned over Fq [19]. From his and earlier work, it is in fact possible to extract an explicit
algorithm to compute the eigenvalues of Aw0

, which we have recorded below.

Algorithm 1. Computation of eigenvalues of opposition for maximal �ags in the geometry correspond-
ing to the classical groupGwith Coxeter system (W,S) and structure constants {qs | s ∈ S}. For every
χ ∈ Irr(W ) we can compute the corresponding eigenvalue(s) λχ as follows.

1. Determine a set R ⊆ S of representatives for the conjugacy classes of generators {sW | s ∈ S}.

2. Compute the values of er = |rW |(1 + χ(r)/χ(1)) for all r ∈ R.

3. Determine χ(w0) and compare to χ(1) to determine the sign

sgn(χ) =


+ if χ(1) = χ(w0)

− if χ(1) = −χ(w0)

± if |χ(1)| 6= |χ(w0)|.

4. Compute the eigenvalue(s) λχ = sgn(χ)
∏
r q

er/2
r .

Remark that both the set of structure constants and the set R in step two will consist of at most two
elements, as all �nite Weyl groups have at most two conjugacy classes containing generators.

Without going too much into detail, the essence of this algorithm, and Brouwer’s paper by extension,
is the following result due to Springer combined with the fact that the representation theory and irre-
ducible characters of the association scheme A(G,G/B) are strongly related to that of the underlying
Weyl group W .

�eorem 9.6.1. [45, �eorem 9.2.2] Let χ be an irreducible character of A(G,G/B). �e element A2
w0

is
central in this algebra and acts on a simple module a�ording χ by the scalar

∏
r∈R q

er
r .

In the case one looks at partial �ags instead of maximal �ags, it is possible to derive the eigenvalues,
up to sign, from the �rst algorithm. �ere is some caution to be taken however. If the longest word w0

is central inW , then |χ(w0)| = χ(1) for all irreducible characters χ and so there will always be a single
sign. �is happens for the Weyl groups of type Bn and Dn, n even, but not for type An, Dn, n odd.
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In these cases, there is an extra di�culty in computing the eigenvalues of opposition on partial �ags as
one needs to pay closer a�ention to the signs. We will therefore not discuss the la�er cases in detail
when considering partial �ags.

Algorithm 2. Computation of eigenvalues of opposition for partial �ags of cotype J in the geometry
corresponding to the classical group G with Coxeter system (W,S) and structure constants {qs | s ∈
S}.

1. Determine the decomposition of the induced character into irreducibles, i.e. indWWJ
(1WJ

) =
∑
χ.

2. Compute the eigenvalue λχ for every χ appearing in the above sum using Algorithm 1.

3. Compute the length ` of the longest word in WJ .

4. Compute the eigenvalues µχ = λχ · q−`.

In particular we see that if the irreducible charactersχ andφ appear in the decomposition of 1WWJ
, the

ratio of eigenvalues µχ/µφ = λχ/λφ is independent of the �ag type, which is very relevant considering
the denominator in the Delsarte-Ho�man bound.

Remark 9.6.2. It is remarkable that the decomposition of indWWJ
(1WJ

), which is a character in a �nite
Weyl group, determines the structure of the permutation character obtained from the action of G on
G/PJ . �is result is due to Curtis, Iwahori and Kilmoyer [27], where the relation between the two is
investigated on the level of the Iwahori-Hecke algebras. �e importance for our applications is that
for a given rank n, the building of type Xn typically depends on a prime power q, while W is a �xed
and Weyl Coxeter group. �is implies that the decomposition of indWWJ

(1WJ
) can simply be found by a

computer!

Remark 9.6.3. �e subgroup WJ is not necessarily an irreducible Weyl group, which means that we
cannot use the values in Table 9.2 directly. In general, it will be the direct product of irreducible Weyl
groups of typeA, B orD. Combining this with the fact that the length of the longest word inW1×W2

is the sum of the lengths of the longest words in the Weyl groups W1 and W2 allows one to compute
the value `.

Remark 9.6.4. We can see why the eigenvalues lose a factor q`, with ` the length of the longest word in
WJ using the projection map φJ de�ned in Section 9.4. Consider the partition of maximal �ags into the
�bers {φ−1

J (gPJ)}. If two partial �ags gPJ and hPJ are non-opposite, then we know by Lemma 9.5.2
that any two maximal �ags in φ−1

J (gPJ) and φ−1
J (hPJ) are also non-opposite. On the other hand, if

gPJ and hPJ are opposite, then there are q` maximal �ags in φ−1(hPJ) opposite to a given �ag in
φ−1(gPJ) by [19, Corollary 3.2]. In other words, the partition is equitable. If we now denote by Ãw0

the adjacency matrix of oppositeness for partial �ags, then the quotient matrix of this equitable partition
is q`Ãw0

and the relation between the eigenvalues follows.
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APPLYING THE ALGORITHMS

�e purpose of computing is insight, not numbers.
Richard Hamming

We will now apply Algorithm 1 to �nd the largest and smallest eigenvalues of Aw0
, which we can

feed into the Delsarte-Ho�man bound to obtain upper bounds for the size of an EKR-set of maximal �ags.
As mentioned before, we can restrict ourselves at �rst to maximal �ags, as we can blow-up any EKR-set
of partial �ags by Lemma 9.5.2. As a next step, one could in theory try to obtain be�er upper bounds for
partial �ags by considering the oppositeness graph on partial �ags and applying the Delsarte-Ho�man
bound there. We will show no improvement is possible in the geometries we consider.

10.1 Classical groups with Weyl group An, n ≥ 3

10.1.1 �e upper bound
In Table 9.1 we saw that PGL(n + 1, q) has underlying Weyl group An and corresponding geometry
PG(n, q). Moreover, in Example 9.2.2 we saw that An ∼= Sym(n + 1). �is means that in order to
apply Algorithm 1, we need to recall some of the representation theory of Sym(n + 1). �is theory is
well-known and can be found in several books. We will rely on [45] for the necessary results. In the
end, the main result of this section will be the following upper bound for EKR-sets of maximal �ags.

�eorem 10.1.1. If C is an EKR-set of maximal �ags in PG(n, q), then

|C| ≤

[
n+1

1

]
q

[
n
1

]
q
. . .
[

2
1

]
q

[
1
1

]
q

1 + q(n+1)/2
.

Since the numerator is the number of maximal �ags in PG(n, q), we need to prove that the denom-
inator in the Delsarte-Ho�man bound 1 − k/α equals 1 + q(n+1)/2. We will run through each of the
steps in Algorithm 1 in order to compute k and α. Before diving into it, we will need the following
de�nition, which is fundamental for the representation theory of Sym(n).

De�nition 10.1.2. A partition µ is a non-increasing sequence of positive integers µ1 ≥ · · · ≥ µk . It
is a partition form ∈ N, denoted as µ ` m, if |µ| := µ1 + · · ·+µk = m. A partition µ is usually wri�en
with square brackets as [µ1, . . . , µk]. �e total number of partitions of m is denoted as p(m).

With this de�nition in mind, we can run through the steps.

1. Determine a set R of representatives for the conjugacy classes of generators {sW | s ∈
S}.
Each conjugacy class of Sym(n + 1) is de�ned by its cycle type. For instance, each generator
si = (i, i + 1), 1 ≤ i ≤ n, has cycle type (2, 1n−1), which implies that all generators are
conjugate. �e number of elements of this cycle type is clearly n(n + 1)/2 and any generator is
a representative for the conjugacy class.
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2. For χ ∈ Irr(W ), compute the value of er = |rW |(1 + χ(r)/χ(1)).
From the previous point, it is clear that the number of conjugacy classes is p(n + 1). From rep-
resentation theory we know that this also equals the number of irreducible characters. A more
surprising fact is that for Sym(n+1), there is a very nice bijection connecting a partition µ ` n+1
to an irreducible character χµ. �is correspondence allows one to evaluate character values on
group elements by some elementary combinatorial rules as we will see later on.
�is bijection moreover means that we will not explicitly compute all eigenvalues of Aw0 , as the
number of eigenvalues is p(n + 1) ∼ eC

√
n. We will focus instead on the largest and smallest

eigenvalue by �guring out which characters, or equivalently which partitions, give the largest
values of χ(r)/χ(1).

3. Determine χ(w0) and compare to χ(1) to determine the sign.
�e longest word in Sym(n+1) isw0 = (1, n+1)(2, n)(3, n−1) . . . . For the characters obtained
in the previous step, we will be able to compute χ(w0) and deduce the signs.

4. Compute the eigenvalue(s) λχ = sgn(χ)q
er/2
r .

�e only structure constant is qr = |BrB/B| = q [45, Section 8.4]. For n = 2 we saw a geomet-
rical explanation in Example 9.3.2, which could be generalized to general n. In the end, we will
�nd k = qn(n+1)/2 and α = −q(n2−1)/2, which proves �eorem 10.1.1.

We remark that the eigenvalues of A2
w0

, and hence Aw0 , in this case were also investigated by
Diaconis and Ram [33, Proposition 4.9], where they were used to investigate the mixing time of random
walks on the oppositeness graph.

�e characters maximizing χ(r)/χ(1) can be easily found with some more terminology. For a par-
tition µ = [µ1, . . . , µk], de�ne two invariants a(µ) and a∗(µ) as

a(µ) =

k∑
i=1

(i− 1)µi,

a∗(µ) =
1

2

k∑
i=1

µi(µi − 1) =

k∑
i=1

(
µi
2

)
.

�en the following result will be the basis of our investigation.

Proposition 10.1.3. [45, Proposition 5.4.11] Let n ≥ 1 and µ ` n+ 1, then

n(n+ 1)

2

χµ(r)

χµ(1)
= a∗(µ)− a(µ),

where r is a transposition.

