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Abstract 
Understanding unsteady aerodynamic forces on a lifting surface is crucial for many engineering 

applications. This work demonstrates the use of system identification techniques for the data-driven 

modelling of the aerodynamic lift force on a pitching wing. This lift force can be considered as a (nonlinear) 

dynamic function of the angle of attack. The proposed approach consists of multiple steps: 1) excitation by 

the means of broadband excitation, 2) pre-processing of the measurement, and 3) data-driven modelling 

techniques. The considered excitation signal is the so-called multisine (also known as periodic pseudo-

random noise). However, dynamic stall is known to exhibit important cluster-to-cluster variations and this 

is no different when utilizing multisines. Therefore, we cluster the data before the actual data-driven 

modeling and validation. We show that the obtained models can capture the nonlinear aerodynamic forces 

more accurately than the classical linear and semi-empirical models. 

1 Introduction 

Unsteady aerodynamics are important in many different engineering applications; well-known examples are 

wind turbines and helicopter rotors. Low-fidelity models are typically semi-empirical and linear; high-

fidelity models nowadays involve computational fluid dynamic (CFD) models. In this work, we rather aim 

for mid-fidelity data-driven models. The idea is that we can build models that are more accurate than low-

fidelity models and still computationally efficient, much faster than CFD simulations. The key to building 

fast yet accurate models is to capture the salient (nonlinear dynamic) aerodynamic features through a fully 

nonlinear model of limited order.  

Our nonlinear data-driven model is an extension of the classical linear transfer function idea from systems 

theory: a function that describes the input-output relationship. In our case, the lift force acting on the pitching 

wing can be considered as a (nonlinear) dynamic function of the angle of attack of the wing. Our proposed 

approach then consists of the classical steps in testing and system identification: 1) experimental testing, 

where we excite with a broadband excitation signal, 2) pre-processing of the measurement data, and 3) the 

actual data-driven modelling. 

The considered excitation signals are the so-called multisines (also known as periodic pseudo-random 

noise). These signals are applied to vary (quasi) randomly the pitch angle of a wing. This process mimics 

the real-life situation where the angle of attack is never constant due to variations in the wind flow. These 

types of broadband signals have been proven in structural dynamics testing to provide accurate results and 

details on noise and nonlinear distortions, but they have not yet been instituted in aerodynamic testing. The 

experiments are performed using a dedicated wind tunnel setup. The proposed analysis framework combines 
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the classical time-domain and the state-of-the-art nonparametric and parametric system identification 

techniques.  

A key challenge is that a pitching wing, when the angle of attack is increased beyond the stalling angle of 

attack, will exhibit important cluster-to-cluster variations. As can be expected, this is no different when 

pitching the wing according to a broadband multisine excitation signal. Processing such data requires us to 

cluster the measurement data before the actual data-driven modeling and validation.  

In this work we present the latest results of our on-going research on unsteady nonlinear aerodynamic 

testing, analysis, and modeling techniques. This paper addresses the underlying aerodynamic phenomena 

from both signal processing and aerodynamic viewpoints, and it focuses on the entire process from 

experiment design till model validation with an emphasis on interpreting the results.  

The numeric results of this work are obtained by the use of the tools developed within our research group 

such as the SAMI (Simplified Analysis for Multiple Input Systems) toolbox [1] [2], or the freely available 

PNLSS toolbox [3].  

This paper is organized as follows. Section 2 briefly describes some basics of unsteady aerodynamics, the 

considered systems, assumptions, excitation signal design, and it discusses the estimation framework 

applied in this work. In section 3, details the experiment, experimental setup, instrumental limitations, and 

the measurements are provided. The processing and analysis of the wind-tunnel experiments are given in 

section 4. The modelling steps and results are elaborated in Section 5. Brief conclusions can be found in 

Section 6. 

2 Preliminaries 

2.1 Definitions and assumptions 

The underlying systems are damped, bounded-input, bounded-output stable, time-invariant, nonlinear 

systems where the linear response of the system is still present and the output of the underlying system has 

the same period as the excitation signal (i.e. the system has PISPO behaviour: period in, same period out 

[4]).  