�erefore, the objective, which was in terms of irreducible characters, is now of a purely combina-
torial nature: to �nd the partitions µ ` n+ 1 giving the largest values for a∗(µ)− a(µ).

Lemma 10.1.4. �e two largest values for a∗(µ)− a(µ) are a�ained by µ = [n+ 1] and µ = [n, 1]. �e
respective values are

a∗([n+ 1])− a([n+ 1]) =
n(n+ 1)

2
,

a∗([n, 1])− a([n, 1]) =
n2 − n− 2

2
.
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Proof. �e two partitions actually have a stronger property: [n + 1] and [n, 1] a�ain the two largest
values for a∗(µ) and the two smallest values for a(µ). �e former can be seen as follows: for any
partition µ = [µ1, . . . , µk] with all parts at most n− 1 we �nd

a∗(µ) =
1

2

k∑
i=1

µi(µi − 1) ≤ 1

2

k∑
i=1

µi(n− 2) =
(n+ 1)(n− 2)

2
,

which is smaller than a∗([n+ 1]) = n(n+ 1)/2 and a∗([n, 1]) = n(n− 1)/2.
�e de�nition of a(µ) immediately shows the la�er part.

A more concrete understanding of the irreducible characters χ[n+1] and χ[n,1] is in order. Consider
the natural action of Sym(n+ 1) on Cn+1 by g · ei = eg(i), 1 ≤ i ≤ n+ 1, for g ∈ Sym(n+ 1) and ei
the i-th standard unit vector. �is action de�nes a representation of Sym(n+ 1) in GL(n+ 1,C) and
hence a character χ. �is character is not irreducible as the line spanned by the vector j =

∑n+1
i=1 ei

is an invariant subspace under this action. However, it is not hard to check that j and V = j⊥ are
indecomposable with irreducible characters χj and χV respectively, so that χ = χj +χV . Since g · j = j
for all g ∈ Sym(n + 1), it follows that χj is the trivial character. �e representation corresponding to
V is called the standard representation. As χ(g) = |Fix(g)|, we then �nd that χV (g) = |Fix(g)| − 1. It
turns out, a�er a bit more work [45, Proposition 5.4.12], that χj = χ[n+1] and χV = χ[n,1].

Lemma 10.1.5. �e eigenvalues corresponding to χ[n+1] and χ[n,1] are λ[n+1] = qn(n+1)/2 and λ[n,1] =

±q(n2−1)/2 respectively, which are the largest and smallest eigenvalue of Aw0 .

Proof. For χ[n+1] we know that er = |rW |+ a∗([n+ 1])− a([n+ 1]) = n(n+ 1), by Proposition 10.1.3
and |rW | = n(n + 1)/2. Since it is the trivial character, we also have χ[n+1](w0) = 1 so that in the
end we �nd λ[n+1] = qer/2 as stated. For χ[n,1] on the other hand, we have er = n2 − 1. We observed
that χ[n,1](w0) = Fix(w0) − 1, which is 0 or −1, depending on the parity of n, and hence never equal
in absolute value to χ[n,1](1) = n.

�is completes the proof of �eorem 10.1.1. It is no coincidence that the exponent of the largest
eigenvalue equals `(w0), see [19, Proposition 3.1].

We can now wonder if this upper bound can be improved for partial �ags of cotype J , with Jw0 = J .
Recall that an upper bound for these �ags can be obtained from �eorem 10.1.1 by blow-up. However,
it could happen that the ratio of the largest and smallest eigenvalue is bigger for the oppositeness graph
on partial �ags. We will show that this is not the case.

�eorem 10.1.6. If C is an EKR-set of �ags of cotype J = Jw0 in PG(n, q), then

|C| ≤ v

1 + q(n+1)/2
,

where v = [G : PJ ] is the total number of �ags of cotype J .

Proof. We will show that the ratio of the largest and the smallest eigenvalue remains unchanged for par-
tial �ags of cotype J , by proving thatχ[n+1] andχ[n,1] appear with non-zero multiplicity in indWWJ

(1WJ
)

for every J ( S. �is implies by Algorithm 2 that both eigenvalues survive upon restriction from max-
imal to partial �ags. �is is essentially contained in [45, Remark 6.3.7], but we include a short proof
nevertheless. It relies on the fact that the multiplicity of an irreducible character χ in the decomposition
of a reducible character ζ equals the inner product

〈ζ, χ〉W =
1

|W |
∑
w∈W

ζ(w)χ(w).
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Moreover, in our case we can use Frobenius reciprocity which says that

〈indWWJ
(1WJ

), χ〉W = 〈1WJ
, χ|WJ

〉WJ
,

where 〈·, ·〉WJ
denotes the inner product in WJ and χ|WJ

the restriction of χ to WJ .
As χ[n+1] is the trivial character, its restriction is the trivial character 1WJ

. It follows immediately
that its multiplicity is 〈1WJ

, 1WJ
〉WJ

= 1. As for χ[n,1], it is not hard to see that WJ = Sym(a1 +
1)× · · · × Sym(ak + 1) for some positive integers a1, . . . , ak ≥ 1 with a1 + · · ·+ ak < n. Under the
action of WJ , the module V = j⊥ ∼= Cn corresponding to the standard representation decomposes as
the direct sum Ca1 ⊕ · · ·⊕Cak ⊕U , of WJ -invariant modules, where the action on U is the trivial one.
Since dim(U) = n− (a1 + · · ·+ ak) > 0, it follows that the trivial character appears as a constituent
with non-zero multiplicity in χ[n,1]|WJ

.

10.1.2 Reaching the upper bound
Before we dive into examples that reach the upper bound obtained in the previous section, we will
�gure out what the geometrical interpretation is of the group-theoretical notion of ‘oppositeness’. By
Lemma 9.4.6, it su�ces to investigate what opposition means for a single subspace. Since the action w0

switches the types, a k-dimensional space, 1 ≤ k ≤ n, in PG(n, q) can only be opposite to a (n−k+1)-
dimensional space (where dimension is the vector space dimension). �e obvious opposition relation
for a k-dimensional space U and a (n − k + 1)-dimensional space V would be to impose U ∩ V = ∅
or equivalently 〈U, V 〉 = PG(n, q). It turns out that this natural geometrical de�nition corresponds to
the group-theoretical one.

Lemma 10.1.7. A k-dimensional space U and an (n − k + 1)-dimensional space V in PG(n, q) are
opposite as in De�nition 9.4.4 if and only if U ∩ V = ∅.

Proof. To see this, we will heavily rely on the correspondence between cosets in G = PGL(n + 1, q)
and �ags or subspaces (which are �ags of size one), as explained in Section 9.1. Recall the action of
Sym(n+1) on a projective frame {e1, . . . , en+1} de�ned byw ·ei = ew(i) as in Example 9.2.3. Without
loss of generality, one can take the k-dimensional space U = 〈e1, . . . , ek〉 which hence corresponds to
PJ , J = [n]\{k}. �en the opposite parabolic subgroupPK ,K = Jw0 = [n]\{n− k + 1}, corresponds
to the (n − k + 1)-dimensional space V = 〈e1, . . . , en−k+1〉. �e coset w0PK is clearly opposite
to PJ so that the corresponding subspaces must be too. �e former is the (n − k + 1)-dimensional
space w0 · V := 〈w0 · e1, . . . , w0 · en−k+1〉. As w0 = (1, n + 1)(2, n)(3, n − 1) . . . , it follows that
w0 ·V = 〈en+1, en, . . . , ek+1〉, which indeed showsU∩(w0 ·V ) = ∅. Finally, every coset opposite toPJ
is of the form gw0PK , g ∈ PJ . It is known that the stabilizer of a k-dimensional space is transitive on the
(n−k+1)-dimensional spaces not intersecting it, so that we �nd a bijection between all cosets gw0PK
opposite to PJ and all (n − k + 1)-dimensional spaces V g complementary to a �xed k-dimensional
space U .

It seems that in order to obtain equality in �eorem 10.1.6, one needs to have rank n = 2m− 1 and
m ∈ J , m ≥ 2. �ere are a few results in the literature that point in this direction.

• When n = 4, it was shown in [15] that a maximal set of EKR-�ags of type {2, 3} has size of order
q5. Our bound gives an upper bound of order q11/2.

• When n = 6, it was shown in [70] that a maximal set of EKR-�ags of type {3, 4} has size of order
q11. Our bound again falls an order of q1/2 short and gives an upper bound of order q23/2.

• When n ≥ 2, it was shown in [16] that a maximal set of EKR-�ags of type {1, n} has size of order
(n− 1)qn−2. Our bound is quite a bit o� and is of order q(3n−3)/2.
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• When n = 2m− 1 and the type is {m}, we obtain the same sharp upper bound as in [41], which
is the classical EKR-theorem for m-dimensional spaces in a 2m-dimensional vector space.

In [71], it was shown that in the last case, sharpness only arises wheneverC is the set of allm-spaces
through a �xed point or dually, the set of all m-spaces contained in a �xed hyperplane. We can use this
construction to obtain sharp constructions in more general types.

�eorem 10.1.8. Let n = 2m − 1 and consider �ags of type J , such that m ∈ J and J = Jw0 . If C is
the set of all �ags of type J such that either

(i) there is a �xed point such that the m-dimensional space of every �ag in C contains that point, or

(ii) there is a �xed hyperplane such that the m-dimensional space of every �ag in C is contained in that
hyperplane,

then C is an EKR-set of �ags of type J meeting the upper bound in �eorem 10.1.6.

Proof. �is can be seen as C is a blow-up of the maximal examples mentioned before the lemma. Simi-
larly as in Lemma 9.5.2, one can see thatC is then again an EKR-set of �ags. Moreover, its size meets the
upper bound in �eorem 10.1.6 since the original set meets the upper bound and the process of blow-up
multiplies both the total number of �ags and the number of �ags in the EKR-set by the same factor, so
that equality is preserved.

It was recently shown by Metsch [69] that for n = 3 and q large enough, these are the only two
possibilities for maximal EKR-sets of maximal �ags.

Problem 6. Is �eorem 10.1.6 only sharp for �ags of type J whenever n = 2m− 1 and m ∈ J?

10.2 Classical groups with Weyl group Bn, n ≥ 3

Next we consider the classical groups with underlying Weyl groups of typeBn. �ese groups have polar
spaces as corresponding geometries, which depend on a parameter e as follows.

Proposition 10.2.1. �e number of subspaces of type k is

[n
k

]
q

k∏
i=1

(qn+e−i + 1),

where e = {0, 1
2 , 1,

3
2 , 2} is de�ned as:

• e = 0 for G = PGO+(2n, q),

• e = 1
2 for G = PGU(2n, q),

• e = 1 for G = PSp(2n, q) or PGO(2n+ 1, q),

• e = 3
2 for G = PGU(2n+ 1, q),

• e = 2 for G = PGO−(2n+ 2, q).
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Equivalently, a subspace of type n− 1 is incident with qe + 1 subspaces of type n, also called gen-
erators. �e parameter e will be relevant for the Iwahori-Hecke algebras and their structure constants
later on.

We now brie�y describe the Weyl groupW of typeBn and some properties which we need later on.
Most of this material can be found in the �rst chapter of [45], albeit with small notational di�erences.

�e Weyl group W of type Bn is called the hyperoctahedral group and has size 2nn!. It can be
constructed as a permutation group on the set {−n, , . . . ,−1, 1, . . . , n} with generators si = (i, i +
1)(−i,−i− 1)), 1 ≤ i ≤ n− 1 and t = (−n, n). On the Dynkin diagram in Table 9.2, the generators si
correspond to the �rst n− 1 nodes, while t is the last node. Clearly Sym(n) is a subgroup generated by
{s1, . . . , sn−1}, which can also be seen from the Dynkin diagram. In particular, all si are conjugate to
each other and contained in a class of size n(n−1), while the other generator t is in a separate conjugacy
class of size n. �e longest word in W is w0 = (−n, n) . . . (−1, 1) and is contained in the center of W
as it commutes with all generators. As we will see, this makes the computations in Algorithm 1 and
Algorithm 2 considerably easier than for type An.

10.2.1 �e upper bound
Similarly as in type An, we will go through the steps of Algorithm 1 and prove the following result.

�eorem 10.2.2. Let C be an EKR-set of maximal �ags in a polar space of rank n with parameter e. If
e ≥ 1 or n even, then

|C| ≤
∏n
i=1(qn+e−i + 1)

[
n
1

]
q
. . .
[

1
1

]
q

1 + qn+e−1
=

n∏
i=2

(qn+e−i + 1)
[n

1

]
q
. . .

[
1

1

]
q

.

When e = 1
2 and n is odd, the upper bound is

|C| ≤
∏n
i=1(qn+1/2−i + 1)

[
n
1

]
q
. . .
[

1
1

]
q

1 + qn/2
=

n∏
i=1

i6=(n+1)/2

(qn+1/2−i + 1)
[n

1

]
q
. . .

[
1

1

]
q

.

When e = 0 and n is odd, the upper bound is

|C| ≤
∏n
i=1(qn−i + 1)

[
n
1

]
q
. . .
[

1
1

]
q

2
=

n−1∏
i=1

(qn−i + 1)
[n

1

]
q
. . .

[
1

1

]
q

.

Again, the numerator is the number of maximal �ags in a polar space of rank n and parameter e, so
that the computation of the smallest and largest eigenvalue will su�ce to complete the proof.

1. Determine a set R of representatives for the conjugacy classes of generators {sW | s ∈
S}.
As mentioned in the introduction of this section, we can take s := s1 and t to be two representa-
tives of the conjugacy classes, with sizes |sW | = n(n− 1) and |tW | = n respectively.

2. For χ ∈ Irr(W ), compute the value of er = |rW |(1 + χ(r)/χ(1)) for all r ∈ R = {s, t}.
�e irreducible characters of W are indexed by pairs of partitions (µ, ν) such that |µ|+ |ν| = n.
Remark that it is allowed for µ or ν to be the empty partition ∅. Again, we will not compute all
values, as there are far too many, but focus on the ones giving the smallest and largest eigenvalue.
For any irreducible character χ(µ,ν) of W , or equivalently its group algebra CW , there exists
a central character ω(µ,ν), which is a character of the center Z(CW ) of the group algebra [45,
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Section 6.2.1]. A basis of Z(CW ) is {Ĉ =
∑
g∈C g | C a conjugacy class} and the evaluation of a

central character can be computed as

ω(µ,ν)(Ĉ) = |C|
χ(µ,ν)(g)

χ(µ,ν)(1)
for g ∈ C.

�is ratio is exactly the one we are interested in for the eigenvalue computation (see step 2 in
Algorithm 1) and the advantage is that combinatorial formulae exist to evaluate central characters.
�e same principle underlies the methodology in typeAn, although we did not explicitly mention
this.

3. Determine χ(w0) and compare to χ(1) to determine the sign.
As w0 is central in W , we always have |χ(w0)| = χ(1) for any character χ, which is much
easier than type An. Determining the sign is a simple ma�er as [77, Proposition 4.8] tells us that
χ(µ,ν)(w0) = (−1)|ν|χ(µ,ν)(1).

4. Compute the eigenvalue λχ = sgn(χ)q
es/2
s q

et/2
t .

�e only thing that remains is to compute the structure constants qs and qt. �ere is a combina-
torial way to �nd them, which can also be adapted to type An.
A polar frame in a polar space of rank n is a set of 2n points {e−n, . . . , e−1, e1, . . . , en} such that
ei is collinear to all points except e−i for all −n ≤ i ≤ n, see [22, De�nition 10.4.1]. It may be
clear from the construction ofW as a permutation group that there is an action ofW on any polar
frame, respecting the underlying geometry. Given a polar frame, we can consider the maximal
�ag F = {〈e1〉, 〈e1, e2〉, . . . , 〈e1, . . . , en〉} and identify it with its stabilizer B. �en sB = s1B
corresponds to the �ag {〈e2〉, 〈e1, e2〉, . . . , 〈e1, . . . , en〉}, i.e. a �ag that has every space of type
i in common with F except for i = 1. �e double coset BsB is the image of this �ag under the
stabilizer B and hence contains all �ags with that intersection property. As there are q ways to
change the point 〈e1〉 on the line 〈e1, e2〉 to a di�erent one, it follows that the number |BsB/B|
of maximal �ags in BsB equals q.
In the same vein is the double coset BtB the set of all maximal �ags that have all spaces in
common with F , except that of type n. �ere are qe ways to choose a di�erent generator through
the subspace of type n− 1 and hence |BtB/B| = qe.

All that remains is to complete the second step. Recall the invariants a(µ) =
∑k
i=1(i − 1)µi and

a∗(µ) =
∑k
i=1

(
µi
2

)
for a partition µ = [µ1, . . . , µk].

Proposition 10.2.3. [45, Propositions 6.2.6 and 6.2.8] Let χ(µ,ν) ∈ Irr(W ), then we have, with ŝ = ŝW

and t̂ = t̂W ,

ω(µ,ν)(ŝ) = 2(a∗(µ) + a∗(ν)− a(µ)− a(ν)),

ω(µ,ν)(t̂) = |µ| − |ν|.

Combining everything, this implies that the exponent of q in the eigenvalue λχ, where χ = χ(µ,ν) ∈
Irr(W ), equals

n(n− 1)

2
+ (a∗(µ) + a∗(ν)− a(µ)− a(ν)) + e|µ|, (10.1)

and its sign is (−1)|ν|.
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Lemma 10.2.4. �e largest eigenvalue is obtained forχ(µ,ν) = χ([n],∅) and equals qn(n+e−1). �e smallest
eigenvalue is obtained for χ(µ,ν) = χ([n−1],[1]), except when e ∈ {0, 1/2} and n is odd, then it is obtained
from the character χ(∅,[n]). �e corresponding eigenvalues are−q(n−1)(n+e−1) and−qn(n−1) respectively.

Proof. Fix k between 0 and n, and consider the pairs of partitions (µ, ν) with |µ| = n− k and |ν| = k.
From Lemma 10.1.4 we can see that ([n − k], [k]) has the highest value for the exponent (10.1) among
all such partitions. Varying over k, it follows from a short computation that the largest value is a�ained
by ([n], ∅). �e corresponding sign is (−1)0, so that this character leads to the largest eigenvalue.

�e candidates for the second largest exponent are ([n − 1, 1], ∅) and ([n − k], [k]) for 1 ≤ k ≤ n.
Remark that the �rst one always leads to a positive eigenvalue, while the second one only leads to a
negative eigenvalue if k is odd. Another short computation shows that ([n − 1], [1]) gives the largest
value in (10.1), except when e ∈ {0, 1/2}, as it is then found on the pair (∅, [n]). �e sign for the former
is always negative, whereas the la�er has sign (−1)n and hence only gives rise to a negative eigenvalue
when n is odd. When e ∈ {0, 1/2} and n is even, the smallest eigenvalue is again found by the character
χ([n−1],[1]).

Remark 10.2.5. When e = 0 and n is even, we can deduce from this proof that (µ, ν) = (∅, [n]) also
leads to the maximal eigenvalue qn(n−1). �is is to be expected: recall that when n is even, generators
of the polar space can only be opposite to generators in the same class and hence the opposition graph
is the disjoint union of two isomorphic graphs.