The dynamics of a linear MIMO system can be nonparametrically characterized in the frequency domain 

by its Frequency Response Matrix (FRM, a matrix whose elements are FRFs [5]) 𝐺 at frequency index 𝑘, 

which relates 𝑛𝑖 inputs 𝑈 to 𝑛𝑜 outputs 𝑌 of 𝑁 measurement samples as follows:  

 𝑌[𝑘] = 𝐺[𝑘]𝑈[𝑘] (1) 

where 𝐺[𝑘] ∈ ℂ𝑛𝑜×𝑛𝑖, 𝑌[𝑘] ∈ ℂ𝑛𝑜×1, 𝑈[𝑘] ∈ ℂ𝑛𝑖×1, 𝑘 = 0,1, … , round(
𝑁−1

2
) at frequency 𝑓𝑘 =

𝑘𝑓𝑠

𝑁
 with 

sampling frequency of 𝑓𝑠.  

To make the text more accessible, the frequency indices and dimensionalities will be omitted. The system 

represented by 𝐺 is linear when the superposition principle is satisfied in steady state, i.e.: 

 𝑌 = 𝐺{(𝑎 + 𝑏)𝑈} = 𝑎 𝐺{𝑈} + 𝑏 𝐺{𝑈} = (𝑎 + 𝑏) 𝐺{𝑈}  (2) 

where a and b are scalar values. If 𝐺 is constant, for any a, b (and excitation), then the system is called 

linear. On the other hand, when 𝐺 varies with a and b (and thus the variation depends also on the excitation 

signal – e.g. level of excitation, distribution, etc.) then the system is called nonlinear. Because time-varying 

systems are often misinterpreted as nonlinear systems, it is important to mention that when 𝐺 varies over 

the measurement time, but at each time instant the principle of superposition is satisfied, then the system is 

called linear time-varying (LTV) [6] [7]. 

Further, it is assumed that the output 𝑌 is measured with additive, independent and identically distributed 

Gaussian noise with zero mean and finite variance 𝜎𝑦 (denoted as 𝐸), and it can contain transient response 

(denoted as 𝑇) such that the measurement 𝑌𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 is given by: 

 𝑌𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 = 𝑌 + 𝐸 + 𝑇 = 𝐺𝑈 + 𝐸 + 𝑇 (3) 

Prel
im

ina
ry

pro
ce

ed
ing

s

IS
M

A-U
SD

20
22

AERO-ELASTICITY 2



2.2 Multisine excitation 

In modern system identification special excitation signals are available to assess the underlying systems in 

a user-friendly, time efficient way [8]. To avoid any spectral leakage, to reach full nonparametric 

characterization of the noise, and to be able to detect nonlinearities, a periodic signal is needed. The best 

signal that satisfies the desired properties is the (random phase) multisine signal (see Figure 1) which looks 

like white noise, behaves like it but it is not a noise.  

The magnitude characteristics of multisines are set by the user in the frequency domain (typically flat) but 

the phases are randomly chosen. The uniformly distributed random phase multisine is a sum of harmonically 

related sinusoids defined as:  

 𝑢(𝑡) = ∑ 𝑎𝑘 cos(𝜔1𝑘𝑓𝑖𝑡 + 𝜑𝑘), 𝜑𝑘𝑓𝑖
~𝒰[0,2𝜋[

𝑘𝑚𝑎𝑥
𝑘𝑓𝑖=1    (4) 

where 𝜔1 is the fundamental angular frequency (that sets the frequency resolution), 𝑎𝑘𝑓𝑖
 is the amplitude of 

the 𝑘𝑓𝑖
𝑡ℎ

 harmonic (i.e. frequency index 𝑘𝑓𝑖) set by the user, and 𝑘𝑚𝑎𝑥 is the highest harmonic component 

considered.  

In general, when a small excitation level is used, the effects of nonlinearities can be hidden in the noise. If 

the excitation level is higher, the effect of the nonlinearities becomes visible. If a full-band multisine 

excitation is used, then the details of the nonlinear behavior are not directly separable from the linear part. 

Figure 2 shows an example of how the system response can consist of a linear and nonlinear part. When an 

excitation set of only even harmonics is used, the odd nonlinearities are not detectable. The solution to detect 

both even and odd nonlinear contributions is to use an excitation set only with odd harmonics, e.g. odd 

random phase multisine. To examine the odd frequencies, it is needed to skip several odd harmonics in the 

multisine. The experiences show that the odd random phase multisines with randomly skipped harmonics 

are most suitable, as certain types of nonlinearities can be hidden when a fixed harmonic is skipped. 