�is completes the proof of �eorem 10.2.2. Again, the exponent of the largest eigenvalue equals
`(w0), but quite literally with a twist. For the untwisted groups we have e = 1 and the exponent matches
`(w0) in Table 9.2 exactly. On the other hand, for the twisted groups, the length function is actually mod-
i�ed slightly. In this case, the generators si have length 1, but t has length e. Now all that one needs to
know is thatw0 containsn times the generator t, sincew0 = t(s1ts1)(s2s1ts1s2) . . . (sn . . . s1ts1 . . . sn)
[45, Example 1.4.6].

We can extend this upper bound to partial �ags as well, by showing that the relevant characters
appear in the decomposition of indWWJ

(1WJ
), similarly as in the proof of �eorem 10.1.6.

�eorem 10.2.6. If C is an EKR-set of �ags of cotype J in a polar space of rank n and parameter e, then

|C| ≤ v

1 + qn+e−1
,

where v = [G : PJ ] is the total number of �ags of cotype J , except for e ≤ 1
2 , n /∈ J and n odd, where the

bound reads as
|C| ≤ v

1 + qn/2
, for e =

1

2
,

or
|C| ≤ v

2
, for e = 0.

Proof. We will show that the characters χ([n],∅) and χ([n−1],[1]) survive upon restriction to any parabolic
subgroup WJ whereas χ(∅,[n]) survives whenever n is contained in the type of the �ag, or equivalently,
n /∈ J .

�e irreducible character χ([n],∅) is the trivial character [45, Section 5.5], and its restriction to any
parabolic subgroup WJ is hence the trivial character 1WJ

, so that it appears with multiplicity 1 in
indWWJ

(1WJ
).

Now de�ne the irreducible linear character χ such that χ(si) = 1 for 1 ≤ i ≤ n−1 and χ(t) = −1.
�en for any irreducible character χ(µ,ν) we have χ · χ(µ,ν) = χ(ν,µ) [45, �eorem 5.5.6]. In particular,
χ(∅,[n]) equals χ. �erefore, its restriction to WJ is trivial if and only if n /∈ J . We conclude that it
appears with multiplicity 1 in the decomposition if and only if n /∈ J .
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10.2. Classical groups with Weyl group Bn, n ≥ 3

Lastly, the character χ([n−1],[1]) is the irreducible character of the standard re�ection representation
of W de�ned as follows: recall the standard representation of 〈s1, . . . , sn−1〉 = Sym(n) ≤ W on
Cn = 〈e1, . . . , en〉. We can extend this to a representation of W by de�ning t · en = −en and it
turns out that the corresponding character is χ([n−1],[1]), see [45, Section 1.4.1 and Proposition 5.5.7].
Now the proof is again completely analogous as before: any parabolic subgroup WJ is isomorphic to
Sym(a1+1)×· · ·×Sym(ak+1)×Wb for some positive integers a1, . . . , ak, bwith a1+· · ·+ak+b < n
and whereWb is a Weyl group of typeB and rank b. �en the module Cn of the standard representation
decomposes into WJ -invariant submodules as Ca1 ⊕ · · · ⊕ Cak ⊕ Cb ⊕ U , where the action of WJ on
U is the trivial one. Since dim(U) = n− (a1 + · · ·+ ak + b) > 0, the result again follows. We remark
that this also follows from [45, Remark 6.3.7].

10.2.2 Reaching the upper bound
We are now in a position to �gure out the geometrical interpretation of opposition and show that it is
related to previous literature. In particular, we will see that �eorem 10.2.6 recovers and generalizes
known bounds. A similar proof as for Lemma 10.1.7 in type An works here as well, but we can give a
slightly di�erent proof that is more inspired by the theory of buildings.

Lemma 10.2.7. Two maximal �agsF1 andF2 are opposite if and only ifF1 = {〈e1〉, 〈e1, e2〉, . . . , 〈e1, . . . , en〉}
and F2 = {〈e−1〉, 〈e−1, e−2〉, . . . , 〈e−1, . . . , e−n〉} for some polar frame {e−n, . . . , e−1, e1, . . . , en}.

Proof. By [22, �eorem 10.4.6] we know that for any two maximal �ags F1 and F2 there exists a polar
frame such that F1 = {〈e1〉, 〈e1, e2〉, . . . , 〈e1, . . . , en〉} and F2 = {〈ei1〉, 〈ei1 , ei2〉, . . . , 〈ei1 , . . . , ein〉},
where {i1, . . . , in} ⊆ {−n, . . . , n}.

In general, for any given polar frame there are exactly 2nn! distinct maximal �ags that can be con-
structed from the points in the polar frame. Fixing one such maximal �ag F , one sees that all such
maximal �ags are exactly the �ags w ·F for w ∈W (where the action of W on the polar frame induces
an action on any maximal �ag constructed from that frame). �is means that if we identify F with its
stabilizer B, then every double coset BwB, w ∈ W , has a representative wB among these maximal
�ags.

In our case, we can setF = F1 and by assumptionF2 = w0·F . Recalling thatw0 = (1,−1) . . . (n,−n),
it follows immediately that F2 should be the �ag {〈e−1〉, 〈e−1, e−2〉, . . . , 〈e−1, . . . , e−n〉}.

Since the action of w0 on the Dynkin diagram is trivial, a subspace of type k can only be opposite
to another subspace of type k. From the previous lemma and its proof, we immediately obtain the
following corollary.

Corollary 10.2.8. Two k-dimensional subspaces U and V are opposite (in the group-theoretical sense) in
a polar space if and only if no point of U is collinear with all points of V and vice versa.

In particular, generators are opposite if they are disjoint. �is implies for example that the bounds in
�eorem 10.2.6 for J = S\{n} are bounds for EKR-sets of generators as studied in [79] and [75, �eorem
9]. For other types of �ags in polar spaces, there are very few results with the notable exceptions of [53]
which studies �ags of type {n − 1} in a polar space of rank n, n even, and parameter e = 0 and [65]
which investigates �ags of type {2} in all polar spaces. We reiterate that the results in [67] for k-spaces
in polar space of rank n, 1 ≤ k ≤ n, are independent of ours, as the ‘far away’ relation in that paper is
de�ned as having empty intersection. �is is not the same as being opposite.

�ere are two obvious examples that reach the upper bound.

�eorem 10.2.9. Let C be the set of �ags of type J in a polar space of rank n and parameter e such that
either
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(i) 1 ∈ J and every �ag in C has its point in a �xed generator of the polar space,

(ii) n ∈ J and every �ag in C has its generators through a �xed point for e ≥ 1 or n even,

(iii) n ∈ J and every �ag in C has its generator in a �xed class for e = 0 and n odd,

then C is an EKR-set of �ags that meets the upper bound �eorem 10.2.6.

Proof. Combining Proposition 10.2.1 and Corollary 10.2.8 shows the result in the �rst case. In the second
case, it is known that the number of generators in a polar space of rank n through a �xed point equals
the number of generators in a polar space of rank n− 1, with the same parameter e.

For the last case: the generators on a hyperbolic quadric fall into two classes of equal size [22,
Lemma 7.8.4], depending on their intersections: two generatorsN1, N2 are in the same class if and only
if dim(N1 ∩ N2) ≡ n (mod 2). �is means that when n is odd, one class of generators is an EKR-set
of type {n}, as they can never be disjoint.

�ese are not the only examples meeting the upper bound. In [75] it is shown that there could be
very di�erent examples, depending on the polar space. �ere is no construction known a�aining the
upper bound for type {n} when e = 1/2 and n odd. For n = 3, it is shown in [75, �eorem 45] that the
upper bound cannot be a�ained and we strongly believe this holds for all n ≥ 3.

Problem 7. Do there exist other EKR-sets of type J , with 1 ∈ J or n ∈ J that meet the upper bound in
�eorem 10.2.6 but are not contained in the construction in �eorem 10.2.9 or by blowing up examples in
[75]?

Problem 8. Do there exist EKR-sets of k-spaces in a polar space of rank n with 2 ≤ k ≤ n − 1 meeting
the upper bound in �eorem 10.2.6?

10.2.3 Eigenvalues of single element �ags
Before we move on to the groups of type Dn, we would like to indicate the strength of Algorithm 2
by calculating all eigenvalues of oppositeness when the type is a single element, as was also done in
[35] and [89]. We emphasize that while their calculations are rather technical, ours rely in essence on
elementary combinatorics of Young diagrams and Algorithm 2.

De�nition 10.2.10. A Young diagram of a partition µ = [µ1, . . . , µk] is a collection of |µ| boxes,
arranged in le�-justi�ed rows, with µi boxes in the i-th row.

In type Bn, every irreducible character corresponds to a pair of Young diagrams with a total of n
boxes. We will compute all eigenvalues of the opposition graph for k-dimensional subspaces in a polar
space of rank n and parameter e. �e main tool we need for the �rst step in Algorithm 2 is Pieri’s rule
for type Bn [45, p. 6.1.9]. Let J = S \ {sk}, then

indWWJ
(1WJ

) =
∑
(µ,ν)

χ(µ,ν),

where (µ, ν) runs over all pairs of partitions such that, for some d with 0 ≤ d ≤ k,

• the Young diagram of µ can be obtained from the Young diagram of the partition [n−k] by adding
d boxes, no two in the same column;

• the Young diagram of ν can be obtained from the empty Young diagram by adding k − d boxes,
no two in the same column.

88



10.3. Classical groups with Weyl group Dn, n ≥ 4

�erefore, the only options for (µ, ν) are for any 0 ≤ d ≤ k:

µ = [n− k + d− i, i], 0 ≤ i ≤ min(n− k, d),

ν = [k − d].

�is means that

indWWJ
(1WJ

) =

k∑
d=0

min(n−k,d)∑
i=0

χ([n−k+d−i,i],[k−d]),

which completes the �rst step in Algorithm 2. Now consider the character χ = χ([n−k+d−i,i],[k−d]). In
the previous sections, we have seen that the corresponding exponent can be easily computed in terms
of the two partitions and equals

n(n− 1)

2
+(a∗(µ)+a∗(ν)−a(µ)−a(ν))+e|µ| = n(n− 1)

2
+

(
n− k + d− i

2

)
+

(
i

2

)
+

(
k − d

2

)
−i+(n−k+d)e.

�e sign on the other hand, equals (−1)k−d. Finally, the length of the longest word in WJ can be
computed from Table 9.2 as WJ

∼= Sym(k)× Bn−k . Recalling that the parameter e plays a role in the
length function in type Bn, we obtain ` =

(
k
2

)
+ (n− k)(n− k − 1 + e).

Proposition 10.2.11. �e eigenvalues of oppositeness of k-dimensional spaces in a polar space of rank n
and parameter e are

(−1)k−dqn(d+k−i)+(k−d)(k−d+i)−k(3k+1)/2+i(i−1)+de,

where 0 ≤ d ≤ k, 0 ≤ i ≤ min(n− k, d).

To recover the exact values in [89, �eorem 4.3.15] (with our naming k for the dimension of the
space and n for the rank instead of n and d respectively), the variable i should stay the same but we
make the change d → k + i − r. It is a nice exercise to see that not only the exponents then become
equal, but the range of the variables also changes accordingly.

10.3 Classical groups with Weyl group Dn, n ≥ 4

We have already seen that the generators of a hyperbolic quadric fall into two classes, depending on their
mutual intersection. Considering this, we can modify the polar space of rank n with parameter e = 0,
which can be considered as a building of type Bn, to a building of type Dn by making the distinction
and constructing the ori�amme complex as described in [22, De�nition 7.8.5]. Essentially, most of the
incidence relations remain unchanged, but two new types n and n′ are de�ned, corresponding to the
two classes of generators, and the type n− 1 is omi�ed. Two subspaces of type n and n′ are incident if
they intersect in a subspace of dimension n− 1.

For EKR-sets of �ags, there is hence very li�le di�erence in considering the hyperbolic quadric as
a polar space with parameter e = 0 or by investigating its ori�amme complex. Since generators of the
same type can only be opposite if n is even (recall the action of w0 on the diagram), this is in fact the
only time when a distinction could be made. When n is even, we can consider �ags of type {n} or {n′}
separately. �e union of the two corresponding oppositeness graphs is then the oppositeness graph we
would obtain by considering �ags of type {n} in type Bn.

Nevertheless, for the sake of completeness, we will run Algorithm 1 and Algorithm 2 in this case as
well and see that we obtain in almost all cases the same bounds as in �eorem 10.2.2 and �eorem 10.2.6
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10.3.1 �e upper bound
For this section, denote the Weyl group of type Dn as W (Dn) and that of type Bn as W (Bn). �en
W (Dn) is the index two subgroup generated by {s1, . . . , sn−1, u := tsn−1t} in W (Bn). One can
indeed check that usn−1 = sn−1u, usn−2u = s2usn−2 and usi = siu for 1 ≤ i ≤ n− 3. Equivalently,
from the permutation group de�nition of W (Bn), it is the subgroup with an even number of sign �ips.
Its corresponding Iwahori-Hecke algebra is a subalgebra of the Iwahori-Hecke algebra of type Bn with
structure constants qs = q and qt = 1 [45, Section 10.4]. �is again makes sense in the geometrical side
of the picture, considering the hyperbolic quadric as a polar space with parameter e = 0.

It follows that the irreducible characters of W (Dn), and hence the eigenvalues of oppositeness,
follow almost directly from the discussion in the previous section. �e irreducible characters ofW (Bn)
are indexed by pairs of partitions (µ, ν) and two possibilities arise [45, Section 5.6]:

• µ 6= ν and the restriction of χ(µ,ν) to W (Dn) remains irreducible and equals the restriction of
χ(ν,µ) or,

• µ = ν and the restriction of χ(µ,µ) is the sum of two irreducible characters, denoted as χ(µ,+)

and χ(µ,−).

�erefore, the restriction of χ([n],∅) and χ(∅,[n]) coincide so that we immediately �nd the following
results.

Lemma 10.3.1. �e largest eigenvalue is obtained for χ(µ,ν) = χ([n],∅) and equals qn(n−1). �e smallest
eigenvalue is obtained for χ(µ,ν) = χ([n−1],[1]) and equals −q(n−1)2 .

Proof. When n is even, the generator t appears an even number of times in the longest word inW (Bn),
so it belongs to W (Dn). In this case, everything follows from Lemma 10.2.4.

However, when n is odd, the longest word in W (Dn) is twB0 , where wB0 is the longest word in
W (Bn). In the standard re�ection representation, the image of t is the diagonal matrix diag(1, . . . , 1,−1),
and the image of wB0 is diag(−1, . . . ,−1). It follows that χ([n−1],[1])(tw

B
0 ) = −n + 2 and hence the

corresponding eigenvalue appears with both signs.

�e number of subspaces of type k in a hyperbolic quadric is given by the same formula as in
Proposition 10.2.1, with e = 0, except for k = n, n′, when it is half of the given number. In summary,
this gives the following result.

�eorem 10.3.2. If C is an EKR-set of maximal �ags in a hyperbolic quadric then

|C| ≤
∏n−1
i=1 (qi + 1)

[
n
1

]
q
. . .
[

1
1

]
q

1 + qn−1
=

n−2∏
i=1

(qi + 1)
[n

1

]
q
. . .

[
1

1

]
q

.

Recall that for partial �ags, we need to take care of the parity of n, as this has an e�ect on w0 and
its action on S. When n is even, the action is trivial as w0 = wB0 is central, and oppositeness is de�ned
for any �ag of type J , J ⊆ S. On the other hand, when n is odd, the end nodes sn and u are switched
under the action of w0 = twB0 so that self-opposite �ags either contain no n-dimensional subspaces or
contain both classes of n-dimensional subspaces.

�eorem 10.3.3. If C is an EKR-set of �ags of cotype J in the ori�amme complex of a hyperbolic quadric,
such that Jw0 = J , then

|C| ≤ v

1 + qn−1
,

where v = [G : PJ ] is the total number of �ags of cotype J .
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Proof. �e trivial character and the character of the standard re�ection representation both appear in
ind(1WWJ

) for any choice of nonempty J ⊆ S. �e former as the trivial character restricts to the trivial
character, the la�er by the same reasoning as before, or by [45, Remark 6.3.7].

10.3.2 Reaching the upper bound
A maximal �ag in type Dn contains two n-dimensional spaces. For every maximal �ag, we can �nd a
polar frame {e−n, . . . , en} in the hyperbolic quadric as before, such that the maximal �ag is given by
{〈e1〉, . . . , 〈e1, . . . , en−2〉, 〈e1, . . . , en−1, en〉, 〈e1, . . . , en−1, e−n〉}. �e two generators 〈e1, . . . , en−1, en〉
and 〈e1, . . . , en−1, e−n〉 are the only generators incident with the (n−1)-dimensional space 〈e1, . . . , en−1〉
in the hyperbolic quadric. Using this, we can see that the group-theoretical notion of opposition corre-
sponds to the usual geometrical notion in polar spaces, as in type Bn.

Lemma 10.3.4. Two maximal �ags F1 and F2 are opposite if and only if

F1 = {〈e1〉, . . . , 〈e1, . . . , en−2〉, 〈e1, . . . , en−1, en〉, 〈e1, . . . , en−1, e−n〉}
F2 = {〈e−1〉, . . . , 〈e−1, . . . , e−(n−2)〉, 〈e−1, . . . , e−(n−1), e(−1)n−1n〉, 〈e−1, . . . , e−(n−1), e(−1)nn〉}

for some polar frame {e−n, . . . , e−1, e1, . . . , en}.

Proof. �is follows in a similar way as Corollary 10.2.8, with the exception that the action ofw0 depends
on the parity ofn. Whenn is even, we know thatw0 = (1,−1) . . . (n,−n) so thatw0·en = e−n and vice
versa. When n is odd, we have seen that w0 = (1,−1) . . . (n− 1,−(n− 1)) and the result follows.

Corollary 10.3.5. Two generators are opposite if and only if they are disjoint and this can only occur in
the following cases:

• n is even and they are of the same type,

• n is odd and they are of di�erent type.

Using these properties, we can �nd some simple examples of EKR-sets meeting the bound in �eo-
rem 10.3.3.

�eorem 10.3.6. Let C be the set of �ags of type J = Jw0 in the ori�amme complex of a hyperbolic
quadric such that

(i) 1 ∈ J and every �ag in C has its point in a �xed generator,

(ii) n ∈ J (resp. n′ ∈ J ), n is even, and every �ag in C has its subspace of type n (resp. n′) through a
�xed point,

(iii) n ∈ J (resp. n′ ∈ J ), n = 4, and every �ag in C has its subspace of type n incident with a �xed
subspace of type n′ (resp. n).

then C is an EKR-set of �ags that meets the upper bound �eorem 10.3.3.

Proof. �e �rst case is seen quite directly. For the second case, this follows from Corollary 10.3.5 and
Proposition 10.2.1. �e third case follows from the second by the triality automorphism of D4, which
corresponds to the unique diagram automorphism of order 3.