However, the random skipping is recommended to be done within a fixed group of harmonics. Note that 

this signal is also known as a pseudo-random noise signal. For a detailed overview of excitation signals we 

refer to [5] [9]. 

 

Figure 1: Different excitation signals in time and in frequency domain 

 

Figure 2: System response originating from linear and nonlinear part of excited system 
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Figure 3: The theoretical structure of PNLSS model. 

2.2.1 PNLSS toolbox 

A polynomial nonlinear state-space (PNLSS) model is a model which consists of the classical linear state-

space part and the nonlinear extension part where cross terms of the input and states are considered as 

illustrated in Figure 3. It is based on the work of [10] [11]. A freely available implementation is the PNLSS 

Matlab toolbox that can be found on the website of [12]. It allows to estimate and simulate PNLSS models 

from measured data. The PNLSS model structure is flexible, as it can capture many different nonlinear 

dynamic behaviors (hysteresis, nonlinear feedback, etc.). The model structure can also easily deal with 

multiple inputs. The method has already been successfully applied in a large range of applications 

(mechanical, electronical, electrochemical). Because of the state-space representation it is suitable for 

control and simulation. A very important fluid dynamics application already exists, see [11]. 

The PNLSS modelling procedure mainly consists of training the model on a given data set by minimizing 

the cost function, e.g. using a Levenberg Marquardt algorithm or similar. As cost function we essentially 

use the root mean square error of the simulated output and the actual output. In the second step, the model 

performance is tested on an unseen data set (the “validation” data set) which was not used for the estimation 

of the model (the “training” data set). As a preliminary step, the PNLSS model is initialised with a linear 

state space model. This ensures that the optimisation is initiated with a stable model and that the PNLSS 

model should have an accuracy that is at least as good as that of the linear model. The linear model is 

estimated from the data using the subspace algorithm included in PNLSS toolbox. In this work, we used a 

Best Linear approximation framework to estimate the nonparametric FRF and variance on the data. This 

can be used in the subspace algorithm for linear model estimation. 

3 Experimental illustration 

3.1 The measurement setup 

The experiments are performed in the low-speed wind tunnel of the Vrije Universiteit Brussel. The wind 

tunnel has a test section of 2 meters wide and 1 meter high, see Figure 4. The wind tunnel has a maximum 

velocity of 20 m/s and a turbulent intensity of 0.5%. The wing model with NACA0018 profile is attached 

to the position control actuators which are attached to the wind tunnel sidewall. The wing has a chord of 

300 mm and a semi-span of 540 mm. All experiments are done at a chord-based Reynolds number of 

285000. The wing is mounted at a height of 380 mm from the wind tunnel floor. The solid blockage ratio in 

terms of frontal area of the wing relative the test section area is less than 5 %.  

The position control setup consists of a linear actuator attached to the wing using a pitch beam. The motion 

of the linear actuator is controlled using a dSPACE controller. The dSPACE controller is a PC based 

controller in which the control algorithm can be designed on SIMULINK and loaded on the controller 

memory. Later, the PC interface can be used to update the controller parameters and for data acquisition. 

The controller is run at 2 kHz for accurate position control and the pitch angle (input) is logged at 200 Hz 

to match with the sampling frequency of the pressure measurement system.  
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The lift force on the wing is calculated by integrating the pressure measured over the wing surface. The 

pressure over the wing is measured using 49 pressure taps. Each tap is connected to a Scanivalve ZOC33 

pressure scanning system. The pressure is acquired with a sampling rate of 200 Hz. The length of the tubes 

connecting the taps is kept as short as possible to keep the attenuation and phase delay in the pressure signal 

to a minimum. Using the analytical model by Bergh and Tijdeman [13], the estimated pressure attenuation 

for a tube of 400 mm length and 1.37 mm diameter is less than 0.05% and the phase delay is less than 0.3o 

at maximum frequency of 2 Hz used in our experiments.  

 

Figure 4: CAD model illustrating the main components of the experimental setup. 