Flags of type {n, n′}, n even, were investigated in [53] where it was shown that the examples de-
scribed above are the only ones a�aining equality.

Problem 9. Do there exist other EKR-sets of type J , with 1 ∈ J or n ∈ J that meet the upper bound in
�eorem 10.3.3 but are not contained in the construction in �eorem 10.3.6?
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10.4 Discussion
Now that we have managed to obtain upper bounds for EKR-sets of �ags, the next step would be to
investigate the case of equality. Because of the extra information that the Delsarte-Ho�man bound
Proposition 9.5.3 gives in this case, it makes sense to look at eigenspace of the smallest eigenvalue. Its
multiplicity and an explicit basis might prove to be useful when looking at the question of characterisa-
tion. We will demonstrate this technique, which is ongoing work with Jan De Beule and Klaus Metsch
in type An, n odd, in the next chapter. Its multiplicity is known in the literature, but again in di�erent
terms. To compute it, a li�le more e�ort and understanding of Iwahori-Hecke algebras is required, but
the key term is that of ‘generic degrees’, see for example [51]. �ese are known for the classical types
and combinatorial formulae exist for them. In case of the standard re�ection representation, they are
listed in [45, Example 10.5.8].

Another interesting direction of research is to look at other relations for (partial) �ags and their
eigenvalues. Although the algebraical set-up takes some work, computer results with the GAP3 pack-
age Chevie [44] seem to indicate that this approach might be interesting as it gives the eigenvalues
for any relation on single-element �ags in a di�erent way to that in Vanhove’s thesis [89]. �e heavy
algebraic li�ing is to be expected: the eigenvalues are a non-trivial piece of information, and Vanhove’s
approach already shows that one needs to work hard to obtain them. �e upswing of this approach is
that we will have extra information as we know which irreducible representations lead to which eigen-
values, as we already saw for opposition of single-element �ags in polar spaces Proposition 10.2.11.

�roughout the previous sections, one observes that the largest eigenvalue always comes from the
trivial character. �is is no surprise, as the valency of Aw0 is the largest eigenvalue, which has the
all-one vector as eigenvector. What is remarkable though, is that the standard re�ection representation
leads to the smallest eigenvalue in almost all cases. As nice as it is, we do not have a good explanation
for this phenomenon, and we would very much like to have one.

Finally, we can say something about the exceptional types. �e algorithms we described work
equally well in these cases. �e work is however signi�cantly easier as the Weyl groups are groups
of �xed size. In theory, a computer could do all the work, but if one wants to do computations by hand,
the tables in [45, Appendix C] will prove to be very useful. However, we are not aware of any situation
where the Delsarte-Ho�man bound is sharp. For example, in [49, p129] several bounds are given for
single element �ags in exceptional types. One of them is a bound of order q9 for points, i.e. type {1},
in the building with Weyl group F4. Compare this to the results in [66], where a sharp upper bound of
order q7 is found. It remains to be seen if other techniques from algebraic graph theory can prove to be
useful for the exceptional geometries.
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CHAPTER 11

THE EIGENSPACE OF THE SMALLEST EIGENVALUE IN TYPE
A2M−1

We can only see a short distance ahead, but we
can see plenty there that needs to be done.

Alan Turing

In this �nal chapter, which is work in progress joint with Jan De Beule and Klaus Metsch, we will
discuss the eigenspace of the smallest eigenvalue of opposition of maximal �ags in more detail. Re-
call that its importance stems from the fact that the characteristic vector of a coclique reaching the
Delsarte-Ho�man bound is a linear combination of the all-one vector (the eigenvector corresponding to
the regularity of the graph) and an eigenvector in this space, see Proposition 9.5.3. We choose to focus
on typeAn, n odd, for two reasons. First of all, the ideas and their execution are much cleaner in typeA
as there is only one module on which the smallest eigenvalue is a�ained, as opposed to type B, where
the parameter e plays a role (cf. Lemma 10.2.4). Secondly, there is a natural family of cocliques a�aining
the upper bound in this case as seen in �eorem 10.1.8. We would like to show that any largest coclique
belongs to this family.

�e goal is to obtain more information on the eigenspace of the smallest eigenvalue. We will see
how to compute its multiplicity and how to �nd a basis of this space. For the former we merely have
to translate the relevant concepts from the theory of Iwahori-Hecke algebras. �e la�er takes a bit
more work. We know that the smallest eigenvalue comes from the irreducible representation labeled by
the partition [n, 1]. Explicit matrices for any irreducible representation are known [45, Chapter 10.1],
but these are abstract matrices and do not appear to have any a priori correlation with maximal �ags.
�erefore, if we want to express (projections onto eigenspaces of) characteristic vectors of maximal
cocliques, we need to have a basis of the eigenspace as a subspace of CΩ, where Ω is the set of maximal
�ags. We are not aware of any explicit isomorphisms in the literature that furnish this relation.

11.1 �e multiplicity

Recall that the Iwahori-Hecke algebra A(G,G/B) in type An is a complex semisimple algebra and we
have the isomorphism

A(G,G/B) ∼=
⊕
λ`n+1

mλMλ,

as the irreducible modules are indexed by partitions of n + 1 and each appears with corresponding
multiplicity mλ. �is means that if we look at the multiplicity of the smallest eigenvalue of Aw0

, it
will consist of two factors: m[n,1] times its multiplicity as eigenvalue of M[n,1]. �e former is a known
quantity called the generic degree and can be read of in [45, Table 10.5.8] as being qn+1−q

q−1 .
For the la�er we recall that Aw0

only a�ains eigenvalue ±q(n2−1)/2 on M[n,1] with multiplicities a
and b respectively. From the discussion in [45, Section 10.1] it follows that M[n,1] is n-dimensional and
hence a+b = n. Now �nding χ[n,1](Aw0

) would su�ce, as this then equals (a−b)q(n2−1)/2. However,
we know that if we specialize q = 1, we obtain an irreducible character of Sym(n + 1) and we have
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already computed the value of χ[n,1](w0) in Lemma 10.1.5, viewing w0 as an element of Sym(n + 1).
Since n is odd, it equals −1 and hence a = (n − 1)/2 and b = (n + 1)/2. We can summarize our
discussion in the following result.

�eorem 11.1.1. Write n = 2m − 1, then the multiplicity of −q(n2−1)/2 as an eigenvalue of Aw0
is

m qn+1−q
q−1 .

11.2 A basis of M[n,1]

We will �nd a basis of M[n,1] by considering the stabilizer of a point in PG(n, q), looking at the cor-
responding quotient matrix and �nding eigenvectors as described in Section 3.2. By then varying the
point, we will �nd su�ciently many vectors in this eigenspace for which we will be able to show that
they indeed span the whole space.

It is no coincidence that stabilizing a point leads us to these eigenvectors, and we will give some
intuition for this fact. We have seen that this stabilizer can be described as the parabolic subgroup PJ ,
J = {2, . . . , n}. �e action of PJ on the set of points clearly has two orbits: the �xed point itself and
all other points. �is information is encoded in the decomposition of the corresponding permutation
character and can for example on the level of the corresponding Weyl group also be computed by the
branching rule for Sym(n+ 1) [45, Section 6.1.8]:

indWWJ
(1WJ

) = χ[n+1] + χ[n,1].

�ese are of course exactly the characters in which we are interested as they give the largest and
smallest eigenvalue of Aw0 . Moreover, the automorphism groups of the maximal examples in �eo-
rem 10.1.8 are point stabilizers (or their duals). �is at least guides our search for eigenvectors.

11.2.1 �e quotient matrix
So �x a point Q and let PJ be its stabilizer subgroup. �e orbits of PJ on the set of maximal �ags can
be easily described as follows. Recall that dim(U) always refers to the vector dimension or rank of a
subspace U ⊂ PG(n, q).

De�nition 11.2.1. Let u = (U1, . . . , Un) be a maximal �ag in PG(n, q), where dim(Ui) = i for all i.
�e type of u is the smallest index k such that Q ∈ Uk and n+ 1 otherwise.

We leave it to the reader to check that each type k, 1 ≤ k ≤ n + 1, corresponds to an orbit of PJ
and vice versa. �ese orbits can also be described by the double cosets PJ\G/B and one can see that
type k corresponds to the double coset PJs1s2 . . . sk−1B if k ≥ 2, and PJ for k = 1.

Now let T be the (n+ 1)× (n+ 1) quotient matrix of Aw0 with respect to PJ : the value Tij is the
number of �ags of type j opposite to a given �ag of type i. In theory, these values can be deduced from
the work of Abramenko, Parkinson and Van Maldeghem [1], but that would require us to give a lengthy
introduction to spherical buildings. Instead, we will give a self-contained and geometrical approach to
this computation. We will make use of the following lemma due to Brouwer [19, Corollary 3.2].

Lemma 11.2.2. Let gPJ and hPK be opposite. �en the number of cosets xB containing gPJ and opposite
to hB equals q`, where ` is the length of the longest word in WJ .

�is lemma will allow us to count the number of extensions from partial �ags to maximal �ags in a
quick way. We record an additional corollary of this lemma for convenience.
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Lemma 11.2.3. Given a point Q and a (n+ 1− k)-dimensional subspace U in PG(n, q), Q /∈ U , there
are q(k−1)(n+1−k) k-dimensional subspaces through Q and opposite to U .

Proof. First we will count the number x of k-dimensional spaces V opposite to U . We will do so by
double counting pairs (V, v) where v is a maximal �ag containing V opposite to a �xed maximal �ag u
containing U :

x · q(
k
2)+(n+1−k

2 ) = q(
n+1
2 )

where we used J = {1, . . . , k − 1, k + 1, . . . , n} in Lemma 11.2.2 and hence x = qk(n+1−k). Now
double count pairs (P, V ) where V is a k-dimensional subspace containing a point P and opposite to
U and denote the sought-a�er quantity by y:

qk(n+1−k) · q
k − 1

q − 1
=
qn+1 − qn+1−k

q − 1
· y,

which leads to y = q(k−1)(n+1−k).