3.2 The experiments  

3.2.1 Baseline quasi-static measurement 

The baseline relation between the lift coefficient with the pitch angle (the output and inputs respectively of 

our transfer characteristic) in Figure 5. In this experiment, the wing is rotated at a pitch rate of 0.52 °/s (𝑘 ≈
0.0001) which can be considered quasi-static. The transfer characteristic curve can be used to get an idea 

about the linear/nonlinear behavior of lift force vs pitch angle. It can be seen that the relationship is linear 

below 10o. Above 10o, the slope of the curve decreases because of boundary layer separation initiating at 

the trailing edge. Above 16o, the lift curve for pitch-up and pitch-down motion is different due to so-called 

stall hysteresis. Finally, above 24o, the boundary layer over the wing is completely separated.  

Based on this baseline curve, we designed a number of (dynamic pitching) experiments in order to measure 

different wing characteristics. The input signals for these experiments will consist of multisines at three 

different offset angles: 6.6°,15.7° and 19.9° and a 2.4° standard deviation. The multisines have two phase 

realizations of the odd-random multisine signal with six periods with an excitation range from 0.02 Hz to 

1.98 Hz with a sampling frequency of 200 Hz. The multisine excitation ranges are illustrated in Figure 5 

with colored solid rectangles. In each phase realization, the phase of the excitation frequency lines is 

randomly chosen to aid the quantification of the nonlinearity. The linear and nonlinear models are cross-

validated on single-sine experiments at three frequencies: 0.4, 1, 1.6 Hz with offset values of 5.9°, 15.1°, 

19.3° and an amplitude level of 4.7°. The sine excitation ranges are illustrated in Figure 5 with colored 

dashed rectangles. 

3.3 Data processing 

3.3.1 Processing of measurements 

The data processing is performed with the SAMI toolbox. To ensure that the measured signals are in steady-

state, a transient check-up is performed at the start. The analysis shows that there is no transient segment 

that can be identified. However, at highest offset level, the wing experiences (nonlinear) dynamic stall.  

Dynamic stall is characterised by stall delay, lift overshoot, and hysteresis in the reattachment. The 
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aerodynamic mechanism of formation of such a leading-edge vortex and dynamic flow reattachment 

naturally exhibit statistical cycle-to-cycle variation. We will further explain how we deal with this intrinsic 

variation in Section 3.4.  

The output (lift coefficient) measurements are shown in Figure 6. Observe that the level-wise noise 

characteristics move together with the excitation (even nonlinearities). An elevated level of odd distortions 

is an indication of (strong) nonlinearities. The trends are clear: the higher the excitation level, the more there 

are nonlinear distortions. 

 

Figure 5: Overview of the experiments. The black curve shows the static lift curve, which represents the 

baseline (static) transfer characteristic. The colored regions refer to the dynamic multisine experiments with 

the corresponding mean and standard deviation values of the angle of attack. 

 

Figure 6: Magnitude of the averaged Fourier transform of the measured lift coefficient.  

Figure 7 shows the FRFs obtained from pressure measurements at low and high excitation levels. This paper 

considers a frequency-wise, iteration free, direct LPM implementation [14] that provides a continuous 
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transient estimation and elimination process. It can be clearly observed that the FRFs differ from one 

another. By using the Best Linear Approximation (BLA) framework we can directly estimate the noise level 

estimations (black-grey thin lines) and nonlinearity level estimations (red-orange thin lines) as explained in 

[15]. For instance, at the mid frequencies (around 1.02 Hz) there is an SNR of 34 dB (at low level) and 9 

dB (at high level), and an SNLR (signal-to-nonlinearity ratio) of 10 and 5 dB for low- and high-level 

excitations.  

 

Figure 7: The FRF estimations. 

3.4 Clustering 

The dynamic stall effects of the pitching wing introduce an important cycle-to-cycle variation that can make 

data interpretation and processing difficult [16]. This is a well-known issue and different techniques have 

been adopted to cluster the data in similar groups to facilitate physical interpretation and model training. In 

our work, each phase realization of multisine data consists of six periods.  

We have opted to cluster the data without using any prior physical information about the data and with no 

user interaction. Therefore, the k-mean clustering algorithm was used which minimizes the sum of squared 

error between the data points and the cluster centers. The result of the clustering technique is shown in 

Figure 8. Cluster 2 contains most of the periods and is selected for model training in this article. 