Lemma 11.2.4. For all 1 ≤ i, j ≤ n+ 1 we have

Tij =


0 if i+ j < n+ 2

q
1
2 (n2−n)+j−1 if i+ j = n+ 2

(q − 1)q
1
2 (n2−n)+j−2 if i+ j > n+ 2.

Proof. For a given n, de�ne f(n; i, j) := Tij , where T is de�ned for this n as above. We will �rst
compute the values of f(n;n + 1, j) = T(n+1)j . So �x a �ag u = (U1, . . . , Un) with Q /∈ Un. We will
count the number of �ags v = (V1, . . . , Vn) of type j opposite to u by �rst counting the choices for
(Vj−1, Vj), as this takes care of the type condition, and then extending this partial �ag to a maximal
�ag employing Lemma 11.2.2.

If j = 1 then there is only one choice for Vj and we can extend this partial �ag to �nd

f(n;n+ 1, 1) = q
1
2 (n2−n), (11.1)

by Lemma 11.2.2 as J = {2, . . . , n}.
For j ≥ 2, we see that the subspace Vj must contain Q and be opposite to Un+1−j , hence there

are q(j−1)(n+1−j) choices for Vj by Lemma 11.2.3. Now Vj−1 can be any codimension one subspace
of Vj that contains neither Q nor Vj ∩ Un+1−(j−1) and there are qj−1 − qj−2 choices to do so. Now
J = {1, . . . , j − 2, j + 1, . . . , n} and by Lemma 11.2.2 we �nd

f(n;n+ 1, j) = q(j−1)(n+1−j)(qj−1 − qj−2) · q(
j−1
1 )+(n+1−j

2 ) = (q − 1)q
1
2 (n2−n)+j−2. (11.2)

Now consider the case i < n+1 and �x a �ag u = (U1, . . . , Un) of this type. If v = (V1, . . . , Vn) has
type j and is opposite to u then Q ∈ Ui ∩Vj and Ui ∩Vn+1−i = ∅ imply that j ≥ n+ 2− i. So assume
that j ≥ n+ 2− i. Observe that ṽ = (Vn+2−i∩Ui, . . . , Vn∩Ui) is a maximal �ag in Ui ∼= PG(i−1, 2)
opposite to (U1, . . . , Ui−1). �eir types in PG(i − 1, q) are respectively j − (n + 1 − i) and i, which
means that there are f(i−1; i, j+ i−n−1) possibilities for the partial �ag ṽ, which we have computed
in the �rst part. We can now extend this to a maximal �ag by choosing Vn+1−i disjoint from Ui and
then completing it to a maximal �ag by Lemma 11.2.2 with J = {1, . . . , n− i}. In summary, we �nd

f(n; i, j) = f(i− 1; i, i+ j − n− 1) · qi(n+1−i) · q(
n+1−i

2 ),

which a�er some computation leads to the desired formula.
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Example 11.2.5. For n = 3 we �nd the quotient matrix
0 0 0 q6

0 0 q5 q6 − q5

0 q4 q5 − q4 q6 − q5

q3 q4 − q3 q5 − q4 q6 − q5


with eigenvalues q6, q4 and −q4 twice. Corresponding eigenvectors are (1, 1, 1, 1), (q2,−q,−q, 1),
(0, q,−1, 0) and (q2, q2,−1,−1). �ese are clearly the eigenvalues coming from the characters χ[n+1]

and χ[n,1], and the eigenvectors possess some structure that allow us to generalize.

�eorem 11.2.6. Write n = 2m− 1. For i = 1, . . . ,m de�ne the column vector

vi := (0, . . . , 0︸ ︷︷ ︸
m−i

, qi, . . . , qi︸ ︷︷ ︸
i

,−1, . . . ,−1︸ ︷︷ ︸
i

, 0, . . . , 0︸ ︷︷ ︸
m−i

).

�en vi is an eigenvector of T with eigenvalue −q(n2−1)/2.

Proof. Let w1, . . . , wn+1 be the row vectors of T . We have to show that wkvi = −q(n2−1)/2(vi)k for
all 1 ≤ i, k ≤ n+ 1, where (vi)k is the k-th entry of vi. From Lemma 11.2.4 we have

wk = q
1
2n(n+1) · (0, . . . , 0︸ ︷︷ ︸

n+1−k

,
1

qk−1
,
q − 1

qk−1
,
q − 1

qk−2
, . . . ,

q − 1

q
).

For two non-negative integers a ≤ b, we will use that
∑b
j=a

1
qj = qb−a+1−1

qb(q−1)
throughout.

Case 1. k ≤ m− i. �en wkvi = 0 and (vi)k = 0.
Case 2. m− i < k ≤ m. �en

wkvi = q
1
2n(n+1)

− 1

qk−1
− (q − 1)

k−1∑
j=m−i+1

1

qj

 = −q 1
2n(n+1)−m+i = −q(n2−1)/2 · qi.

Case 3. m < k ≤ m+ i. �en

wkvi = q
1
2n(n+1)

 qi

qk−1
+ qi(q − 1)

k−1∑
j=m+1

1

qj
− (q − 1)

m∑
j=m−i+1

1

qj

 = −q(n2−1)/2 · (−1).

Case 4. m+ i < k. �en (vi)k = 0 and

q
1
2n(n+1)

qi(q − 1)

m+i∑
j=m+1

1

qj
− (q − 1)

m∑
j=m−i+1

1

qj

 = 0.

As seen in Section 3.2, we can ‘stretch’ out these vectors to eigenvectors of the original matrix Aw0 ,
which is how the following vectors are de�ned.

De�nition 11.2.7. For each pointQ in PG(n, q) and i ∈ {1, . . . ,m}we can de�ne the vector vQi ∈ CΩ

where the value indexed by a maximal �ag u = (U1, . . . , Un) is given by

(vQi )u =


qi if Q ∈ Um and Q /∈ Um−i
−1 if Q ∈ Um+i and Q /∈ Um
0 if Q ∈ Um−i or Q /∈ Um+i
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By �eorem 3.2.3 we know that each vector vQi is an eigenvector ofAw0 with eigenvalue−q(n2−1)/2.
Our goal is now to show that these vectors are a spanning set of the eigenspace as Q ranges over all
points in PG(n, q) and i ∈ {1, . . . ,m}. It’s a nice exercise to see that that for �xed i we can sum vQi
over all points in PG(n, q) to �nd the zero vector and hence they are clearly not linearly independent,
which is to be expected: there are m eigenvectors for each of the qn+1−1

q−1 points of PG(n, q), but the
dimension of M[n,1] is only m qn+1−q

q−1 . �e next lemma shows that this observation provides the only
linear dependence as we let Q vary for �xed i.

Lemma 11.2.8. For any i ∈ {1, . . . ,m} we have dim〈vQi | Q ∈ PG(n, q)〉 ≥ qn−q
q−1 .

For brevity, we will denote the number of maximal �ags in PG(b, q) containing a �xed a-dimensional
subspace as [a, b]q . By looking at the quotient space of this a-dimensional space, it may be clear that
this value only depends on b− a.

Proof. Denote by P the points of PG(n, q) and let M be the point-�ag incidence matrix, i.e. MP,v = 1

if and only if P ∈ v for a maximal �ag v in PG(n, q). We will show that the vectors {MvQi | Q ∈ P}
together with the all-one vector 1 span CP from which the statement follows. We will do so by proving
that we can obtain the characteristic vector 1P of any point P as a linear combination of these vectors.

Observe that the value of MvQi indexed by P only depends on whether P = Q or not so that we
can write

MvQi = ai1Q + bi(1− 1Q) = bi1 + (bi − ai)1P ,

for some values ai, bi. We will show that ai and bi are distinct for all i, which will �nish the proof.

To do so, we remark that ai is obtained by summing the values ofMvQi indexed by all maximal �ags
that contain Q. If i < m then this is simply 0. If i = m however, we have am = qm · [1, n]q as any �ag
containing Q is of type 1.

On the other hand, we �nd bi by summing the values of MvQi indexed by all maximal �ags that
contain P , and so this will depend on their type with respect toQ. A maximal �ag containing P of type
j with respect to Q will contribute qi if m − i < j ≤ m or −1 if m < j ≤ m + i. For i < m we can
�nd the contributions qi of �ags (P, V2, . . . , Vn) by �rst choosing Vm through P and Q, then Vm−i in
Vm disjoint with Q and �nally extending to a maximal �ag. �e contributions −1 of maximal �ag can
be counted similarly. In the end we �nd

bi = qi ·
[
n− 1

m− 2

]
q

([
m

m− i

]
q

−
[

m− 1

m− i− 1

]
q

)
· [1,m− i]q · [m− i,m]q · [m,n]q

+ (−1) ·
[

n− 1

m+ i− 2

]
q

([
m+ i

m

]
q

−
[
m+ i− 1

m− 1

]
q

)
· [1,m]q · [m,m+ i]q · [m+ i, n]q,

which is non-zero (this can for example be seen by considering the expression as a polynomial in q and
evaluating at q = 1).

If i = m then we can compute bm in an analogous way by �rst constructing Vm through Q and P
and then extending to a maximal �ag for the contributions qm, or by constructing Vm disjoint to Q and
then extending for the −1 contributions. �is leads to

bm = qm
[
n− 1

m− 2

]
q

· [1,m] · [m,n] + (−1) ·

([
n

m− 1

]
q

−
[
n− 1

m− 2

]
q

)
· [1,m] · [m,n],

and hence also am 6= bm.
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Since we already saw that the dimension of 〈vQi | Q ∈ PG(n, q)〉 is at most qn+1−q
q−1 , this lemma

shows that it is in fact equal to it. We now show that if we vary i, we indeed �nd the full eigenspace
M[n,1].