4 Modeling 

4.1 The datasets 

The next step is to build a series of nonlinear models and test their performance. To build and test the models, 

multisine measurements are used at three (low, medium, high) levels. Since there are two phase realizations 

at each level, one phase realization at each level is concatenated and used as estimation dataset to build the 

models. The second phase realization at each level is used as validation dataset to assess the different model 

parametrizations/versions and to keep the model complexity under control. The final model is used on 

unseen single sine data at the three different frequencies (0.4o, 1o and 1.6o Hz) at similar amplitude and offset 

levels as that of that training data. The modeling errors are calculated using normalized mean square error. 
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Figure 8: Time-domain clustering illustration. 

4.2 Modeling results 

The outcome of the BLA analysis results in a series of nonparametric FRFs together with noise and nonlinear 

distortion estimates. In next modelling stage, a classical discrete (parametric) linear state-space model is 

built based on the BLA estimates. The last step is the estimation of a nonlinear polynomial nonlinear state-

space (PNLSS) model. The model complexity (number of states) can easily be determined with a cross-

validation based model order scanning (using 50 Levenberg-Marquardt iterations [16]).  Each of these 

models is cross-validated against independent (unseen) single sine data with similar mean values. 

Unsurprisingly, each model performs best on the level where it has been trained. The reason for this can be 

found in the nature of the nonlinearities. The best overall performing models were found with training on 

low-level (mainly linear) data. Table 1 summarizes the modelling results for different scenarios.   

The parametric state-space (SS) models are built based on the BLA FRF estimates. The best performing 

model order strongly depends on the level of the FRF. Using the multisine cross-validation, the best overall 

error can be found with 1 state. As explained earlier, the PNLSS models are initialized with the help of the 

SS BLA models. For the sake of simplicity, auto- and cross-terms of 2nd – 5th multivariate order (state and 

input) with model orders of 1 is considered.  

Table 1. Cross-validation results. Estimation dataset: multisines, test dataset: sine waveforms. 

Model Relative rms error on test data 

Low level  

(offset ≈6°) 

Medium level 

(offset ≈15°) 

High level  

(offset ≈20°) 

0.4 Hz 1 Hz 1.6 Hz 0.4 Hz 1 Hz 1.6 Hz 0.4 Hz 1 Hz 1.6 Hz 

BLA FRF trained on level 1 data 0.52 0.14 0.12 1.68 0.59 0.55 2.36 0.99 0.80 

BLA SS trained on level 1 data (1 state) 0.03 0.04 0.02 0.76 0.68 0.58 1.76 1.02 0.80 

PNLSS trained on level 1 data (1 state, 2-5 

degrees of nonlinear terms) 
0.02 0.03 0.05 0.08 0.10 0.13 0.18 0.16 0.25 

alternative solutions 
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Figure 9: Predicted signals of the illustrated on the transfer characteristic. 

Figure 9 shows an illustration of the prediction capabilities of the PNLSS model illustrated on the transfer 

characteristics.  

5 Conclusions 

This work shows the first use of a broadband multisine input signal for the nonlinear model identification 

of a pitching wing. The model structure is a polynomial nonlinear state-space model (PNLSS) which is an 

extension of a linear state space model with multivariate polynomial nonlinear functions. The PNLSS model 

is trained on experimental data of a pitching wing, where we have ensured that the data captures the linear 

and nonlinear dynamic regimes of the pitching wing. 

The data an important variation at high pitch-offset level. This is due to the stochastic nature of the 

underlying aerodynamic phenomenon of flow separation. A clustering technique is used to group different 

periods of the signal in subclasses based on the root mean square error. Application of the Best Linear 

Approximation framework on the clustered data revealed the presence of nonlinearities. The clustering step 

is crucial for accurate PNLSS model identification.  

The performance of the PNLSS model is compared with the nonparametric FRF model and a parametric 

linear model. The multisine-based PNLSS model is tested on single sine data, given that many applications 

involve (quasi) harmonic pitching (helicopter rotor, vertical-axis wind turbine). We show that the PNLSS 

model reduces the prediction error by at least a factor of three at high pitch-offset levels when compared 

with the linear model. We believe that accurate and computationally efficient PNLSS models can be used 

in model-based controller for flow control applications.  
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