�eorem 11.2.9. We have M[n,1] = 〈vQi | 1 ≤ i ≤ m,Q ∈ P〉.

Proof. Since we already know thatMi := 〈vQi | Q ∈ P〉 has dimension qn+1−q
q−1 , it remains to show that

M1 + · · ·+Mm is a direct sum. So suppose

m∑
i=1

∑
Q∈P

kQi v
Q
i = 0, (11.3)

where kQi ∈ C. We will prove that
∑
Q∈P k

Q
i v

Q
i = 0, from which the theorem follows.

We will compare the values of both sides indexed by a maximal �ag u = (U1, . . . , Un). To simplify
notation, denote by kUji the sum of the values kQi for Q ∈ Uj so that

m∑
i=1

(
qi(kUmi − kUm−ii ) + (−1)(k

Um+i

i − kUmi )
)

= 0.

If we now change u by replacing Um−i by another (m − i)-dimensional subspace Vm−i for some i ∈
{1, . . . ,m−1}, so that the result is again a maximal �ag, we obtain a similar expression and a comparison
between the two shows that kUm−ii = k

Vm−i
i . �is shows that if U and V are two (m− i)-dimensional

subspaces intersecting in a (m− i− 1)-dimensional subspace, then kUi = kVi . It may be clear that this
implies that kUi is independent of U and is the same for any (m− i)-dimensional subspace. Denote this
common value by ai.

In particular kQm−1 = am−1 for all Q ∈ P . For 1 ≤ i ≤ m − 1 and Q ∈ P , let HQ be the set of all
(m− i)-dimensional subspaces that contain Q. �en |HQ| =

[
n

m−i−1

]
q

and

|HQ|ai =
∑
H∈HQ

kHi =
∑
H∈HQ

∑
P∈H

kPi =
∑
P∈P

∑
H

P,Q∈H

kPi

=

(
|HQ| −

[
n− 1

m− i− 2

]
q

)
kQi +

[
n− 1

m− i− 2

]
q

(∑
P∈P

kPi

)
.

As the size of HQ is independent of Q, this shows that also kQi = ki does not depend on Q for any
1 ≤ i ≤ m−1. �is means that each inner sum

∑
Q∈P kiv

Q
i = 0 as we already saw that

∑
Q∈P v

Q
i = 0.

From equation (11.3) it follows that also
∑
Q∈P kmv

Q
m = 0 which concludes the proof.
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of a function de�ned on a �nite �eld. J. Combin. �eory Ser. A 86.1 (1999), 187–196 (On pages 20,
33).

[14] A. Blokhuis. On the size of a blocking set in PG(2, p). Combinatorica 14.1 (1994), 111–114 (On
page 36).

101

http://www.math.u-szeged.hu/~mmaroti/schweitzer/schweitzer-1998.pdf
http://www.math.u-szeged.hu/~mmaroti/schweitzer/schweitzer-1998.pdf


Bibliography

[15] A. Blokhuis and A. E. Brouwer. Cocliques in the Kneser graph on line-plane �ags in PG(4, q).
Combinatorica 37.5 (2017), 795–804 (On pages 65, 82).
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ENGLISH SUMMARY

�e thesis is divided into two main parts: one about conjectures related to tilings in �nite abelian groups
and one about extremal combinatorics in spherical buildings. �e overarching theme is the interplay of
�nite geometry with di�erent domains, such as harmonic analysis and algebraic graph theory.

In the �rst part we survey results regarding Rédei’s conjecture and Fuglede’s conjecture. While
particular instances of both are situated in factorizations of the elementary abelian groups (Z/pZ)d,
the original motivations are quite distinct. Nevertheless, interesting connections between both are only
recently being realized and our aim is to collect and explain such relations.

We show how �nite geometry and harmonic analysis can both be used to make progress on these
conjectures. Techniques from the la�er can for example be used to give di�erent proofs of known re-
sults in �nite geometry. It would be interesting to see whether this new perspective will lead to proofs
of new results as well. On the other hand, we can construct a counterexample to a particular instance
of Fuglede’s conjecture based on notions from �nite geometry. �e relation between Rédei’s conjecture
and the cylinder conjecture, a known conjecture in �nite geometry, was known to some experts but
appears here for the �rst time in the literature. Finally, we generalize the cylinder conjecture in the
context of divisible codes. We show that this natural generalization fails once sub�elds come into the
picture, but that it is true for small cases.

�e second part of the thesis deals with combinatorics in spherical buildings. Ever since the original
result on intersecting families of sets by Erdős, Ko and Rado in 1961, an abundance of similar ‘EKR-
theorems’ in di�erent se�ings has appeared, with a ��ing concept of ‘intersecting’ in each. Along with
these results came a plethora of techniques to prove them. Some of the most powerful ones, both in
success rate and scope of applicability, lie in the �eld of algebraic combinatorics and algebraic graph
theory in particular. Typically, the problem at hand is restated to the search of the largest cocliques in
the graphs of the ‘non-intersection’ relation, and the goal is then to bound their size.

Known general bounds for cocliques in regular graphs rely on the eigenvalues (of the adjacency
matrix) of the graph. In many natural situations, the adjacency algebra (i.e. the complex matrix algebra
generated by this matrix) is commutative. �is implies that its representation theory simpli�es consid-
erably and allows one to compute the eigenvalues of the original graph in an elegant way. In the thesis,
we prove an EKR result for non-opposite �ags in spherical buildings using this approach. �is is, to the
best of our knowledge, the �rst instance where the corresponding adjacency algebra is not commutative
and more advanced representation theory is necessary. Nevertheless we can overcome this hurdle by
building on results due to Brouwer. Surprisingly, a�er se�ing up the necessary algebraic background,
the computation of the eigenvalues requires only elementary combinatorics.
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De thesis bestaat uit twee delen: één over vermoedens gerelateerd aan betegelingen van eindige abelse
groepen en één over extremale combinatoriek in sferische gebouwen. Het overkoepelende thema is
de wisselwerking tussen eindige meetkunde en andere domeinen, zoals harmonische analyse en alge-
braı̈sche grafentheorie.

In het eerste deel bespreken we resultaten over Rédei’s vermoeden en Fuglede’s vermoeden. Hoewel
bepaalde gevallen van beide gaan over betegelingen van de elementair abelse groepen (Z/pZ)d, zijn
de originele motivaties behoorlijk verschillend. Desalnie�emin zijn recentelijk interessante connecties
tussen beide blootgelegd and ons doel is om deze te verzamelen en in context te plaatsen.

We demonstreren hoe eindige meetkunde en harmonische analyse beide kunnen aangewend worden
om vooruitgang te boeken bij deze vermoedens. Technieken uit deze tweede kunnen bijvoorbeeld ge-
bruikt worden om nieuwe bewijzen van gekende resultaten in de eindige meetkunde te geven. Anderz-
ijds kunnen we een tegenvoorbeeld construeren voor een bepaalde instantie van Fuglede’s vermoeden
aan de hand van eindige meetkunde. De relatie tussen Rédei’s vermoeden en het cilindervermoeden,
een gekend open probleem in de eindige meetkunde, was gekend bij verschillende experten maar ver-
schijnt hier voor de eerste keer in de literatuur. Ten slo�e veralgemenen we het cilindervermoeden in
de context van deelbare codes. We tonen aan dat deze natuurlijke veralgemening fout loopt zodra er
deelvelden in het spel zijn, maar dat het wel klopt voor kleine gevallen.

Het tweede deel van de thesis gaat over combinatoriek in sferische gebouwen. Sinds het originale
resultaat over snijdende families verzamelingen van Erdős, Ko en Rado in 1961, is er een overvloed
aan gelijkaardige ‘EKR-stellingen’ verschenen in verschillende se�ings, met een gepast begrip van ‘sni-
jdend’ in elk. Samen met deze resultaten verscheen er een weelde aan technieken om ze te bewijzen.
Enkele van de krachtigste methoden, zowel in succespercentage als in reikwijdte, zijn deel van alge-
braı̈sche combinatoriek, en algebraı̈sche grafentheorie in het bijzonder. Het idee is om het probleem
te herformuleren naar de zoektocht naar de grootste ona�ankelijke verzameling in de graaf van de
‘niet-snijdend’ relatie, en deze vervolgens in groo�e te begrenzen.

Gekende algemene grenzen voor ona�ankelijke verzamelingen in reguliere grafen steunen op de
eigenwaarden (van de adjacentiematrix) van de graaf. In vele typische situaties is de adjacentie-algebra
(d.i. de complexe matrixalgebra voortgebracht door deze matrix) commutatief. Dit betekent dat de rep-
resentatietheorie enorm vereenvoudigt en laat toe om de eigenwaarden van de oorspronkelijke graaf op
een elegante manier te berekenen. In deze thesis bewijzen we een EKR resultaat voor niet-overstaande
vlaggen in sferische gebouwen, gebruikmakende van deze aanpak. Dit is, naar ons beste weten, de eerste
instantie waar de overeenkomstige adjacentie-algebra niet commutatief is en geavanceerdere represen-
tatietheorie nodig is. Desalnie�emin kunnen we deze hindernis overwinnen door voort te bouwen op
resultaten van Brouwer. Verrassend genoeg is voor de berekening van de eigenwaarden, na de nodige
algebraı̈sche achtergrond op te bouwen, enkel nog elementaire combinatoriek nodig.
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